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A parabolic equation (PE) based method for analyzing composite scattering under an electromagnetic wave incidence
at low grazing angle, which composes of three-dimensional (3-D) electrically large targets and rough surface, is presented
and discussed. A superior high-order PE version is used to improve the accuracy at wider paraxial angles, and along with the
alternating direction implicit (ADI) differential technique, the computational efficiency is further improved. The formula
of bistatic normalized radar cross section is derived by definition and near-far field transformation. Numerical examples are
given to show the validity and accuracy of the proposed approach, in which the results are compared with those of Kirchhoff
approximation (KA) and moment of method (MoM). Furthermore, the bistatic scattering properties of composite model in
which the 3-D PEC targets on or above the two-dimensional Gaussian rough surfaces under the tapered wave incidence are
analyzed.

Keywords: parabolic equation, rough surface, alternating direction implicit (ADI) difference, normalized
radar cross section
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1. Introduction

Analysis of electromagnetic scattering from targets and
underlying randomly rough surface has important value in
radar detection and identification, environment monitoring,
and remote sensing.[1–8] As a result of the complex interac-
tions between the targets and the randomly rough surface, the
scattering characteristics are significantly different from those
in free space, such as the ships on the sea, the low flying
aircrafts, and missiles. In dealing with such coupling mod-
els, some pure numerical methods have been designedly used
due to their significant advantages in accuracy and versatility,
such as the integral equation approach (IE),[2,3] finite element
method (FEM),[4] and finite difference time domain method
(FDTD).[5,6] However, the huge number of unknowns will
consume intolerable amount of computing resources and com-
puting time for the three-dimensional (3-D) case, especially at
low grazing angle incidence.

The PE is derived from the Helmholtz equation by sepa-
rating the forward and backward propagation term, which was
first proposed by Leontovich and Fock to study the electro-
magnetic wave propagation on the earth’s surface in 1946.[9]

As an efficient marching algorithm which requires only a small
amount of computing resources and computation time, PE
has been widely applied to solve the large-scale electromag-
netic scattering problems recently.[10–16] Besides, the numer-
ical results show that the 3-D targets ranging in size from a

wavelength to several hundred are available for this algorithm.
However, most of the previous works have focused on the iso-
lated volumetric objects in free space.

In this paper, PE is developed to solve the bistatic scat-
tering of 3-D electrically large targets from underlying rough
surfaces. For constructing the composite scattering model, the
method of Monte Carlo simulation is applied to simulate the
rough sea surfaces with sea spectrum functions.[17] Consid-
ering the paraxial limitation caused by the pseudo differen-
tial operator,[12] the validated angle of the traditional PE is so
narrow that it is not applicable for the composite scattering
problems. Consequently, a superior PE version is used for im-
proving the computational accuracy at wider paraxial angles
by highorder polynomial approximation. Besides, by intro-
ducing the alternating direction implicit (ADI) technology, the
highorder matrix inversion in traditional difference method is
avoided, which significantly improves the computational effi-
ciency. Moreover, the normalized radar cross sections (NRCS)
under the tapered wave incidence at low grazing angles are
obtained by the near-far field transformation. To illustrate the
correctness and performance of the algorithm, the scattering
coefficients of rough sea surfaces are calculated to compare
with both Kirchhoff approximation (KA) method and moment
of method (MoM), and the result of composite scattering from
a PEC target above the finite plane ground is verified by com-
mercial software using a solver of the multilevel fast multi-
pole accelerated MoM (MLFMM). In addition, the compos-
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ite scattering examples of a 3-D PEC target on and above the
two-dimensional (2-D) Gaussian rough surfaces under the ta-
pered wave incidence at low grazing angle are analyzed and
discussed.

This paper is organized as follows. The high-order
parabolic equation with the introduced ADI difference tech-
nique is depicted concretely in Section 2. The formula of
bistatic NRCS under the tapered wave incidence is given in
Section 3. Several numerical tests are given to illustrate the
correctness and performance of the algorithm, and examples
of 3-D composite scattering are discussed in Section 4. The
conclusions are presented in Section 5.

