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We study the mean-square composite-rotating consensus problem of second-order multi-agent systems with com-
munication noises, where all agents rotate around a common center and the center of rotation spins around a fixed point
simultaneously. Firstly, a time-varying consensus gain is introduced to attenuate to the effect of communication noises. Sec-
ondly, sufficient conditions are obtained for achieving the mean-square composite-rotating consensus. Finally, simulations
are provided to demonstrate the effectiveness of the proposed algorithm.
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1. Introduction

Recently, multi-agent systems have attracted increased re-
search attention because of their characteristics of autonomy,
distribution, and coordination, and their extensive applications
in practical engineering, such as aerospace, sensor networks,
social networks, and so on.[!:2]

As the most fundamental and basic issue on the re-
search of multi-agent systems, the consensus problem has
been deeply studied and a great deal of results have been
reported.*® Consensus means that the agents reach some
common states such as position and velocity by using a dis-
tributed protocol. However, the vast majority of the exist-
ing results are about parallel consensus, which means that
all agents will move along a linear path. In nature, there
are a lot of circular motion phenomena, such as the celes-
tial motion and earth orbiting satellite. Fiorelli er al. made
use of autonomous underwater vehicles (AUVs) to collect
oceanographic measurements and described a methodology
for the cooperative control of multiple vehicles to complete
missions such as gradient climbing and feature tracking in
an uncertain environment.!”! Following the work of Fiorelli
et al., Sepulchre et al. proposed a methodology to stabi-
lize isolated relative equilibria in an all-to-all communication
system where coupled identical particles move in the plane
at unit speed;!®! this was extended to a general communica-
tion framework.!”) Ren made a further research on the con-
sensus algorithm for double-integrator dynamics by introduc-
ing a rotation matrix.['°! Then Lin e al. investigated the
collective rotating motions of second-order multi-agent sys-
tems, including the rotation consensus and the rotation forma-
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tion problems.!!"'2 Mo et al. dealt with the finite-time dis-
tributed rotating encirclement control problem of multi-agent

(131" As a slightly more complicated motion than rotat-

systems.
ing motion, the composite rotating motions exist extensively
in nature, for example, the earth moves around the sun, and
the moon moves around the earth. Hence, it is worth studying
the composite rotating motion problem for multi-agent sys-
tems. Recently, the composite-rotating consensus problems
were considered in Refs. [14] and [15] by designing proper
control laws, where all agents move in a circular orbit and the
circle center moves along a horizontal circumference.

All results mentioned above of rotation motion problems
were solved for multi-agent systems without any noise. How-
ever, the real physical systems are often under uncertain com-
munication environments, information exchanges among the
agents cannot be carried out accurately. Therefore, it is nec-
essary and meaningful to study the composite rotation mo-
tion problems of multi-agent systems under communication
noises. For multi-agent systems with communication noises,
the mean-square consensus problems were studied perfectly in
Refs. [16]-{19]. However, the methods in the references can-
not be extended directly to solve the mean-square composite-
rotating consensus problem because the system matrix is a
complex matrix and the traditional Lyapunov function method
is invalid.

Motivated by the works mentioned above, we consider
the mean-square composite-rotating consensus problems of
second-order systems with communication noises, which can
describe the actual physical system more precisely. A time-
varying consensus gain is introduced to the distributed pro-
tocol and sufficient conditions for achieving the mean-square
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composite-rotation consensus are obtained. There exist ex-
tensive applications about composite rotating consensus, such
as vehicles control, satellite control, multi-robot systems, and
so on. The main contributions of this paper are summarized as
follows. (i) In contrast with Ref. [14], where the composite-
rotation consensus problem was solved for systems without
noises, this paper considers multi-agent systems with commu-
nication noises, which is more reasonable and realistic. (ii) In
contrast with Ref. [17], the method used in Ref. [17] cannot
solve the mean-square composite-rotating problem, because
the state transition matrix of the system in that paper cannot
be obtained accurately. (iii) The method used in this paper
is also different from that in Refs. [16]-[19], here, we make
a new linear nonsingular transformation on the system equa-
tion firstly, then by solving the system equation and using the
property of complex, the sufficient conditions for achieving
the mean-square composite-rotating consensus are obtained.
Notions R, C represent the sets of real number and com-
plex number; ® represents the Kronecker product, j represents
the imaginary unit; I, represents the n-dimensional unit ma-
trix, and 1, represents the vector that all elements are 1; A*
represents the conjugate transpose of matrix A; for complex
vector ¢ € C", ||x|| = x*x; tr(P) represents the trace of P.

