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We study the uncertainty relation in the product form of variances and obtain some new uncertainty relations with
weight, which are shown to be tighter than those derived from the Cauchy–Schwarz inequality.
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1. Introduction
The uncertainty relations have played a fundamental role

in the development of quantum theory not only in the founda-
tion but also in recent investigations of quantum information
and quantum communication, in particular in the areas such
as entanglement detection,[1,2] security analysis of quantum
key distribution in quantum cryptography,[3] quantum metrol-
ogy, and quantum speed limit.[4–6] Usually the uncertainty re-
lations are expressed in terms of the product of variances of the
measurement results of two incompatible observables. Other
forms of the uncertainty relations include entropic uncertainty
principle,[7–9] variance-based sum uncertainty relation,[10–12]

the skew information,[13,14] the majorization technique,[15–17]

and the recent weighted uncertainty relation.[18] Recently, sev-
eral experimental investigations were also performed to check
the corresponding relations.[19,20]

In 1927, Heisenberg[21] analyzed the observation of an
individual electron with photons and obtained the famous un-
certainty principle

(∆P)2(∆Q)2 ≥
(

h̄
2

)2

, (1)

where (∆P)2 and (∆Q)2 are the variances of the position P and
momentum Q, respectively. The variance or standard devia-
tion of the observable A with respect to the state ρ is defined
by (∆A)2 = ⟨A2⟩− ⟨A⟩2, where ⟨A⟩ = trρA is the mean value
of the observable A.

The inequality (1) shows that the uncertainties in the po-
sition and momentum of a quantum particle are inversely pro-
portional to each other: a particle’s position and momentum
cannot be known simultaneously. Thus the accuracy of quan-
tum measurement is limited by the uncertainty principle. This
principle uncovers a fundamental and peculiar feature in the

atomic world, and is considered as one of the cornerstones of
quantum mechanics.

Robertson[22] formulated the uncertainty relation for ar-
bitrary pair of non-commuting observables A and B (with
bounded spectra) as follows:

(∆A)2(∆B)2 ≥ 1
4
|⟨[A,B]⟩|2, (2)

where ⟨[A,B]⟩ = Trρ[A,B], the expectation value of the com-
mutator [A,B] = AB−BA.

Robertson’s uncertainty relation was further generalized
by Schrödinger to be[3]

(∆A)2(∆B)2 ≥ 1
4
|⟨[A,B]⟩|2 + 1

4
|⟨{A,B}⟩−⟨A⟩⟨B⟩|2. (3)

This relation is evidently stronger than Heisenberg’s uncer-
tainty relation, and it also shows that the commutator reveals
incompatibility while the anticommutator encodes correlation
between observables A and B.

The goal of this note is to give a family of generalized
Schrödinger uncertainty relations using a stronger Cauchy–
Schwarz inequality.

2. Generalized uncertainty relations
We start with a quantum system in the quantum state

ρ = |Ψ⟩⟨Ψ | on the Hilbert space with the inner product ⟨ | ⟩
and consider observables A and B. Define the operator Ā =

A−⟨A⟩I associated with a given operator A.
Let {|ϕi⟩} be an orthonormal basis of the Hilbert space

and write Ā|Ψ⟩ = ∑i αi|ϕi⟩, B̄|Ψ⟩ = ∑i βi|ϕi⟩ so that ⟨ĀB̄⟩ =
⟨α|β ⟩, where ⟨α|β ⟩ is the usual inner product (linear in the
second argument) for the vectors α = (α1,α2, . . . ,αn) and
β = (β1,β2, . . . ,βn). We will not distinguish the two inner
products as long as it is clear from the context.
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The variance of observable A can be expressed as (∆A)2 =

⟨A2⟩−⟨A⟩2 = ⟨Ā2⟩= ⟨α|α⟩, thus

(∆A)2(∆B)2 = ⟨α|α⟩⟨β |β ⟩=
n

∑
i=1

|αi|2
n

∑
i=1

|βi|2.

Theorem 1 For observables A and B, we have the gener-
alized uncertainty relation in the variance-based product form

(∆A)2(∆B)2 ≥
n

∑
i=1

|αi|1+λ |βi|1−λ
n

∑
i=1

|αi|1−λ |βi|1+λ , (4)

where λ is any real number ∈ [0,1], αi = ⟨ϕi|Ā|Ψ⟩, and
βi = ⟨ϕi|B̄|Ψ⟩.

