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We consider the construction of exact eigenstates of the two-dimensional Fermi—Hubbard model defined on an L x L
lattice with a periodic condition. Based on the characteristics of Slater determinants, several methods are introduced to
construct exact eigenstates of the model. The eigenstates constructed are independent of the on-site electron interaction and
some of them can also represent exact eigenstates of the two-dimensional Bose—Hubbard model.

Keywords: Hubbard model, exact eigenstate, Slater determinant

PACS: 31.15.aq, 03.65.Ge

1. Introduction

The two-dimensional Fermi—Hubbard model is important
when attempting to understand strongly correlated electronic
systems.[!] In the model, the electrons can hop from one
site to its nearest neighbors and there will be an interaction
between two electrons when they are on the same site. The
competition between the electron hopping and the on-site elec-
tron interaction makes it hard to find exact eigenstates of the
model.[*# Tn 1990, Yang and Zhang showed that many new
exact eigenstates of the model could be constructed from the
known ferromagnetic eigenstates based on the SO4 symmetry
of the model.[! There are also other methods to construct ex-
act eigenstates of the model.['”) Finding out more exact eigen-
states of this model not only is an intellectual challenge, but
also can increase our understanding of the model especially
when the SO, symmetry is considered.'*!!! In this paper, we
will present some new methods to construct more exact eigen-
states of the model by connecting the problem with the Slater
determinant. The eigenstates we constructed are independent
of the on-site electron interaction, i.e., they are eigenstates for
any value of the on-site electron interaction strength, which
were ever believed to have been all figured out by Yang and
Zhang and no new such eigenstates could be constructed. [*]

The two-dimensional Fermi—Hubbard model we consid-
ered is defined on a periodic two-dimensional L x L lattice
with the Hamiltonian

H=T+V, (1)

T = —t Z (alan +blbs+He.), )
(r7!)

vV =UY ala,b}b,, (3)
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where the lattice sites are described by r = (x,y) with x and
y being integers O, 1,...,L — 1. The operators a, and b,. are
the annihilation operators in coordinate space for the spin-
up and spin-down electrons, respectively, and they obey the
usual commutation relations for Fermi operators. The nota-
tion (r,7’) indicates that the sum is over the nearest neighbors
and the parameter U describes the on-site electron interaction
strength.

When the on-site electron interaction strength U is zero,
it is easy to find exact eigenstates of the model Hamiltonian
H. By introducing the following annihilation operators in mo-
mentum space:

1 1 -
ag=7Y ape "7, =) bre T, “

where k = (ky,ky), k¢ and k, are limited to the range (—7, 7]
and are 27r/L multiplied by some integers, the operator T can
be rewritten in the diagonal form

T =Y E(k)(aja +b}by), (5)
k

where
E(k) = —2t(cosky+cosky). (6)

However, it is usually hard to find exact eigenstates of H for
nonzero U.

2. Slater determinant and exact eigenstates

In the following, we will give some methods to construct
exact eigenstates of the Hamiltonian H for nonzero U. To
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reach this goal, we consider the following quantum state with
J spin-up electrons and (n — j) spin-down electrons:

¥) =AT|0), )
L1
A= E Z aT (1 b:]+] . .b:,nf(rl,rz,...,rn),(S)

where |0) is the vacuum state and the function f is required to
satisfy two conditions: (i) when ro = rg for any o # B, there
is f = 0; (ii) the state |¥) is an exact eigenstate of the opera-
tor T'. The first condition guarantees that there will not be two
electrons in the same lattice site in coordinate space so that we
can neglect the operator V in the Hamiltonian H. The second
condition ensures that the state |¥) is an exact eigenstate of
the Hamiltonian H. To satisfy the first condition, we assume

that the function f is in the following form:
eikl-rl eikz-rl eikn-rl

eikimy gikyry ||

f: . . . . g(T1,T2,""I"n), (9)

eikl"”n eikZ""n -

eikn"!‘z

eik:,,-rn

where k; (i=1,...
space. Since the function f is proportional to a Slater deter-

,n) are different vectors in momentum

minant, the first condition will be satisfied due to the charac-
teristics of the determinant. The problem is now reduced to
find a group of k; and a function g(ry,7s,...,r,) that make

the function f satisfy the second condition.

r,) =1

2.1. The case g(ry,r2,...,

The simplest case may be g(r(,72,...,7,) = 1. In this
case, from Eq. (9) there is
n .
f=Y (=0 I ettrerme, (10)
PESH oa=1

where S, denotes the set of all permutations of the set
{1,2,3,..
the permutation p, and o(p) is the inverse number of the per-
mutation p. Substituting Eq. (10) into the state |¥) in Eq. (7),
we can obtain

_ o)t T ¥
|¥) ,,é( 1)°Wg ey by by

.,n}, p(i) denotes the value in the i-th position after

wl0).an

Now we find that |¥) is obviously an eigenstate of the oper-
ator 7 with the eigenvalue E(¥) =Y | E(k;), because each
term behind the sum of Eq. (11) has the same kinetic energy
E(¥) independent of the permutation p. As no two electrons
of the state |¥) can be on the same lattice site in coordinate
space, |P) as an eigenstate of T is also an eigenstate of the
Hamiltonian H.

