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We propose a slope-based decoupling algorithm to simultaneously control the dual deformable mirrors (DMs) in a
woofer–tweeter adaptive optics system. This algorithm can directly use the woofer’s response matrix measured from a
Shack–Hartmann wave-front sensor to construct a slope-based orthogonal basis, and then selectively distribute the large-
amplitude low-order aberration to woofer DM and the remaining aberration to tweeter DM through the slope-based orthog-
onal basis. At the same moment, in order to avoid the two DMs generating opposite compensation, a constraint matrix used
to reset tweeter control vector is convenient to be calculated with the slope-based orthogonal basis. Numeral simulation
demonstrates that this algorithm has a good performance to control the adaptive optics system with dual DMs simultane-
ously. Compared with the typical decoupling algorithm, this algorithm can take full use of the compensation ability of
woofer DM and release the stroke of tweeter DM to compensate high-order aberration. More importantly, it does not need
to measure the accurate shape of tweeter’s influence function and keeps better performance of restraining the coupling error
with the continuous-dynamic aberration.

Keywords: dual deformable mirrors, decoupling algorithm, adaptive optics
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1. Introduction
Adaptive optics is a very efficient technology used to

correct the wave-front aberration, so it has been successfully
used in the laser beam shaping systems, telescopes, and vision
instruments.[1–3] However, to achieve better correction perfor-
mance, adaptive optics system should compensate both low-
order and high-order wave-front aberration simultaneously.
Though many researchers have done a lot of study about large
stroke and high spatial frequency deformable mirror (DM),
the application of this DM still need solve many technologi-
cal problems.[4] So the woofer–tweeter adaptive optics system
shown in Fig. 1 is really an efficient solution to simultaneously
compensate phase distortion with a large amplitude and high
spatial frequency, where the woofer is used to correct the large
stroke and low spatial frequency aberration and the tweeter is
used to correct low stroke and high spatial frequency aberra-
tion.

From Fig. 1, the residual wave-front is measured by a
single wave-front sensor (WFS) and distributed to the dual
DMs with some specified methods. However, different from a
single-DM adaptive optics system, the woofer–tweeter system
must face the cross-couple between the dual DMs, which may
induce a serious waste of the DMs’ correction ability and even
destroy the system stability.[5] Several algorithms have been

proposed to control the dual DMs, such as two-step control
algorithm,[6–8] Zernike mode decomposition algorithm,[9–11]

Fourier mode decomposition algorithm,[12] wavelet mode de-
composition algorithm,[13] Lagrange-multiplier damped least-
squares algorithms,[14–16] and direct slope-based correction
algorithm.[17] But the algorithm which can effectually sup-
press the coupling errors between the two DMs is very few. So
far, the two-step algorithm and Zernike mode decomposition
algorithm can get better performance to restrain coupling error
between the dual DMs. However, the two-step algorithm is un-
able to correct the dynamic aberration, and the Zernike mode
decomposition algorithm must reconstruct the wave-front by
the Zernike mode and measure the accurate influence function
of tweeter DM to construct a constraint matrix. In the practi-
cal process, the accurate shape of tweeter’s influence function
is often measured by the interferometer or fitted by Zernike
mode. This process is complicated, but indispensable.

wave front
aberration

woofer tweeter
beam
splitter

controller sensor (WFS)

wave front

wave front wave front 

compensated

Fig. 1. The woofer–tweeter adaptive optics system.
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In this paper, we propose a slope-based decoupling algo-
rithm to simultaneously control dual DMs. Compared with
the typical decoupling algorithm, this algorithm can take full
use of the compensation ability of woofer DM and release
the stroke of tweeter DM to correct the high spatial frequency
aberration. In addition, this algorithm can construct the con-
straint matrix used to reset the command vectors of tweeter
DM without measuring the accurate influence function, and
can keep better performance of restraining the coupling error
with the continuous-dynamic aberration.