Proof For any real number λ ∈ [0,1], one has the follow-
ing Callebaut inequality:[24]

( n

∑
i=1

aibi

)2
≤

n

∑
i=1

a1+λ

i b1−λ

i

n

∑
i=1

a1−λ

i b1+λ

i ≤
n

∑
i=1

a2
i

n

∑
i=1

b2
i , (5)

where {ai}n
i=1 and {bi}n

i=1 are two sequences of non-negative
real numbers. Then

(∆A)2(∆B)2 =
n

∑
i=1

|αi|2
n

∑
i
|βi|2

≥
n

∑
i=1

|αi|1+λ |βi|1−λ
n

∑
i=1

|αi|1−λ |βi|1+λ ,

so we obtain the inequality in Theorem 1.
Until now we have considered only a pure state |Ψ⟩

of the system, this relation can be extended to the case of
mixed states ρ = ∑ p j|Ψj⟩⟨Ψj|, p j ≥ 0 and ∑ j p j = 1. Since
|αi| = |⟨Ψ |Ā|ϕi⟩| = |⟨ϕi|Ā|Ψ⟩|, |βi| = |⟨Ψ |Ā|ϕi⟩|, and we just
need to consider the terms in the sum for both |αi| ≠ 0 and
|βi| ̸= 0, so we can rewrite inequality (4) as

(∆A)2(∆B)2 ≥ ∑
i
|⟨Ψ |Ā|ϕi⟩⟨ϕi|B̄|Ψ⟩|

∣∣∣∣ ⟨Ψ |Ā|ϕi⟩
⟨Ψ |B̄|ϕi⟩

∣∣∣∣λ
× ∑

i
|⟨Ψ |Ā|ϕi⟩⟨ϕi|B̄|Ψ⟩|

∣∣∣∣ ⟨Ψ |B̄|ϕi⟩
⟨Ψ |Ā|ϕi⟩

∣∣∣∣λ
= ∑

i
|⟨Ψ |(ĀB̄)ϕi |Ψ⟩|

∣∣∣∣ ⟨Ψ |(ĀB̄)ϕi |Ψ⟩
⟨Ψ |(B̄B̄)ϕi |Ψ⟩

∣∣∣∣λ
× ∑

i
|⟨Ψ |(ĀB̄)ϕi |Ψ⟩|

∣∣∣∣ ⟨Ψ |(ĀB̄)ϕi |Ψ⟩
⟨Ψ |(ĀĀ)ϕi |Ψ⟩

∣∣∣∣λ ,
where (ĀB̄)ϕi = Ā|ϕi⟩⟨ϕi|B̄.

Since the mean value of observable A can be expressed
in the form of trace, ⟨Ψ |A|Ψ⟩ = TrA|Ψ⟩⟨Ψ |, we rewrite the
inequality above as

(∆A)2(∆B)2

≥ ∑
i
|Tr(ĀB̄)ϕi |Ψ⟩⟨Ψ ||

∣∣∣Tr(ĀB̄)ϕi |Ψ⟩⟨Ψ |
Tr(B̄B̄)ϕi |Ψ⟩⟨Ψ |

∣∣∣λ
×∑

i
|Tr(ĀB̄)ϕi |Ψ⟩⟨Ψ ||

∣∣∣Tr(ĀB̄)ϕi |Ψ⟩⟨Ψ |
Tr(ĀĀ)ϕi |Ψ⟩⟨Ψ |

∣∣∣λ . (6)

For each state |Ψj⟩, we have

(∆A)2
j(∆B)2

j

≥ ∑
i
|Tr(ĀB̄)ϕi |Ψj⟩⟨Ψj||

∣∣∣Tr(ĀB̄)ϕi |Ψj⟩⟨Ψj|
Tr(B̄B̄)ϕi |Ψj⟩⟨Ψj|

∣∣∣λ
×∑

i
|Tr(ĀB̄)ϕi |Ψj⟩⟨Ψj||

∣∣∣Tr(ĀB̄)ϕi |Ψj⟩⟨Ψj|
Tr(ĀĀ)ϕi |Ψj⟩⟨Ψj|

∣∣∣λ , (7)

where (∆A)2
j and (∆B)2

j are the variances calculated on |Ψj⟩.
As the varicance of the observables is convex for the mixed
state, that is, (∆A)2 ≥ ∑ j p j(∆A)2

j . By multiplying members
by p2

j and summing over j, one can obtain the inequality based
on the mixed state ρ

(∆A)2(∆B)2

≥ ∑
j

p2
j(∆A)2

j(∆B)2
j

= ∑
i, j
|Tr(ĀB̄)ϕi p j|Ψj⟩⟨Ψj||

∣∣∣Tr(ĀB̄)ϕi p j|Ψj⟩⟨Ψj|
Tr(B̄B̄)ϕi p j|Ψj⟩⟨Ψj|

∣∣∣λ
×∑

i, j
|Tr(ĀB̄)ϕi p j|Ψj⟩⟨Ψj||

∣∣∣Tr(ĀB̄)ϕi p j|Ψj⟩⟨Ψj|
Tr(ĀĀ)ϕi p j|Ψj⟩⟨Ψj|

∣∣∣λ . (8)

