
 

Above-threshold ionization of hydrogen atom in chirped laser fields 

Yuan-Yuan Ni(倪园园), Song-Feng Zhao(赵松峰), Xiao-Yong Li(李小勇), Guo-Li Wang(王国利), Xiao-Xin Zhou(周效信) 

Citation:Chin. Phys. B . 2018, 27(7): 073203. doi: 10.1088/1674-1056/27/7/073203 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Dynamic stabilization of Na atom in an intense pulsed laser field 

Xiao-Li Guo(郭晓丽), Song-Feng Zhao(赵松峰), Guo-Li Wang(王国利), Xiao-Xin Zhou(周效信) 

Chin. Phys. B . 2018, 27(4): 043201. doi: 10.1088/1674-1056/27/4/043201 

Semiclassical investigation of Coulomb focusing effects in atomic above-threshold ionization 

with elliptically polarized laser fields 

Chuan-Liang Wang(王传亮), Li-Xin Xia(夏立新), Hong-Bin Yao(姚洪斌), Wen-Liang Li(李文亮) 

Chin. Phys. B . 2017, 26(4): 043201. doi: 10.1088/1674-1056/26/4/043201 

Dependence of above-threshold ionization spectrum on polarization directions of two-color laser 

fields 

Liu Min, Guo Ying-Chun, Wang Bing-Bing 

Chin. Phys. B . 2015, 24(7): 073201. doi: 10.1088/1674-1056/24/7/073201 

Influence of multi-photon excitation on the atomic above-threshold ionization 

Tian Yuan-Ye, Wang Chun-Cheng, Li Su-Yu, Guo Fu-Ming, Ding Da-Jun, Roeterdink Wim-G, Chen Ji-Gen, Zeng Si-Liang, 

Liu Xue-Shen, Yang Yu-Jun 

Chin. Phys. B . 2015, 24(4): 043202. doi: 10.1088/1674-1056/24/4/043202 

The Coulomb effect on a low-energy structure in above-threshold ionization spectra induced by 

mid-infrared laser pulses 

Lin Zhi-Yang, Wu Ming-Yan, Quan Wei, Liu Xiao-Jun, Chen Jing, Cheng Ya 

Chin. Phys. B . 2014, 23(2): 023201. doi: 10.1088/1674-1056/23/2/023201 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract72343.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract71844.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69790.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract69790.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract64554.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract64554.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract63811.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract57724.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract57724.shtml


Chin. Phys. B Vol. 27, No. 7 (2018) 073203

Above-threshold ionization of hydrogen atom in chirped laser fields∗

Yuan-Yuan Ni(倪园园)1, Song-Feng Zhao(赵松峰)1,†, Xiao-Yong Li(李小勇)2,
Guo-Li Wang(王国利)1, and Xiao-Xin Zhou(周效信)1

1Key Laboratory of Atomic and Molecular Physics and Functional Materials of Gansu Province,
College of Physics and Electronic Engineering, Northwest Normal University, Lanzhou 730070, China

2Experimental Center, Northwest University for Nationalities, Lanzhou 730030, China

(Received 12 March 2018; revised manuscript received 13 April 2018; published online 25 June 2018)

Above-threshold ionization (ATI) of a hydrogen atom exposed to chirped laser fields is investigated theoretically
by solving the time-dependent Schrödinger equation. By comparing the energy spectra, the two-dimensional momentum
spectra, and the angular distributions of photoelectron for the laser pulses with different chirp rates, we show a very clear
chirp dependence both in the multiphoton and tunneling ionization processes but no chirp dependence in the single-photon
ionization. We find that the chirp dependence in the multiphoton ionization based ATI can be attributed to the excited bound
states. In the single-photon and tunneling ionization regimes, the electron can be removed directly from the ground state
and thus the excited states may not be very important. It indicates that the chirp dependence in the tunneling ionization
based ATI processes is mainly due to the laser pulses with different chirp rates.
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1. Introduction