2. High-order PE with efficient ADI technique
In Cartesian coordinates, the time-dependence of the field

is assumed to be e−iωt , and the electromagnetic fields com-
ponent ψ (x,y,z) satisfies the wave equation. By introducing
a reduced function u(x,y,z) = e−ik0xψ(x,y,z), and splitting
the wave equation into a forward and a backward propagation
term, the parabolic equation which reflects the propagation of
electromagnetic waves along the x direction can be obtained

∂u(x,y,z)
∂x

=−ik0(1−
√

1+Q), (1)

where Q is defined as

Q =
1
k2

0

(
∂ 2

∂y2 +
∂ 2

∂ z2

)
+n2(x,z)−1. (2)

For electromagnetic scattering problems, the refractive
index n can be regarded as unity. The solution for differen-
tial equation (1) can be expressed as

u(x+∆x,y,z) = e ik0∆x(
√

1+Q−1)u(x,y,z). (3)

As the pseudo differential operator
√

1+Q is difficult to
solve numerically, some approximation is made to rationalize
the operator. In traditional PE which uses the first-order Taylor
expansion, the maximum paraxial angle that can be accurately
calculated is only 15◦ to 20◦.[11] In order to obtain a superwide
angle solution, in this paper, a high-order rational polynomial
is used to approximate the exponential terms,[19] which makes
the maximum validated angle approach 70◦ with the order of
polynomial L = 8

e ik0∆x(
√

1+Q−1) ∼ 1+
L

∑
l=1

alQ
1+blQ

. (4)

Substitute Eq. (4) into Eq. (3), the high-order PE can be
written as

u(x+∆x,y,z) =
L

∑
l=1

wl(x+∆x,y,z), (5)

wl(x+∆x,y,z) =
1+(Lal +bl)Q

L+LblQ
u(x,y,z), (6)

where the complex coefficients al and bl can be obtained by
Newton method.[20] The field on x+∆x can be obtained from
the marching plane at x using an iterative approach. As the
PE itself reflects the diffraction effect of the electromagnetic
wave, the discrete rough surfaces can be easily integrated into
the algorithm using the relevant boundary conditions.[15]

In order to discrete the PE, the finite difference method
of Crank–Niclson (CNFD) type is usually used for 2-D appli-
cations, but it’s not a wise choice for 3-D case because of the
huge amount of computation from the high-order matrix inver-
sions. The ADI difference method reduces the computational
cost significantly by decomposing the transversal planes line
by line and using the explicit and implicit difference scheme
alternately.[18] The ADI difference scheme for high-order PE
can be derived from the CNFD method directly. The deriva-
tion of the formula is given below.

For Eq. (6), we use the central difference to discrete the
second-order differential, and the scheme can be written as(

1+
bl

k2∆y2 σy +
bl

k2∆z2 σz

)
Lwm+1

li, j

=

(
1+

Lal +bl

k2∆y2 σy +
Lal +bl

k2∆z2 σz

)
um

i, j, (7)

where

σywm+1
li, j = wm+1

li+1, j−2wm+1
li, j +wm+1

li−1, j,

σzwm+1
li, j = wm+1

li, j+1−2wm+1
li, j +wm+1

li, j−1. (8)

By adding a fixed term to both sides of the equation (7)(
1+

blσy

k2∆y2 +
blσz

k2∆z2 +
b2

l σyσz

(k2∆y2)(k2∆z2)z

)
Lwm+1

li, j

=

(
1+

(Lal+bl)σy

k2∆y2 +
(Lal+bl)σz

k2∆z2 +
(Lal+bl)

2σyσz

(k2∆y2)(k2∆z2)

)
um

i, j, (9)

Eq. (9) can be rewritten as(
1+

bl

k2∆y2 σy

)(
1+

bl

k2∆z2 σz

)
Lwm+1

li, j

=

(
1+

Lal +bl

k2∆y2 σy

)(
1+

Lal +bl

k2∆z2 σz

)
um

i, j. (10)

Then, we introduce a virtual intermediate marching plane
x =

(
m+ 1

2

)
∆x, and split Eq. (10) into two mutually indepen-

dent directions, then the ADI difference scheme for high-order
PE can be obtained

(
1+

blσy

k2∆y2

)
Lw

m+
1
2

li, j =

(
1+

(Lal +bl)σz

k2∆z2

)
um

i, j,(
1+

blσz

k2∆z2

)
Lwm+1

li, j =

(
1+

(Lal +bl)σy

k2∆y2

)
u

m+
1
2

i, j .