An enormous number of eigenstates of H can be con-
structed through Eq. (11), as long as we choose a group of

different k; (i = 1,...,n) in momentum space. However, it is a

pity that |¥) in Eq. (11) is the same as the following seemingly
different state |¥;) with the definition

W) = (5+)/[%), (12)

%) = b}, by, ... by, |0), (13)

S+ =Y Sk, Sk=apbx, (14)
k

where the sum is over all vector k in momentum space. The
state |'¥,) is obtained from the ferromagnetic state |¥) by flip-
ping the spin of j electrons and it is already known to be an
eigenstate of the Hamiltonian H.!! To show the relation be-
tween the state |¥) in Eq. (11) and |'¥;), we note that there
are

(Zsk) %), (15)
HbT )

for each permutation p € S,. Therefore, from Eq. (11), we

= [%) (16)

have

|‘P> = Z Sk'p(l)

PESH

= Z Skp(l) "'Skp(j) |%>

PESh

= (ZSk) %)

= (n=N)'%), (17)

a(p) Hb;pm |0)
i=1

which shows that |¥) is the same as |'¥}) in physics. In the
above, we have used the equation

Z Skep(1)Skpa) -+ Sk =

PESn

n j
—j)!(Zsk,) , (18

i=1
where k; (i = 1,...,n) are different vectors in momentum
space. Although our state |¥) in Eq. (11) is not a new eigen-
state, it shows an interesting relation between the Slater de-
terminant and the eigenstates of the Fermi—Hubbard model
Hamiltonian H.

2.2. The case g(ry,ra,...,1r,) # 1

To give some new eigenstates of H, in this case we as-
sume

g(T’h’f‘z,...,’l"n

n
)=]] &', (19)
a=1
where g (¢ = 1,...,n) are vectors in momentum space and
they are required not to be all the same, otherwise the func-
tion f in the following Eq. (20) will have the same form as
Eqg. (10). Substituting Eq. (19) into Eq. (9), we obtain

f= Z (- o(p) ﬁ ei(qa+kp(a))'Ta7 (20)
a=1

PESn
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which leads to

) =Y %), 1)

PESn
with

J

n
) = (0 agn,, IT 2o, 00 @2
i=1 i'=j+1

according to Eq. (7). It can be seen that for each permutation
p. the state |¥,) is an eigenstate of the operator 7', and the
corresponding eigenvalue is

n

Z (o + ke p( (23)

Usually the eigenvalue E, is dependent on p, and the state |¥)
in Eq. (21) as a sum of |¥,) is not an eigenstate of the opera-
tor 7. To make the state |¥) in Eq. (21) an eigenstate of the
operator T (or H), we can choose proper vectors kg and qq
(a=1,...
is not a function of p. This can be done at least in the following

,n) in momentum space such that the eigenvalue E,

two situations.
(i) Assume ko = (kq,0) and g = (0,94) for a =
1,2,...,n, which are illustrated in Fig. 1. Now there is
E(qa+kpa)) = E(qa) +E(kp(q)) (24)

according to Eq. (23), which leads to

D=

E,=Y E(qa)+ Y E(ka) (25)
a=1

a=1

according to Eq. (23). Since the eigenvalue E), does not de-
pend on the permutation p, the state |¥) in Eq. (21) is an
eigenstate of the Hamiltonian H under the above assumptions.
In other words, the state

)= ¥ 00 [ d),

PESK i=1

n
w T1 Bl ql0) 20
t’ =j+1 Pl
with different k; is an eigenstate of the Hamiltonian H, and the
corresponding eigenvalue is

n
E,=-2t Z[coski +cosg;. 27)
i=1
Since kg = (kg,0) for a = 1,2,...,
be different from each other, the number of electrons n of

n are assumed to

the eigenstate |¥) in Eq. (26) cannot be larger than L as we
are considering an L x L lattice. When the eigenstate |¥') in
Eq. (26) has L electrons, the corresponding eigenvalue will be

L L
E,(L)= -2t Z[coski +cosgq] = —2¢ Zcosqi, (28)

i=1 i=1

where L is assumed to be an even number. As g4 = (0,q¢) for
a=1,2,...
be

,L cannot all be the same, the minimal E,(L) will

2
Ep(L)min = —2t <L —1+4cos Ln) , 29)

which can be achieved when ¢; = 27/L and gq = 0 for
a=23,...
tron will be —2¢ for large L, which is also true when L is an

,L. The average energy E,,(L)min/L for each elec-

odd number.