Above-threshold ionization (ATI) of atoms by
the transform-limited (i.e., chirp-free) laser pulses has
been widely investigated both experimentally[1–8] and
theoretically.[9–15] However, there is less attention paid to the
ATI of atoms in chirped laser pulses. Wang et al.[16] reported
experimentally the chirp dependence of Freeman resonance
structures in the ATI spectra of Xe exposed to chirped intense
laser pulses. Theoretically, Nakajima et al.[17] investigated
the ATI of Na by chirped infrared laser pulses by solving
the three-dimensional time-dependent Schrödinger equation
(3D-TDSE) and attributed the chirp dependence of the pho-
toelectron angular distributions (PADs) to the excited bound
states in the multiphoton ionization processes. Laulan et al.[18]

studied excitation and ionization of hydrogen atoms in intense
chirped laser pulses. Xiang et al.[19] found that the cutoff of
the ATI of one-dimensional H atoms can be extended dramat-
ically using a few-cycle nonlinear chirped laser pulse. Peng et
al.[20,21] analyzed numerically how the asymmetry parameters
of the ionized electron momentum distributions of the H atom
depend on the chirp rate of the few-cycle attosecond pulses
in the single-photon ionization region. Pronin et al.[22] ex-
plained the chirp dependence of the asymmetry in the ionized
electron distributions of atoms by a chirped few-cycle attosec-
ond pulse with the perturbation theory. Furthermore, chirped
laser pulses have also been applied extensively in quantum
control study[23] and the coherent control of high-order har-
monics and attosecond pulse duration.[24–29]

Mechanically, the electrons in atoms exposed to an in-

tense laser field can be released into a continuum state by

absorbing a single high-energy photon, absorbing simultane-

ously several photons, or tunneling through the potential bar-

rier formed by the Coulomb force and the laser field. Ac-

cording to the Keldysh theory,[30] these different ionization

mechanisms can be distinguished by the Keldysh parameter

γ =
√

Ip/2Up, where Ip is the ionization potential and Up is

the ponderomotive energy. So far, most efforts have been paid

to the ATI of atoms and molecules by chirped laser fields in the

single-photon ionization and multiphoton ionization regimes,

and the question concerning the chirp effect on the ATI in the

tunneling ionization regime still remains open.

In this paper, we theoretically investigate how the chirp

rate of the laser pulses affects the energy spectra, the two-

dimensional (2D) momentum spectra, and the PADs of the H

atom in the single-photon, multiphoton, and tunneling ioniza-

tion processes by solving the TDSE. The rest of this paper is

arranged as follows. In Section 2, we briefly describe how to

calculate the energy spectra and the 2D momentum spectra of

the H atom in chirped laser fields by solving the TDSE. In Sec-

tion 3, we present the chirp dependence of the energy spectra,

the PADs, and the 2D electron momentum spectra of the H

atom in the single-photon, multiphoton, and tunneling ioniza-

tion regimes. A conclusion will be given in Section 4. Atomic

units are used throughout this paper unless otherwise stated.
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2. Theory and method
Under the dipole approximation and the length gauge, the

TDSE of the H atom in the presence of a linearly polarized
laser field can be written as

i
∂

∂ t
Ψ(𝑟, t) = [H0 +Hi(t)]Ψ(𝑟, t)

=

[
− 1

2
∇2− 1

r
+Hi(t)

]
Ψ(𝑟, t). (1)

Here, H0 is the field-free atomic Hamiltonian and the atom–
field interaction Hi(t) is given by

Hi(t) = 𝑟 ·𝐸(t), (2)

where 𝐸(t) is the laser’s electric field. The time-dependent
wave function Ψ(𝑟, t) is expanded as

Ψ(𝑟, t) = ∑
nl

Cnl(t)Rnl(r)Ylm(𝑟̂), (3)

where Rnl(r)Ylm(𝑟̂) is the eigenfunction of H0 within the box
of r ∈ [0,rmax], and Rnl(r) and Ylm(𝑟̂) are expanded by the dis-
crete variable representation (DVR) basis sets[31–33] associated
with Legendre polynomials, while Cnl(t) is obtained by using
the split-operator method.[34] The total population distribution
of the excited states is calculated by

Pex(t) = ∑
n′l′
|Cn′l′(t)|2. (4)

Here n′l′ runs over all excited bound states. In this paper, we
typically take rmax = 2000 a.u. and lmax = 120.