(11)

Note that Eq. (5) can be solved in an iterative manner. By
using the ADI difference technique, the 3-D problem is con-
verted into a series of 2-D problems. The scattered field in the
entire computational region can be obtained with given initial
field and suitable boundary conditions. The marching strategy
for ADI high-order PE method is shown in Fig. 1.
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Fig. 1. (color online) The marching strategy for ADI high-order PE.

3. Bistatic NRCS formulation
A sketch map of the composite scattering model is shown

in Fig. 2. In order to eliminate the truncation errors caused
by rough surfaces, the plane wave is generally replaced by ta-
pered incident wave in the electromagnetic scattering calcula-
tion, and the famous Thorsos tapered incident wave is used in
this paper. The expression in 3-D coordinates is

ui(x,y,z)=exp[ jk0(xsinθi cosϕi+ysinθi sinϕi−zcosϕ)(1+w)]

× exp(−(tx + ty)) , (12)

tx =
(xcosθi cosϕi + ycosθi sinϕi + zsinθi)

2

g2 cos2 θi
,

ty =
(−xsinϕi + ycosϕi)

2

g2 ,

w =
1
k2

0

[
2tx−1

g2 cos2 θi
+

2ty−1
g2

]
,

(13)

where k0 is the wavenumber in free space. The tapering width
parameter g needs to satisfy the requirements of wave equa-
tion, correlation length, and energy truncation. Besides, it is
related to the target size and the incident angle θi, which was
discussed in detail in Ref. [21].

NRCS is usually used to evaluate the average scattering
characteristics of distributed targets, which is defined as

σ = lim
r→∞

4πr2 |Es|2

|Ei|2
, (14)

where r is the position vector; Ei and Es are the incident and
scattered fields, respectively. Through near-far field transfor-
mation, the bistatic NRCS in direction (θs,ϕs) under the ta-
pered wave incidence can be expressed as

σ(θs,ϕs) =
k2 sin2

θs

πPi

×
∣∣∣∣∫∫ (Es(x0,y,z)) · e−ik0 cosθs(ycosϕs+zsinϕs)dydz

∣∣∣∣2 , (15)

where the incident power of the tapered wave is

Pi =
π

2
g2 cosθi ·

[
1− 1+ cos2 θi +2tan2 θi

2(k0gcosθi)
2

]
. (16)

Note that the scattered field Es(x0,y,z) can directly be ob-
tained in the transverse plane of the PE model located beyond
the object.

x

y
KsKi

θi
θs

ϕs

z

θ

Fig. 2. (color online) The composite model of target and rough surface.

4. Results and discussion

In this section, the calculation model for composite scat-
tering based on PE is discussed and analyzed by some numer-
ical tests. In this paper, the rough surfaces and targets are re-
garded as PEC objects and the discrete sizes (dx, dy, dz) are
set to λ/10, where λ is the wavelength of the electromag-
netic wave. The electromagnetic wave is horizontally polar-
ized. All calculations are performed on a six-core worksta-
tion with 16 GB memory, and the configured processor is In-
tel(R) Xeon(R) CPU E5-2620v3 with a dominant frequency
of 2.4 GHz. The complex coefficients for the polynomial ap-
proximations in high-order PE are given in Table 1.

Table 1. The complex coefficients for the polynomial approximation in
high-order PE (L = 8, dx = 0.1λ ).

l al bl

1 (−0.072273, 0.060041) (0.041224, −0.040126)
2 (0.006644, 0.010787) (0.879288, −0.007309)
3 (−0.016274, −0.003111) (−0.005525, −0.013040)
4 (0.023252, 0.040694) (0.507202, −0.025459)
5 (0.001717, 0.002761) (0.993461, −0.001894)
6 (0.011166, 0.113655) (0.141675, −0.047087)
7 (0.014151, 0.023484) (0.708478, −0.015508)
8 (0.031616, 0.065848) (0.306731, −0.036240)

4.1. Verification and discussion

In order to show the correctness of the PE model for
electromagnetic scattering from rough surfaces, and also, to
show the algorithm performance, we first calculate the one-
dimensional (1-D) rough surface with no target, i.e., neglect-
ing the transverse diffraction of electromagnetic waves. The
results of scattering coefficient are compared with those of KA
method and MoM which are widely used in the computation
of electromagnetic scattering from the rough sea surface.