2. Preliminaries

An undirected graph G consists of two sets Vg =
{1,...,n}and &g = {(i, j)|i,j € Vg}. If (i, j) € €, then we say
node j is the neighbor of i, and the neighbors of i are defined
as N; = {j|(i, j) € £}. The adjacency matrix of G is defined as
Apxn, and if (i, j) € &g, a;j > 0; otherwise, a;j = 0. The de-
gree matrix of G is defined as D = diag{d;,d,...,d,}, where
di = Xjen,aij, i =1,2,...,n. The Laplacian matrix of G is de-
fined as L = D — A. A path in G is given by a sequence of
edges (i5—1,j), (is—2,i5—1),---,(i,i1), and the graph G is con-
nected if at least one path exists between any two nodes. By
the definition of a Laplasse matrix, we can obtain the spectrum
of the Laplacian matrix of a connected and undirected graph,
which can be ordered as 0 = A; < A, <--- < Ay. Also 1, is
the eigenvector associated with the zero eigenvalue A;.%%)

Lemma 1'% If G is undirected and connected, there ex-
ists an orthogonal matrix U with last column ﬁln such that

UTLU = diag{0, 1,..., ) }. Let U = ( 1, U), where
U c R then, UTLU = L = diag{A,,...,A,}.

3. System model

Consider a second order multi-agent system consisting of
n agents, the dynamic of each agent is as follows:

X,’([) = Vi(l),
Wilt) = (1), M

where x;(¢) € C,v;(t) € C, and u;(¢) € C represent the position,
velocity, and control input of the i-th agent, respectively.

Assume that the angular velocities of all agents are ®y,
the information exchange among the agents is affected by
communication noises, and the i-th agent received information
from its neighbor agents is

Yyir (2 X (t) + Oxik Nxi
0= (110 ) = (i) s ) 690 @
where {Myix, Mvik} represent independent standard white
noises, and {oy € C,0,% € C,i,k = 1,2,...,n,} are the
noises intensities.

Definition 1 The mean-square composite-rotating con-
sensus of the multi-agent system is said to be achieved if for
i=1,2,...,n,

lim E|]x;(7) —x()|*=0, A3)
lim E[[vi(r) = vic(1)|* = 0, )

tli_}mVar[x,-(t)] < oo, tli_)mVar[v,-(t)] < oo, and for given @; >

0,0, >0,
LimE| % (t) +jor i) = jan(xi(t) + jwy vi@))[]F = 0. (5)

Remark 1 In Definition 1, equations (3) and (4) mean
that the positions and velocities of all agents reach consensus
eventually in the sense of mean square. The terms jo, 1v,'(t)
and x;(¢) + j; 'vi(t) represent the rotating radius and the rota-
tion center of the i-th agent, respectively. Equation (5) means
that the circle centers x;(t) +jo, 'v;(t),i = 1,2,...,n eventu-
ally rotate around the origin of the complex plane with angular
velocity @y in the sense of mean square.

4. Mean-square composite-rotating consensus
In this section, we study the mean-square composite-
rotating consensus problem of multi-agent system (1), the fol-
lowing protocol is adopted:
ui(t) = uj| (l) +M,'2(t),
. Lvilt
i (t) = levi(t)+w1wz<xi(t)+1 ( )),

(9]
up(t) = a(t) Y, ag(Yy(t) —vi(t))

kEN;

+a(t) ) ap [Yxik(f)+jyvz;ft) - (xl'#-jv;gi)ﬂ ,(6)

keN;

where k; > 0,k; > 0 are constants to be determined, a(t) is
the time-varying consensus gain to attenuate the effect of the
noises.