The PADs and the 2D momentum spectra are obtained by
projecting the final wave function at the end of the pulse onto
eigenstates of a continuum electron Φ−𝑝 with a given momen-
tum vector 𝑝,

P1(E,θ) =
∂ 2P

∂E∂θ
=

∣∣∣∣〈Φ−𝑝 |Ψ(𝑟, t = tf)〉
∣∣∣∣22π psinθ , (5)

where E = p2/2 is the kinetic energy of the photoelectron and
θ is the angle between the emission direction of the ejected
photoelectron and the polarization axis of the laser field. The
continuum state Φ−𝑝 satisfies the following equation:(

− 1
2
∇2− 1

r

)
Φ
−
𝑝 = EΦ

−
𝑝 . (6)

By integrating over θ in Eq. (5), we obtain the photoelectron
energy spectra

∂P
∂E

=
∫

∂ 2P
∂E∂θ

dθ . (7)

In this paper, we consider a chirped femtosecond laser
pulse having a Gaussian form, which is similar to that used in
Refs. [17], [20], [21], and [35]. The laser pulse is assumed to

be linearly polarized along the z axis with its vector potential
given by

𝐴(t) = AF(t)sin[ω(t)t +φ0]𝑒z, (8)

where φ0 is the carrier-envelope phase (CEP) of the laser pulse.
The peak amplitude A, chirped carrier frequency ω(t), and
time envelope F(t) are given respectively by

A =
E
ω0

=
1

ω0

√
I0/Iau√
1+ξ 2

, (9)

ω(t) = ω0 +4ln2
ξ

1+ξ 2
t

τ2
0
, (10)

F(t) = exp
(
−4ln2

1
1+ξ 2

t2

τ2
0

)
. (11)

Here, Iau = 3.51×1016 W/cm2 and the parameter ξ is the
chirp rate. The case ξ = 0 corresponds to a transform-limited
(i.e., chirp-free) pulse with carrier frequency ω0, peak inten-
sity I0, and pulse duration τ0 (full width at half maximum,
FWHM). For a chirped pulse, the peak intensity and pulse du-
ration are given by I = I0/

√
1+ξ 2 and τ = τ0

√
1+ξ 2, re-

spectively. It is clear that a nonzero chirp ξ leads to a decrease
in the peak intensity and an increase in the pulse duration for a
fixed total pulse energy. The electric field strength of the laser
pulse is given by the time derivative of the vector potential,
i.e., 𝐸(t) =−∂𝐴(t)/∂ t.

3. Numerical results and discussion
3.1. Check the reliability of present numerical calculations

In Ref. [36], we compared carefully the energy spec-
tra and the 2D momentum distributions of H obtained from
the TDSE based on the length and the velocity gauges, re-
spectively. To further check the reliability of our numerical
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Fig. 1. (color online) Differential probabilities P1(E,θk) of electrons ionized
along θ = 0 and θ = π for (a) ξ = 0 and (b) ξ = 1.5. The transform-limited
laser pulse has central carrier frequency ω0 = 25 eV, CEP φ0 = 0.5π , inten-
sity I0 = 1×1015 W/cm2, and duration τ0 = T0 = 2π/ω0.
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simulations, in Fig. 1, we compare the present differential

probabilities of electrons ionized along θ = 0, π for two dif-

ferent chirp rates ξ = 0, 1.5 with those in Ref. [20]. The

laser pulse for ξ = 0 has central carrier frequency ω0 = 25 eV,

CEP φ0 = 0.5π , intensity I0 = 1× 1015 W/cm2, and duration

τ0 = T0 = 2π/ω0. Clearly, the present differential probabili-

ties agree perfectly with those documented in Ref. [20], which

were obtained from the TDSE using the velocity gauge.

In the following, we show how the chirp rate of the laser

pulses affects the PES, the PADs, and the 2D momentum spec-

tra of the H atom in the multiphoton, single-photon, and tun-

neling ionization regimes, respectively. We take φ0 = 0 for all

the numerical calculations in the rest of this paper.