Loz

Fig. 1. (color online) Lattice sites in momentum space. The black dots
represent g = (0, ¢ ) and the white dots represent kg = (kg,0), where
L = 6 is chosen as an example.

(ii) Assume ko = (kg, ko +A) and go = (0,0) or (A, —A)

for some nonzero A (& = 1,2,...n). Now there is

E(qa+kpa) = E(kpa)) (30)

for any permutation p according to Eq. (6), which leads to

n n

Ep=Y E(kya) =Y E(ka) 3D
a=1 a=1
according to Eq. (23). Note that the eigenvalue E, does not
depend on the permutation p again, therefore the state |¥) in
Eqg. (21) is an eigenstate of the Hamiltonian A under the above
assumptions.

In the above two situations, we have given two methods
to construct the eigenstate of the Hamiltonian H by choos-
ing proper vectors ky and g (¢ = 1,...,n) in momentum
space. These eigenstates do not depend on the electron in-
teraction strength U. We need to show that our eigenstates
have never been constructed, because Yang and Zhang have
claimed that they have constructed all U-independent eigen-
states of H.[°! The eigenstates without double occupation in
coordinate space constructed by Yang and Zhang are described
by |¥) in Eq. (12), which has a total spin s = n/2 for any j (the
state has 7 electrons).”) However our eigenstates with n elec-
trons such as |¥) in Eq. (26) do not have a total spin, so that
they are different from the eigenstates constructed by Yang and

073102-3
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Zhang. To demonstrate it, we assume n = 2 and j = 1 for our
eigenstate |¥) in Eq. (26), which can now be written as

1 2
|‘II> = Z Ha—({k 771 I;I z-k)([’)v‘h/)|0>

PES> i=1
T
- [a(qul)b(kz«,qz) a(kzm) kl 42) ]|O> (32)

When k| # ky and q; # g2, the vectors (k1,q1), (k2,92),
(k2,q1), and (k;,q>) are four different vectors in momentum

pli

space, so that the state |¥) in Eq. (32) cannot have a total spin,
i.e., it is the sum of a state with the total spin s = 0 and a state
with the total spin s = 1.

3. Discussion and summary

We have considered the construction of exact eigenstates
of the two-dimensional Fermi—-Hubbard model. One may
wonder whether our methods are also applicable for construct-
ing exact eigenstates of the two-dimensional Bose—Hubbard
model, where the operators obey the Bose commutation rela-
tions and many particles can be on the same site. Since our
constructions prevent double occupation on the same site and
do not use the Fermi commutation relations, the eigenstates we
constructed for the Fermi—Hubbard model will also be eigen-
states for the Bose—-Hubbard model when the Bose commuta-
tion relations do not make the states zero. For example, the
state |¥) in Eq. (26) will also be an exact eigenstate of the
two-dimensional Bose-Hubbard model, where ay and by, de-
scribe two kinds of Boson particles, under the condition that
ko = (kq,0) for a =1,2,...
and g¢ = (¢¢,0) for @ = 1,2,...,n
each other. This is because each term behind the sum of |¥)

,n are different from each other
are also different from

in Eq. (26) is orthogonal to the other terms under the above
condition, so that |¥) is not zero.

The number of electrons in our constructed eigenstates
cannot reach or be close to the Hall filling, i.e., L7 electrons in
the L x L lattice, which is believed to have a rich physics.!'%13]
However, Yang has shown that applying the n pair opera-
tor on a known eigenstate can obtain a new eigenstate with

[14]

two more electrons.!'#! Therefore, we can apply the ¥ pair

operator many times on our constructed eigenstates to obtain
new eigenstates with the number of electrons reaching or be-
ing close to the Hall filling. The eigenstates obtained in this
way are not the ground state, but their corresponding eigen-
values can give some upper bound for the ground state energy
and the knowing of these excited states can reduce the size of
the space to numerically search the ground state, as the ground
state is orthogonal to all excited states.

In summary, we have given some methods to construct
exact eigenstates of the two-dimensional Fermi—Hubbard
model. The basic idea is to prevent two electrons from be-
ing on the same site through the Slater determinant, there-
fore the eigenstates constructed are independent of the on-site
interaction strength U. The finding that there are many U-
independent eigenstates itself is of interest, and the connec-
tion with the Slater determinant can give some inspiration for
understanding the two-dimensional Fermi—Hubbard model.
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