Let c(t) = [e1(t),c2(t), . ..,ea(O]T ci(t) = xi(e) + 4L,

and £(t) = (x1(t),c1(t),---,Xn(t),ca(t))T. Then, system (1)
with protocol (6) can be written as

£) =T ®A+a(t) Lo B)E(1) +at)Zn(1), ()
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where

X =diag{X,%,.... 5},

5 0o 0 0 0
e i Oxil 1(01 Oyil yeee s Gin Oxin %Gvin ’

77(1) = (o-X117GV117---7GX1n;O-V1n9 «v+s Oxnl,Ounls -+

T 4_ [(JO1 —jon (0 0
ot (19 (07

__o
1 0] — )
[Q] ?
. . 0 ~®2
system (7) can be transformed into the following equation:

5(t) = ( ()(

where A = (le .0 ),and
0 jom

Gxnn 2

Take 6(¢t) = (I, ® S)&(t), where S =

I, A+a(t)L® B)§(t) +a(t) (I, ® S)Xn(t), (8)

(0]} (0] _ _i

B— 0 —w 00— (01
[0} [0}

L

0 —ar W —0 ()]

To proceed, we make the following assumptions: 16!
(A1) the topology corresponding to the multi-agent sys-

the purpose of time-varying is to suppress the communication
noises and make protocol (6) robust to communication noises,
while the protocol with constant gain is not robust to commu-
nication noises, which will be shown in the simulation section.

Lemma 2 The eigenvalues of A — A B have negative real
parts, where A > 0.

Proof According to Lemma 3 of Ref. [14], the eigenval-
ues of A+ A B have negative real parts. Since A —AB =
S(A+AB)S~!, A— AB has the same eigenvalues with
A+ AB. So the eigenvalues of A —

parts.

A B have negative real

Theorem 1 Consider multi-agent system (1), the mean-
square composite-rotating consensus can be achieved by pro-
tocol (6) if Assumptions (A1)—(A3) are satisfied.

Proof Let ¢(t) = (UT ® I,)d(t), where U is defined in
(1), 3 (1),...on ()T, @1 (1) = 1 (0),
(@3(1),--opn ()", then (1) = (@(1), @' (1))",

Lemma 1, (7)) =

@l (t) =
and

d@(r) = A@(r)dr + %a(l)(li@ S)LdW (1), )

tem (1) is connected; d@(t) = (I,-1©@ A—a(r)L© B)@(r)dt
(A2) convergence condition [ a(s)ds = oo +a(t)(UT ® 8)XdW (1). (10)
(A3) robust condition: [;°a?(s)ds < oo.
Remark 2 Assumption (A1) assures that the communi- The solution of Eq (10) can be written in form
cation graph is connected, which means that the information
exchanges among the agents are unobstructed. The physical P(t) = eJoIn-1®A—a(s) Lo B)ds 53(0)
implications of time-varying gain a(r) are as follows. First, f ©A—a(s)E)de
. . + / )eleiin-reaTa
Assumption (A2) guarantees all agents can achieve compos-
ite rotating motion with a proper rate, which cannot decay too x (UT® S)XdW (s). 11)
fast. Second, Assumption (A3) is to make the composite rotat-
ing consensus control law against measurement noises. Third, = Then
mE[|@(0)]]* = limE]|efdmeAaIeB)dg +/ LeA-aOLeB)dY ([T ¢ §) SdW (s)|
—Soo [—yo0
= limE||e/0(Tn18A-al) LoB)ds ()2 hmEH/ (s)ehs T2 A-a(OLoB)T (T ¢ ) S3dW (s)||?
t—boo
= HmE||0;])* + limE||6]| |, (12)
1—ro0 t—o0
where 01 — efé(I,,q@A*d(\)L@B)dx ( ) and 92 fO ( )efY n1®A—a(t )E@B)dT(UT®S)2dw(s)
Since Assumptions (A1)—(A3) hold,
HmE||6; || = limE||e T 194) f6(1-a())ds ¢ [ja(s) (I 9 A-LeB)ds 5 ) | 2
f—>o0 t—o0
< limE||e/a6)Li-19A-LoB)ds ()2
t—00
— | =¥ fé“(sxlnfl@‘&*i ) an $)(I—1®A-L )ds 3
limE[@*(0)(e *)e 3(0)]
< limGZReal(lmax(I,,,1®A foasdsE[H ~( )||2] _ (13)
Tt