2. Principle of slope-based decoupling algorithm
In the woofer–tweeter adaptive optics system, the

response matrix of woofer 𝐷W (2n×m1) and tweeter
𝐷T (2n×m2) can be measured by a Shack–Hartmann wave-
front sensor, where n is the number of Hartmann’s aperture,
and m1 and m2 are the numbers of actuator of woofer and
tweeter DMs, respectively. The slope of wave-front 𝑔(2n×1)
representing residual errors can be corrected by dual DMs as

𝑔 =𝐷W𝑉W +𝐷T𝑉T, (1)

where 𝑉W(m1× 1) is the control vector for the woofer DM
and 𝑉T(m2× 1) is the control vector for tweeter DM. The al-
location of the slope 𝑔 is very important to get efficient co-
operation of the dual DMs. Hu et al. successfully distributed
the lower order aberration to the woofer and the high-order
aberration to the tweeter through a Zernike mode decomposi-
tion algorithm.[10] However, the orders’ choice of the Zernike
mode will influence the compensation ability of the dual DMs.
As a matter of fact, we can distribute the wave-front slope ac-
cording to the compensation ability of woofer and avoid the
process of the wave-front reconstruction by Zernike mode. For
the woofer DM, we can get a symmetric matrix 𝐶W(m1×m1)

through the response matrix 𝐷W using

𝐶W =𝐷T
W𝐷W/2n, (2)

where 𝐶W describes the correlation of influence slopes of dif-
ferent actuator. Singular value decomposition for 𝐶W is writ-
ten as

𝐶W =𝑈𝑆𝑈T, (3)

where 𝑆(m1×m1) is a diagonal matrix with the singular value
of 𝐶W, 𝑈(m1×m1) is a unitary matrix that consists of eigen-
vector of 𝐶W, and 𝑈−1 =𝑈T. A slope-based orthogonal basis
𝑀W(2n×m1) for woofer can be achieved from

𝑀W =𝐷W𝑈 . (4)

Note that the column vector of 𝑀W is orthogonal and cor-
responding to eigen mode of woofer DM. What is more, the

eigen mode of the woofer DM is similar with the Zernike
mode, of which the spatial frequency is gradually increasing
with the mode’s order increasing. So the portion of wave-front
slop 𝑔w corrected by woofer could be written as

𝑔w =𝑀W𝑟 =𝐷W𝑣w. (5)

Here, 𝑟(m1× 1) is the coefficient for 𝑀W, and the relation
between 𝑟 and 𝑣w is described as

𝑣w =𝑈𝑟, 𝑟 =𝑈T𝑣w. (6)

According to Eqs. (5) and (6), we can distribute low spatial
frequency and large stroke aberration to woofer DM by

𝑟 =𝑀+
W𝑔, (7)

𝑣w =𝑈𝐼w𝑟 =𝑈𝐼w𝑀
+
W𝑔. (8)

Here 𝑀+
W is the pseudo-inverse matrix of 𝑀W and 𝐼w(m1×

m1) is a diagonal matrix. If the woofer is assigned to correct
the ith mode, 𝐼w(ii) is one, and the residual elements of 𝐼w

are zero. For example, if the woofer is used to correct the first
three orders of eigen mode, 𝐼w = diag(1,1,1,0,0, . . .). Using
the well-known digital PI controller, the actual control vector
𝑉W for the woofer DM can be achieved by

𝑉W (k+1) = pi−a×𝑉W (k)+ pi−b×𝑣w(k), (9)

where pi−a and pi−b are the parameters of PI controller. pi−a
is usually set around 0.98 and pi−b is usually set around 0.2 in
the adaptive optics system. After the correction by the woofer
DM, the residual wave-front slope compensated by the tweeter
DM can be solved as

𝑔t = 𝑔−𝑀W(𝐼w𝑀
+
W𝑔). (10)

At the same time, the compensation 𝑣t can be calculated by

𝑣t =𝐷+
T 𝑔t, (11)

where 𝐷+
T is the pseudo-inverse matrix of 𝐷T. The actual

control vector 𝑉T for the tweeter DM is solved with a digital
PI controller as

𝑉T (k+1) = pi−a×𝑉T (k)+ pi−b×𝑣t(k), (12)