In this numerical example, the frequency of Thorsos ta-
pered wave with an incident angle of 75◦ is set to 1 GHz, and
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the tapering width parameter g = 50λ . The observed scat-
tering angle is set to θs ∈ [30◦,90◦], ϕs = 0◦. The discrete
size of the computational region for PE model is Nx×Nz =

2048×2000. The rough sea surfaces are simulated by Monte
Carlo realization with the famous Pierson–Morkowitz (P–M)
spectrum.[17]

The simulation results under different wind speeds ob-
tained via PE model are given in Figs. 3 and 4, which show
that the MoM, KA method, and PE method are in agreement
with each other. As the results of MoM are usually consid-
ered to be the most reliable for the high precision of the algo-
rithm, we can regard it as a reference solution. As can be seen,
PE method shows smaller errors than KA method. Note that
the latter is a high frequency approximation method which ne-
glects multiple reflections and diffractions of the electromag-
netic waves. In Fig. 3, the mean error for KA method relative
to MoM is 4.52 dB, and 1.97 dB for PE method. In Fig. 4, the
mean error for KA method is 3.76 dB, also larger than that of
PE method, which is only 1.89 dB. In addition, to illustrate the
performance of the PE algorithms, the computational memory
and CPU running time for algorithm program are compared
with those of KA method and MoM, as shown in Table 2. Re-
sults show that the memory consumption and CPU comput-
ing time for PE method are slightly larger than those of KA
method, but much less than those of MoM.

Table 2. Comparison of memory and CPU time requirement among
different methods.

CPU time Memory
KA 2.66 s 76.0 MB
PE 8.43 s 77.9 MB

MoM 183.65 s 139.9 MB

30 40 50 60 70 80 90
-40
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 MoM

 Kirchhoff

 PE

θs/(O)

Fig. 3. (color online) NRCS of the rough sea surface under a wind speed
of 4 m/s.

The following examples are extended to the 3-D calcula-
tion case, which involves far more unknowns. Figure 5 shows
the simulation results of 2-D Gaussian rough surface obtained
from PE and KA method, where the correlation lengths of the

simulated rough surface in both x- and y-direction are set to
0.5 m, and the root-mean-square (RMS) height is 0.15 m. The
incident angle is fixed at θi = 70◦, ϕs = 0◦, and the observed
scattering angle is set to θs ∈ [25◦,90◦], ϕs = 0◦. As shown,
the two curves coincide with each other.
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Fig. 4. (color online) NRCS of the rough sea surface under a wind speed
of 10 m/s.
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Fig. 5. (color online) NRCS of 2-D rough surface with Gaussian spec-
trum.
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Fig. 6. (color online) NRCS of a PEC cube and underlying finite flat
ground compared with MLFMM.
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In order to verify the correctness of the coupling field,
PE is used to calculate the coupling scattering from a PEC
cube target and underlying PEC finite flat ground. The re-
sult is compared with that of the commercial software using a
MLFMM solver. In this example, a plane wave of unit ampli-
tude with a frequency of 1 GHz is used. The incident angle is
fixed at θi = 70◦, ϕs = 0◦, and the observed scattering angle
is set to θs ∈ [30◦,90◦], ϕs = 0◦. The dimension of flat ground
is 7.5 m×7.5 m. The PEC cube with a side length of 2.1 m is
placed above the flat ground, and the distance between them
is 0.9 m, as depicted in Fig. 6. The two curves coincide with
each other, which also proves the correctness of the method.

4.2. Bistatic composite scattering examples

In this section, combined with numerical examples, the
composite scattering characteristic of a 3-D PEC target and
underlying rough sea surface under the tapered wave incidence
at low grazing angle are discussed.

Unlike free space, for an object located above rough sur-
face, multiple reflections of electromagnetic wave usually oc-
cur between the target and the underlying rough surface, and
part of which are greater than the angle of 15◦ from the parax-
ial direction. Consequently, the high-order PE introduced in
this paper with an available angle up to 70◦ is more suitable for
such composite scattering models compared with the tradi-
tional narrowangle version. Figure 7 shows the bistatic NRCS
of a missile-like target above the rough sea surface using ADI
high-order PE method. The length and radius of the missile-
like target is 5.8 m and 0.62 m, respectively, and the verti-
cal distance between the missile and sea level is set to 1.8 m.
The correlation lengths and RMS height of the 2-D Gaussian
random rough sea surface are set to 0.5 m and 0.15 m, re-
spectively. The frequency of Thorsos tapered incident wave is
1 GHz. The incident angle is fixed at θi = 70◦, ϕs = 0◦, and the
observed scattering angles are set to θs ∈ [30◦,90◦], ϕs = 0◦.
The two curves represent the result of target underlying rough
surface and target in free space. As seen in Fig. 7, the scatter-
ing characteristic of the composite model greatly differs from
that of the isolated target in free space. As the contribution
for the total scattering field comes from the target, rough sea
surface, and their coupling interaction, the composite model
shows greater values overall. Besides, both have the maxi-
mum values in the mirror direction.