For any given € > 0, from Assumption (A3), there exists a 7o such that f,: a’

t _
/Oa2( ) 2Real(Amax (I—1 ® A—

B)) [l a(e)dr g

(s)ds < €, s0
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— B)) J; a(

10 _
/ az(s)ezReal(Amax(I”,l@A
0

o 2Real (s (I, 8 A= L B)) [§ a(7)de / !
0

IN

IN

eZReal(?umax(I,,,l®A—l~,®B))_[t’0a(r)dr /'°°

IN

By Assumption (A2) and Lemma 2,

lime
{—oo

t

limE[6,65] < limE az(s)ef.f(IH@A a(t) Lo B)dt =
[0 [—ro0 0
< A (E)mE | d¥(s)els@@T®A-L

[—ro0 0

< A (E) imE

—roo 0

where £ = (UT® S) X XT(U ® ST).
Hence tleE\ 65> = }LmE[tr(Ozeﬁ)] =0.
Equation (13) together with equation (14) implies that

tlggE[gb(t)} = 0. Besides,
&(1) = A5 (0) +/ Al=9(1T © §) TdW (5). (15)
So

limd (1) = <;ﬁl,,®12>;ggo¢<r>,

limé(r) = lim(L,®S™)o(r)

= (\}ﬁln@asl)};gsa(r)-
Then,
60 = (0] ) = 50,

which implies llmEHx,(t) —x(0)|]* = 0, tlLrgE\|vi(t) —
Ve (6) | = 0, and FmE ;1) janey (1) | = lima? (1) 575)
= 0. Therefore, the composite-rotating consensus of multi-
agent system (1) is achieved, the proof is completed.
Remark 3 Since the communication topology is undi-
rected and connected, we obtain

I & 1. & - -
=Y () ==jm Y ci(t) +a()£q ().
ni3 nooi3

Hence

1. n
—jon Y ci(t)
L |

S .
= ejwzt;]szci(O)
i=1

ot B
+/ eI 20=9)4(5)£7 (5)ds
Jo

deS+

0 1o
az(s)ds—&—/ a®
0
"ty
az(s)ds—i—/ a®(s)ds
0

eZReal(lmax(I,,,l®A—I~,®B))fti)a(1)dr/waz(s)ds_’_e.
0

2Real(Amax (I, 1@ A—L®B

l(n 1 )a2 (S) e 2Real (Amax (In—1 ®RA-L

( ) ZRQaI(Ade( n— 1®A ))]s ( )des

D lga(9ar _ g

(ef} (By-1®A-a(r) LOB)dT) g

)df( e./; ”(T)(Inﬂ@A—i@B)dr)*ds

B))[fa@drgg — o, (14)

1 & 1 & 1 &
=) F(t) = =) jorri(t)— =) joici(t
n;rl() n;J 17i(t) n;J 1ci(t)
- r,-(t) = el®_ r,-(O)
i iz
(0] ; ; 1 &
+ el — eI =Y ¢;(0
a)1+a)2( )n; i(0)

to. s N
+/ erl(t*S)jwl/ eJ“’Z(‘*ff)a(r)Eﬁd(r)ds.
Jo Jo

Thus
1 & 1 &
E — . —
RG]
. . N 0 1l
= eJ“’Z’(er"J“’z’Zci(O)+ L - ci(0)
ni= )+ ni=
) —joit—jwot I ¢
4 e Jo—Imt N L0) ).
oo n{; i(0)
Therefore, the expectation of e J@f—jo! %Z?:lc,-(O) +
a)l(ilwzrll im16i(0) + wl‘ilwz e 1Mt — ¥ 1 ¢i(0) rotates
aroundthepomtm wzrll ", ¢i(0) with radius (X7, ;(0) +
0]
w|+lwzn i=16i(0)-