Since the actual control vector 𝑉W and 𝑉T for the dual
DMs has been obtained, there is a potential problem that the
tweeter DM could generate a little shape cross-coupling with
the woofer DM. To avoid this phenomenon, Liu et al. con-
structed a constraint matrix to reset control vector 𝑉T.[11]

However, the process of constructing the constraint matrix
must use the Zernike mode and influence function of tweeter,
as we know that the Zernike mode is a theoretical value and
the precise influence function need be measured by interfer-
ometer rather than Hartmann. Compared with the method pro-
posed by Liu et al., the construction of constraint matrix 𝐷C
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only needs to use 𝑀W and 𝐷T which are easy to be measured
by Shack–Hartmann, as

𝐷C (i, j) = k

2n
∑

x=1
𝐷T(x, i)𝑀W(x, j)

2n
∑

x=1
𝑀W(x, j)𝑀W(x, j)

, (13)

[
𝐼
𝐷C

]
𝑉T =𝐶𝑉T =

[
𝑉T
0

]
, (14)

where 𝐷C (i, j) is the relation coefficient between the i-th col-
umn of 𝐷T and the j-th column of 𝑀W, k is an empirical
parameter used to adjust the constraint intensity to the tweeter
DM, and it should be set according to the relation between in-
fluence slope matrix 𝐷T and orthogonal basis 𝑀W. A larger
k will enhance the elimination of low order components in
the surface shape of the tweeter, but the correction qualities
of higher order phase aberrations will be decreased. Thus k
should be carefully chosen to make a better compromise. The
control vector 𝑉T can be reset by

𝑉 ′T =

[
𝐼
𝐷C

]+ [
𝑉T
0

]
=𝐶+

[
𝑉T
0

]
, (15)

and the final control vector 𝑉 ′T for the tweeter DM will not
be confined to generate cross-coupling shape with the woofer
DM.

3. Numeral simulation
3.1. Construction of slope-based orthogonal basis

As described above, it is known that the key of the al-
gorithm we proposed is to construct a slope-based orthogonal
basis 𝑀W by the response matrix of woofer. In order to get
𝑀W, an adaptive optics system with dual DMs is simulated.
In the numerical model, the woofer is a DM with 19-actuators,
and the tweeter is a DM with 127-actuators. The configura-
tion of DM’s actuators and the Shack–Hartmann wave-front
sensor’s sub-apertures are shown in Fig. 2.

(a) (b)

x axis x axis

y axis y axis

Fig. 2. (color online) Configuration of DM’s actuators and the
Shack–Hartmann wave-front sensor’s sub-apertures: (a) woofer and (b)
tweeter.

According to Fig. 2(a), the response matrix 𝐷W of woofer
can be measured, and the slope-based orthogonal basis 𝑀W

can be achieved through Eqs. (2)–(4). The correlation of the
column vector of 𝑀W is shown in Fig. 3.
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Fig. 3. (color online) Correlation of the column vector of 𝑀W.

From Fig. 3, it is shown that the column of 𝑀W is com-
pletely orthogonal. What is more, the column corresponding
to eigen mode can be calculated by

𝐸 =𝑊𝑈 =
[

W1 W2 · · · Wm1

]
×


U11 U12 · · · U1m1
U21 U22 · · · U2m1

...
... · · ·

...
Um11 Um12 · · · Um1m1

 , (16)

where Wi is the influence function of the ith actuator of woofer
and 𝐸 =

[
E1 E2 · · · Em1

]
is the eigen mode corresponding

to the column vector of 𝑀W. The shape of the eigen mode is
shown in Fig. 4.

1st 2nd 3rd 4th 5th 6th 7th

8th 9th 10th 11th 12th 13th 14th

15th 16th 17th 18th 19th

Fig. 4. (color online) Eigen mode corresponding to the column of 𝑀W.