3.2. Multiphoton ionization regime

In our simulations, we choose a τ0 = 5 fs (FWHM) laser
field with the peak laser intensity of I0 = 1.3×1013 W/cm2

and central wavelength λ0 = 400 nm for the transform-limited
pulse. The corresponding Keldysh parameter is 6. Figure 2(a)
compares the electric field of a chirp-free pulse with those hav-
ing a positive and a negative chirp.

In Fig. 2(b), we compare the PES of H by laser pulses
with three different chirp rates ξ . For the chirp-free pulse,
the PES consists of a series of ATI peaks equally separated by
the photon energy (i.e., 3.1 eV). Clearly, the chirp rate ξ very
strongly affects the PES, which can be attributed to the differ-
ent contributions of the excited bound states for the different
chirp rates. In Fig. 2(c), we show the total population of 39
excited bound states of H by laser pulses with three different
chirp rates.
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Fig. 2. (color online) Chirp dependence of (a) the electric field of laser pulses; (b) photoelectron energy spectra of H; and (c) total population
of excited bound states of H. We consider three different chirp rates, i.e., ξ =−1.73 (solid), ξ = 0 (dashed), and ξ = 1.73 (dot-dashed).
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Fig. 3. (color online) Photoelectron angular distributions of H at different photoelectron energies by the chirped pulses with three chirp rates:
ξ =−1.73 (solid), ξ = 0 (dashed), and ξ = 1.73 (dot-dashed). The orders of the ATI peaks are (a) S = 1, (b) S = 2, (c) S = 3, and (d) S = 4,
as labeled in Fig. 2(b). The laser parameters are the same as those in Fig. 2.
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One can see that the instantaneous population of H for
the chirp-free pulse is quite different from that using a pos-
itive (or negative) chirped pulse. Even for the same |ξ |, the
instantaneous populations are still very different for ±ξ . It in-
dicates that the excitation dynamics of the excited bound states
are quite different due to the different time-dependent instan-
taneous frequency components for the unchirped and chirped
laser pulses. This is the reason why the PES is different for the
three cases of ξ =−1.73, ξ = 0, and ξ = 1.73.

The PADs are calculated by integrating over one-photon
energy (i.e., 3.1 eV) around several ATI peaks labeled as S= 1,
2, 3, and 4 in Fig. 2(b). We mention that the same energy
ranges are used to calculate the PADs both for the unchirped
and chirped laser pulses. For simplicity, all the PADs and
the 2D momentum spectra are normalized to 1.0 at the peak
throughout this paper unless otherwise stated. Clearly, the
PADs show a chirp dependence especially for S = 2 and 3 as
shown in Fig. 3.

For the chirped laser pulses, the low-energy 2D momen-
tum spectra have more complex structures than that of the
chirp-free case as shown in Fig. 4. We can see the sidebands
in the first ATI peak and that the peak is shifted toward the
smaller (larger) momentum for the negative (positive) chirped
pulse compared with that of the unchirped laser case. The
reason is that the electron can be ionized by simultaneously
absorbing 5 photons at least, which corresponds to the first
ATI peak for the unchirped pulse. However, the situation is
quite different for the chirped laser case. The active electron
can simultaneously absorb 5 photons whose instantaneous fre-
quency is higher (or lower) than the unchirped laser frequency

(i.e., 3.1 eV), which causes the sideband structures and the
slight shift of the first ATI peak. On the other hand, the
momentum spectra far below the first ATI peak exhibit very
strong chirp dependence. It indicates that the 4-photon chan-
nel is closed for the unchirped laser but opened for the chirped
pulses under the present chirp rates.
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tributions of H in the multiphoton ionization region by the chirped
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(c) ξ = 1.73. The laser parameters are the same as those in Fig. 2.
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Fig. 5. (color online) Chirp dependence of (a) photoelectron energy spectra; (b), (c) photoelectron angular distributions at different photoelec-
tron energies; and (d) total population of excited bound states of H. The orders of the ATI peaks are (b) S = 1 and (c) S = 2 as labeled in (a). We
consider three different chirp rates, i.e., ξ =−1.73 (solid), ξ = 0 (dashed), and ξ = 1.73 (dot-dashed). The single photon energy is 15.5 eV.
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3.3. Single-photon ionization