As a result of the interaction between the rough surface
and the target, different sea surface roughness will have signif-
icant influence on bistatic NRCS of the composite model. The
computed results for different correlation lengths and RMS
heights of the Gaussian rough surface are given to illustrate
this influence while other parameters remain the same, as de-
scribed in Fig. 8. In this example, when the sea surface’s corre-

lation length and RMS height are 1 m and 0.25 m, respectively,
which has the largest surface roughness, the coherent scatter-
ing component becomes smaller and the incoherent scattering
component increases. As a result, the maximum peak value in
the mirror direction decreases, while the amplitude from the
mirror direction increases markedly. Figure 9 gives the nu-
merical results of the coupling model under different incident
angles, which indicates that the bistatic NRCS is also related
with the incident angle of electromagnetic wave, and the ADI
high-order PE method can also be used to simulate the influ-
ence effectively.

35 40 45 50 55 60 65 70 75 80 85 90

-30

-15

0

15

30

45

60

75

B
is

ta
ti
c
 N

R
C

S
/
d
B

sea surface+target

target in free spacez

y x

θs/(O)

Fig. 7. (color online) Bistatic scattering from a missile-like target above
Gaussian sea surface.
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Fig. 8. (color online) Bistatic scattering of a missile-like target above
the sea surface with different correlation lengths and RMS heights.

In Fig. 10, another numerical example is given where a
ship-like target with the size of 12.6 m×3.2 m×2.4 m on the
2-D Gaussian rough sea surface. The correlation lengths and
RMS height of the 2-D Gaussian rough surface are set to 1 m
and 0.25 m, respectively. The frequency of Thorsos tapered
incident wave is 300 MHz and the incident angle is fixed at
θi = 70◦, ϕs = 0◦. The observed scattering angles are set to
θs ∈ [30◦,90◦], ϕs = 0◦. The bistatic NRCS of the target un-
derlying rough surface and the target in free space are shown
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in different curves and a similar conclusion can be obtained
from the former example.
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Fig. 9. (color online) Bistatic scattering of the model with different
incident angles.
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Fig. 10. (color online) Bistatic scattering from a ship-like target above
Gaussian sea surface.
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Fig. 11. (color online) Bistatic scattering of a ship-like target on the sea
surface with different correlation lengths and RMS heights.

Figure 11 shows the results for different correlation
lengths and RMS heights of the Gaussian rough surface. In

contrast to the one discussed earlier in which the target is
above the sea surface, in this example, the value in the mirror
direction varies little when changing the sea surface rough-
ness, and the difference in curves is mainly reflected in the
direction away from the mirror. As discussed in the two ex-
amples, the PE-based method is feasible for solving bistatic
scattering from 3-D targets and underlying rough surface at
low grazing angle incidence regardless of whether the targets
are on the sea surface or above it. In addition, numerical re-
sults of the coupling model under different incident angles are
given in Fig. 12
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Fig. 12. (color online) Bistatic scattering of the model with different
incident angles.

5. Conclusion

In this paper, an ADI high-order PE based method for
solving composite electromagnetic scattering from 3-D elec-
trically large targets and underlying randomly rough surface
is presented. Some numerical examples under the tapered
wave incidence at low grazing angles are given and discussed.
The algorithm has been shown to provide accurate results and
maintain high computational efficiency for solving the rough
surfaces bistatic scattering problems. In addition, the PE-
based method is not only suitable for the targets located above
the rough surfaces, but also for the targets on the rough sur-
faces, as discussed in the examples. As a result of the prelimi-
nary study, the numerical tests show the feasibility of the pro-
posed method, and the scattering problems in more complex
computing scenarios will be further discussed. In addition,
we are going to develop the algorithm via parallel processing
technology to reduce the calculation load for the monostatic
scattering problems and further improve the accuracy with the
bidirectional algorithm.
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