From Figs. 3 and 4, it indicates that 𝑀W is a slope-based
orthogonal basis and the corresponding eigen mode is similar
with the Zernike mode, of which the spatial frequency is grad-
ually increasing with the mode’s order increasing. So we can
selectively distribute the large-amplitude low-order aberration
to woofer DM and the remaining aberration to tweeter DM
with the slope-based orthogonal basis.
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3.2. Wave-front correction results

After getting the slope-based orthogonal basis 𝑀W, in
order to verify the validity of the algorithm described in this
paper, three initial aberrations are generated from the first 50
Zernike polynomials and completely removed the tip/tilt in the

simulation, because they are often corrected by the tip–tilt mir-
ror. To make the best of the woofer compensation ability, the
matrix 𝐼W is set as a unit matrix. Three different aberrations
are described as Figs. 5(a1)–5(a3), and the correction results
by the algorithm we proposed are shown in Fig. 5.
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Fig. 5. (color online) Correction results in three different aberrations.

Figures 5(b1)–5(b3) show that most of the initial wave-
front is corrected by the woofer, and the rest wave-front af-
ter woofer is a high spatial frequency and low stroke aberra-
tion which is compensated well by the tweeter as shown in
Figs. 5(c1)–5(c3). Figures 5(d1)–5(d3) indicate that this algo-
rithm can simultaneously control the dual DMs well, and the
final RMSs of the residual wave-front are 0.08λ , 0.05λ , and
0.018λ , respectively. At the same time, to evaluate the cou-
pling error between woofer and tweeter, a compensation ratio
c of woofer as defined in

c =
∫

/0wc /0w ds∫
/0w /0w ds

, (17)

where /0w is the aberration distributed to woofer and /0wc is the
aberration corrected by woofer. It is obvious that the com-
pensation ratio c is one when /0w is completely corrected by
woofer, and tweeter does not generate the cross-couple com-
pensation to woofer.

Figure 6 shows that woofer almost compensates all the
aberration distributed to it and the compensation ratios are re-

spectively 0.996, 0.9774, and 0.981 corresponding the aber-
ration described as Figs. 5(a1)–5(a3). It indicates that the al-
gorithm proposed in this paper can restrain the coupling error
well. According to Eq. (8), we can also distribute phase aber-
ration to the woofer by setting the diagonal elements of 𝐼W.
With the same initial wave-front, the 1st, 10th, and 19th diag-
onal elements of 𝐼W are set as one, the correction result and
performance of restraining coupling error is shown in Fig. 7.

From Figs. 7(a)–7(c), it shows that the correction of
woofer does not contain other content except the 1st, 10th,
and 19th, and the compensation ratios are respectively 0.98,
0.965, and 0.99, as shown in Fig. 7(d). It indicates that the
aberration allocated to woofer can consist of the linear combi-
nation of the eigen modes. However, it should be noted that
the lower spatial frequency aberration should be distributed to
the woofer as far as possible, otherwise the correction ability
of the dual DMs will decline because of the inappropriate aber-
ration allocation as shown in the Fig. 7(d) where the RMSs of
the residual wave-front are 0.1λ , 0.065λ , and 0.028λ , respec-
tively.
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Fig. 6. (color online) Coupling error in three different aberrations.
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Fig. 7. (color online) Coupling error and correction results with different aberration distribution.

4. Discussion

Though many algorithms have been proposed to control
the adaptive optics system with dual DMs, the algorithm that
can effectually correct the aberration and suppress the cou-
pling errors between the two DMs is very few, such as Zernike
mode decomposition algorithm proposed by Liu et al.[11] At
this moment, we make a detailed comparison of performance

between the two algorithms: (a) the algorithm proposed in

this paper and (b) Zernike mode decomposition algorithm pro-

posed by Liu et al. Note that the algorithm (b) described as

following always makes the woofer correct the first five orders

of aberrations of Zernike mode, and the reconstruction matrix

of the algorithm (b) is also constructed by the first 50 Zernike

polynomials.
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4.1. Correction capability