To check the argument that the chirp dependence essen-
tially comes from the intermediate bound states in Ref. [17],
we consider a 5 fs laser pulse with a laser peak intensity of
7.9×1013 W/cm2 and the central wavelength of 80 nm. The
corresponding Keldysh parameter is 12. The single photon
energy is 15.5 eV and thus the active electron in the ground
state of H can be removed by absorbing a single photon. Fig-
ure 5(a) presents the photoelectron energy spectra of H for the
laser pulses with three different chirp rates. In Figs. 5(b) and
5(c), we show the PADs corresponding to the two ATI peaks
(i.e., S = 1,2 labeled in Fig. 5(a)). The 2D momentum spectra
of H are also given in Fig. 6. Clearly, the photoelectron en-
ergy spectra, the PADs, and the 2D momentum spectra have
no chirp dependence in the single-photon ionization region,
which is consistent with the Na atom case in Ref. [17]. This is
expected because the electron in the initial ground state can be
directly released into the continuum state by a single-photon
process and thus the intermediate excited bound states play a
less important role, although the electron is capable of popu-
lating in the excited states (see Fig. 5(d)).

3.4. Tunneling ionization

Finally, we study how the tunneling ionization depends
on the chirp rate of the laser pulses. It is known that the active
electron in the ground state of an atom can tunnel through the
potential barrier and thus the excited bound states would play
a minor role in the tunneling ionization, while the tunneling
process is dominantly affected by the laser field. In our sim-

ulations, we use a 5 fs laser pulse with central wavelength of
800 nm and peak intensity of 3.16×1014 W/cm2. The corre-
sponding Keldysh parameter is 0.6.
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tron energies of E = 2Up and E = 3Up, respectively; (d) total population of excited bound states of H. We consider three different chirp rates,
i.e.,, ξ =−1.73 (solid), ξ = 0 (dashed), and ξ = 1.73 (dot-dashed).
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Figure 7(a) demonstrates the photoelectron energy spec-
tra of H by laser pulses with three different chirp rates in the
tunneling ionization region. We can see that the ionization
yield by the chirp-free laser pulse is larger than that from the
chirped laser case. Even for the same |ξ |, the structures of
the photoelectron energy spectra are still very different for
±ξ . In Figs. 7(b) and 7(c), we show a very clear chirp de-
pendence of the normalized PADs at energies of 2Up and 3Up,
respectively. One can see that the electron tunnels dominantly
along the laser’s polarization axis for the unchirped pulse as
expected, while the off-axis tunneling ionization can also hap-
pen for the chirped pulses because its laser peak intensity re-
duces 2 times with respect to that of the unchirped pulse. The
time-dependent total population of all the excited states is also
presented in Fig. 7(d). It is also possible that the electron is
firstly excited to some intermediate bound states and then tun-
nels through the potential barrier. In this case, the chirp depen-
dence of the PADs should be partially attributed to the excited
states.
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Fig. 8. (color online) Low-energy photoelectron 2D momentum distri-
butions of H in the tunneling ionization region by a 5 fs laser pulse for
three different chirp rates: (a) ξ =−1.73, (b) ξ = 0, and (c) ξ = 1.73.

Figure 8 presents the low-energy 2D momentum spectra
of H by laser pulses with three different chirp rates. The mo-
mentum spectra exhibit a very clear chirp dependence. We
can see that the very low-energy momentum spectra demon-
strate ubiquitous fanlike structures both for the unchirped
and chirped pulses. At the momentum p = 0.077 a.u., the
dominant angular momentum is L = 6 (5) for the unchirped
(chirped) pulses. Thus there are seven (six) peaks for the
unchirped (chirped) pulses. Furthermore, the electrons tunnel
preferably along the polarization direction of the laser fields in

the tunneling ionization region for the unchirped laser, while
the tunneling ionization away from the laser’s polarization axis
is enhanced significantly for the chirped pulses.