Remark 4 Assumption (A1) is also necessary for achiev-
ing the mean-square composite consensus. If (Al) does
not hold, there exist at least two vectors fi, f» that fL =
0,fL =0, and fi # fo. then, mE[(f] ® )3(r)]

limEe (f @ L)5(0). mE[f8()] = limE[e® (£ @
I,)5(0)], which means that ((f{ — f2)T ®I2) (t) = 0. From

the arbitrariness of the initial state, we obtain ((f] — f2)T ®
L) =

Remark 5 Assumption (A3) is necessary for achieving
If Assumption (A3)

does not hold, according to Eq. (13), d(¢) cannot achieve the

0, which is a contradiction.

the mean-square composite consensus.
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mean-square composite-rotating consensus with finite second-
order moment, which is verified in Figs. 5 and 6. The proof of
the necessity of Assumption (A2) is challenging work, but we
show the necessity by simulations, which are shown in Figs. 7
and 8.

Remark 6 Cheng er al. obtained the sufficient and nec-
essary condition for achieving the mean-square consensus of
second-order multi-agent systems with communication noises
by solving the state transition matrix of the system equation
accurately.!!’] However, the method therein cannot be used
to solve the mean-square composite-rotating consensus in this
paper, because the state transition matrix of the system equa-
tion in this paper cannot be obtained precisely. In this pa-
per, we transform the closed-loop system into an equivalent
system by introducing a linear nonsingular transformation,
then, by using the properties of complex matrix and matrix in-
equalities, sufficient conditions for achieving the mean-square
composite-rotating consensus are obtained. The system in
Ref. [14] is the special case of this paper where all the noises
intensities Ny;j, Mvij,i,j = 1,...,n, are zero.

5. Simulations

Consider a multi-agent system consisting of 4 agents, the
topology structure of the agents is shown in Fig. 1, the noise
intensities are all 1+ i, and the time-varying consensus gain
a(t) = 1%1 Take the initial state (0) = (—3—5j,2+4j,—1+
6j,3+5j)T,v(0) = (2,3,—1,2), and @; = 0.8, @, = 0.02.

Fig. 1. Network topology.

—4 —2 0 2 4

Fig. 2. (color online) The positions of all agents on complex plane.

2 4 6
Real(v;)

-2 0

Fig. 3. (color online) The velocities of all agents on complex plane.

—c

Fig. 4. (color online) The trajectories of all circle centers on complex
plane.

—15
—-15 —-10 =5 0 5 10 15

Real(v;)

Fig. 5. (color online) The velocities of all agents on complex plane

(a(r) =2).

The evolution of positions, velocities, and the center of
rotating are presented in Figs. 2—4, which show that the po-
sitions and velocities of all agents can achieve composite
rotation consensus and the center of rotation can spin around
(0,0), i.e., the mean-square composite-rotating consensus can
be achieved. Figures 5 and 6 present the trajectories of the
velocities and circle centers of all agents when a(r) = 2, which
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15

10

Imag(c;)
o

|
s)

—10 -5 0 5 10 15

Fig. 6. (color online) The trajectories of all circle centers on complex
plane (a(t) =2).

—4 —2 0 2 4 6
Real(v;)

Fig. 7. (color online) The velocities of all agents on complex plane
(a(t) = ).

10

—10
—6 —4 -2 0 2 4

Real(c;)
Fig. 8. (color online) The trajectories of all circle centers on complex
plane (a(r) = ﬁ).

show that the effect of communication noises cannot be at-
tenuated in this situation. Figures 7 and 8 present the trajec-

tories of the velocities and circle centers of all agents when

a(t) = ﬁ, which show that the mean-square composite-

rotating consensus cannot also be achieved. Hence, Assump-
tions (A2) and (A3) are necessary for achieving the mean-
square composite-rotating consensus.

6. Conclusion

We study the mean-square composite-rotating consensus
problem of second-order multi-agent systems with communi-
cation noises. A distributed protocol is proposed and a time-
varying consensus gain is introduced to attenuate the effect of
communication noises. By using a linear nonsingular transfor-
mation, the closed-loop system is transformed into an equiv-
alent system firstly. Then, sufficient conditions are obtained
for achieving the mean-square composite-rotating consensus
by analyzing the system equation. In our future work, event-
trigger composite-rotation control of multi-agent systems with
communication noises will be considered.
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