According to the theory of algorithm (b), it is known that
algorithm (b) distributes aberration to the two DMs by choos-
ing suited Zernike mode. But this way cannot flexibly dis-
tribute the wave-front to the dual DMs and reduce the correc-
tion capability of the dual DMs when some orders of aberra-

tions not distributed to woofer become worse especially. In
order to testify this viewpoint, a general aberration, which
consists of the first 50 Zernike modes and is satisfied with
Kolmogorov atmospheric turbulence, is firstly used to com-
pare the correction performance of algorithms (a) and (b). The
Zernike coefficient of initial aberration and correction results
of algorithms (a) and (b) are shown in Fig. 8.
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Fig. 8. (color online) Comparison of correction ability of algorithms (a) and (b) for general aberration.
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Fig. 9. (color online) Comparison of correction ability of two algorithms when some orders of aberrations become worse.

The RMSs of residual aberration corrected by algorithms
(a) and (b) are respectively 0.038λ and 0.035λ as shown in
Figs. 8(b) and 8(c), which means that the two algorithms have
similar correction ability for general aberration. However,
when some orders of aberrations become worse, for example,
when the 6th, 8th, and 11th order coefficients of Zernike mode
are increased to 1 as shown in Figs. 9(a1)–9(a3), the RMSs of
residual aberration corrected by algorithm (a) are respectively

0.072λ , 0.045λ , and 0.092λ as shown in Figs. 9(b1)–9(b3),
while the RMSs of residual aberration corrected by algorithm
(b) are respectively 0.088λ , 0.063λ , and 0.126λ as shown in
Figs. 9(c1)–9(c3). It is obvious that the correction results of
algorithm (b) are worse than that of algorithm (a) when some
orders of aberrations not distributed to woofer increase. In
order to further compare the correction ability of the two al-
gorithms, to the three initial aberrations as shown Figs. 9(a1)–
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9(a3), when the 6th, 8th, and 11th orders of Zernike modes
are respectively distributed to woofer in the algorithm (b), the
RMSs of residual aberration are respectively 0.11λ , 0.044λ ,
and 0.17λ as shown in Figs. 9(d1)–9(d3). Figures 9(d1)–
9(d3) show that the algorithm (b) just has similar correction
ability with algorithm (a) when 8th order of Zernike mode is
distributed to woofer, but has worse correction result than al-
gorithm (a) when 6th and 11th Zernike modes are respectively
distributed to woofer. The reason for this phenomenon is that
19-actuators woofer has good compensation ability for the 8th
Zernike mode and has poor compensation ability for the 6th
and 11th Zernike modes. Therefore, the comparison results of
Fig. 9 indicates that algorithm (b) cannot flexibly distribute the
wave-front to the dual DMs through Zernike mode decompo-
sition, while algorithm (a) has better correction performance
than algorithm (b) when some orders of aberrations not dis-
tributed to woofer increase.

In addition, four sets of continuous-dynamic aberrations
as shown in Fig.10 are used to compare the correction perfor-
mance of the two algorithms. The initial aberration shown
in Fig. 10 is a set of continuous-dynamic aberration con-
firmed to the Kolmogorov atmospheric turbulence and gen-
erated with the simulation condition that telescope diame-
ter D is 2 m, wind speed V is 3 m/s, sample frequency is
500 Hz, and the Fried parameter r0 is 5 cm. Figure 10(a)
shows that the two algorithms have similar correction abil-
ity for the general aberration satisfied with Kolmogorov tur-
bulence. However, if we also set the 6th, 8th, and 11th order
coefficients of the general aberration in Fig. 10(a) to 1, the
algorithm (a) would have better compensation ability than al-

gorithm (b) as shown in Figs. 10(b)–10(d). At the same mo-
ment, to the three continuous-dynamic aberrations as shown
in Figs. 10(b)–10(d), when the 6th, 8th, and 11th orders of
Zernike modes are respectively distributed to woofer in the al-
gorithm (b), the RMSs of residual aberration are respectively
shown in Figs. 10(b)–10(d). Figures 10(b)–10(d) show that the
algorithm (b) just has similar correction ability with algorithm
(a) when 8th order of Zernike mode is distributed to woofer,
but has worse correction result than algorithm (a) when 6th and
11th Zernike modes are respectively distributed to woofer.