4. Conclusion
We theoretically study the chirp dependence of the ATI

ionization processes of the hydrogen atom in an intense laser
field by solving the TDSE. By comparing the energy spectra,
the 2D momentum spectra, and the angular distributions of
photoelectrons for the laser pulses with different chirp rates,
we show a very clear chirp dependence both in the multipho-
ton and tunneling ionization processes, but no chirp depen-
dence in the single-photon ionization. We also confirm that the
chirp dependence in the multiphoton ionization based ATI can
be attributed to the different excitation dynamics of intermedi-
ate bound states. In the single-photon and tunneling ionization
regimes, the electron can be removed directly from the ground
state and thus the excited states may not be very important. It
indicates that the chirp dependence in the tunneling ionization
based ATI processes is mainly due to the laser pulses with dif-
ferent chirp rates. Unfortunately, there is little experimental
data available to examine these theoretical results, as far as we
know.

References
[1] Agostini P, Fabre F, Mainfray G and Petite G 1979 Phys. Rev. Lett. 42

1127
[2] Paulus G G, Nicklich W, Xu H, Lambropoulos P and Walther H 1994

Phys. Rev. Lett. 72 2851
[3] Huismans Y, Rouzée A, Gijsbertsen A, Jungmann J H, Smolkowska A
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López-Martens R, Mauritsson J, Schafer K J, Balcou Ph, L’Huillier A
and Salières P 2005 J. Mod. Opt. 52 379

[25] Chang Z, Rundquist A, Wang H, Christov I, Kapteyn H C and Murnane
M M 1998 Phys. Rev. A 58 R30

[26] Lee D G, Kim J H, Hong K H and Nam C H 2001 Phys. Rev. Lett. 87
243902

[27] Carrera J J and Chu S I 2007 Phys. Rev. A 75 033807

[28] Zhao S F, Zhou X X, Li P C and Chen Z 2008 Phys. Rev. A 78 063404
[29] Pan Y, Zhao S F and Zhou X X 2013 Phys. Rev. A 87 035805
[30] Keldysh L V 1965 Sov. Phys. JETP 20 1307
[31] Harris D O, Engerholm G G and Gwinn W D 1965 J. Chem. Phys. 43

1515
[32] Dickinson A S and Certain P R 1968 J. Chem. Phys. 49 4209
[33] Light J C and Walker R B 1976 J. Chem. Phys. 65 4272
[34] Tong X M and Chu S I 1997 Chem. Phys. 217 119
[35] Yudin G L, Bandrauk A D and Corkum P B 2006 Phys. Rev. Lett. 96

063002
[36] Sun C P, Zhao S F, Chen J H and Zhou X X 2011 Chin. Phys. B 20

113201

073203-7

http://dx.doi.org/10.1103/PhysRevA.80.013407
http://dx.doi.org/10.1103/PhysRevA.80.013407
http://dx.doi.org/10.1088/1674-1056/18/11/033
http://dx.doi.org/10.1103/PhysRevA.84.013417
http://dx.doi.org/10.1088/1367-2630/12/7/075008
http://dx.doi.org/10.1080/09500340412331301542
http://dx.doi.org/10.1103/PhysRevA.58.R30
http://dx.doi.org/10.1103/PhysRevLett.87.243902
http://dx.doi.org/10.1103/PhysRevLett.87.243902
http://dx.doi.org/10.1103/PhysRevA.75.033807
http://dx.doi.org/10.1103/PhysRevA.78.063404
http://dx.doi.org/10.1103/PhysRevA.87.035805
http://dx.doi.org/10.1063/1.1696963
http://dx.doi.org/10.1063/1.1696963
http://dx.doi.org/10.1063/1.1670738
http://dx.doi.org/10.1063/1.432836
http://dx.doi.org/10.1016/S0301-0104(97)00063-3
http://dx.doi.org/10.1103/PhysRevLett.96.063002
http://dx.doi.org/10.1103/PhysRevLett.96.063002
http://dx.doi.org/10.1088/1674-1056/20/11/113201
http://dx.doi.org/10.1088/1674-1056/20/11/113201

	1. Introduction
	2. Theory and method
	3. Numerical results and discussion
	3.1. Check the reliability of present numerical calculations
	3.2. Multiphoton ionization regime
	3.3. Single-photon ionization
	3.4. Tunneling ionization

	4. Conclusion
	References