According to the comparison of Figs. 9 and 10, it can be
concluded that the two algorithms have the same compensa-
tion ability for general aberration satisfied with Kolmogorov
turbulence, and the algorithm (a) will have better correction
ability than algorithm (b) when some order coefficients of gen-
eral aberration increase. The reason for this phenomenon is
that the Zernike mode decomposition for algorithm (b) cannot
reasonably distribute aberration to the dual DMs, while algo-
rithm (a) can take full use of the correction ability of woofer
and release the stroke of tweeter. The stroke of tweeter actua-
tors of algorithms (a) and (b) can be tested by

SMi =
vmax−|vi|

vmax
, (18)

where vi is the voltage of ith actuator of tweeter, vmax is the
max voltage corresponding to the max stroke, and SMi is the
saturation margin of ith actuator of tweeter. Corresponding to
the correction results shown in Figs. 8 and 9, the saturation
margins of tweeter’s actuator of two algorithms are shown in
Fig. 11.
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Figure 11(a) shows that the saturation margins of the two algorithms just have a few differences for the general aberration as
shown in Fig. 8(a). But when some orders of aberrations increase, the saturation margin of algorithm (b) would decline quickly
and even make some actuators saturate as shown in Fig. 11(d). It means that algorithm (b) is easier to make the tweeter actuators
saturate when some orders of aberrations become larger, and then lose some compensation ability according with the result shown
in Figs. 9 and 10.
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Fig. 12. (color online) Comparison of restraining the coupling error.
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4.2. Coupling error

About suppressing the coupling error between the dual
DMs, it is known that the two algorithms restrain the cou-
pling error between the two DMs by constructing a constraint
matrix 𝐷C. However, the construction of the constraint ma-
trix 𝐷C must use the theoretical value of Zernike mode and
the influence function of tweeter’s actuators in the algorithm
(b).[11] If we want to get a good performance by the algorithm
(b), the influence function of tweeter’s actuators must be ac-
curately measured by the interferometer or fitted by Zernike
mode before calculating 𝐷C. This process of measuring the
influence function of tweeter is inconvenient. If the construc-
tion of the constraint matrix 𝐷C is directly using the measured
slope corresponding to tweeter’s actuator, the performance of
suppressing the coupling error is declining evidently through
this simplified algorithm (b). The comparison of restraining
the coupling error between three algorithms is made in six sets
of continuous-dynamic aberrations, and the result are shown
in Fig. 12.

From Fig. 12, it is obvious that the simplified algorithm
(b) cannot restrain the coupling error between the dual DMs
with aberration changing, which means that the Zernike the-
ory mode and influence function of tweeter’s actuator are in-
dispensable for algorithm (b) despite the fact that this process
is inconvenient. Figure 12 also shows that the performance
of restraining coupling error of algorithms (a) and (b) would
recede with the addition of wind speed at the same sample fre-
quency, and this problem can be improved by improving the
sample frequency. In addition, the variation of compensation
ratio of algorithm (a) is always smaller than algorithm (b) with
the aberration changing, which indicates that algorithm (a) can
keep better performance for restraining coupling error than al-
gorithm (b).

5. Conclusion

We propose a slope-based decoupling algorithm to simul-
taneously control the dual DMs in woofer–tweeter adaptive
optics system. This algorithm can directly use the measured
slope corresponding to woofer’ actuators to construct a slope
orthogonal basis, and then selectively distribute the residual

slope measured by Shack–Hartmann to the dual DMs and con-
struct a constraint matrix to stop the tweeter from generating
cross-couple with woofer according to the slope orthogonal
matrix. Numeral simulation demonstrates that this algorithm
has a good performance to simultaneously control the adap-
tive optics system with dual DMs. Compared with the typical
decoupling algorithm, this algorithm can get better compensa-
tion ability by releasing the stroke of tweeter actuators when
some high-order content of initial aberration increases. More
importantly, it is convenient to construct the constraint ma-
trix used to restrain coupling error and can keep better perfor-
mance of restraining the coupling error with the continuous-
dynamic aberration.
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