Therefore, we obtain the mixed-state extension of inequal-
ity (4)

(∆A)2(∆B)2 ≥ ∑
i
|⟨(ĀB̄)ϕi⟩|

∣∣∣ ⟨(ĀB̄)ϕi⟩
⟨(B̄B̄)ϕi⟩

∣∣∣λ
×∑

i
|⟨(ĀB̄)ϕi |⟩|

∣∣∣ ⟨|(ĀB̄)ϕi⟩
⟨(ĀĀ)ϕi⟩

∣∣∣λ . (9)

We remark that our generalized uncertainty relation is
stronger than Schrödinger’s uncertainty relation, as the gen-
eralized Cauchy inequality shows that |⟨α|β ⟩| is smaller than
the right-hand side of our uncertainty relation.

The uncertainty relation (4) can be tightened by optimiz-
ing over the sets of complete orthonormal bases. Then we can
improve the uncertainty relation by the Callebaut inequality as
in the proof of Theorem 1.

Theorem 2 For observables A and B, one has the follow-
ing uncertainty relation:

(∆A)2(∆B)2 ≥ max
{|ϕi⟩}

( n

∑
i=1

|αi|1+λ |βi|1−λ

×
n

∑
i=1

|αi|1−λ |βi|1+λ

)
:= ℒ1, (10)

where λ is any fixed number ∈ [0,1], αi = ⟨ϕi|Ā|Ψ⟩, and
βi = ⟨ϕi|B̄|Ψ⟩.

Theorem 3 For observables A and B, we can obtain the
following uncertainty relation:

(∆A)2(∆B)2 ≥ max
{|ϕi⟩}

( n

∑
i=1

(|αi|2 + |βi|2)

070302-2
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×
n

∑
i=1

|αi|2|βi|2

|αi|2 + |βi|2
)

:= ℒ2, (11)

where αi = ⟨ϕi|Ā|Ψ⟩ and βi = ⟨ϕi|B̄|Ψ⟩.
Proof Consider another generalized Cauchy–Schwarz in-

equality, the Milne inequality[25]

( n

∑
i=1

aibi

)2
≤

n

∑
i=1

(a2
i +b2

i )
n

∑
i=1

a2
i b2

i

a2
i +b2

i
≤

n

∑
i=1

a2
i

n

∑
i=1

b2
i , (12)

where {ai}n
i=1 and {bi}n

i=1 are two sequences of real numbers.
Therefore

(∆A)2(∆B)2 = ⟨α|α⟩⟨β |β ⟩=
n

∑
i
|αi|2

n

∑
i
|βi|2

≥
n

∑
i=1

(|αi|2 + |βi|2)
n

∑
i=1

|αi|2|βi|2

|αi|2 + |βi|2
.

Remark 1 It is similar to generalize the uncertainty rela-
tion (11) from the pure states to the mixed states.

Remark 2 For observables A and B, we can also obtain
the following uncertainty relation:

(∆A)2(∆B)2 ≥ max{ℒ1,ℒ2}. (13)

Both the Callebaut and Milne inequalities (5) and (12)
are stronger than the usual Cauchy–Schwarz inequality, thus
our uncertainty relations are tighter than those derived from
the Cauchy–Schwaz inequality, for example, the Mondal–
Bagchi–Pati’s uncertainty inequality in Ref. [26] about observ-
ables

(∆A)2(∆B)2 ≥ 1
4

(
∑
n
|⟨[Ā, B̄ϕ

n ]⟩Ψ + ⟨{Ā, B̄ϕ
n }⟩Ψ |

)2
, (14)

where B̄ϕ
n = |ϕn⟩⟨ϕn|B̄.
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Fig. 1. (color online) The uncertainty relation for observables Lx and Ly
at state |Ψ⟩: the blue curve is the lower bound in inequality (4) with the
weight λ = 1/10, the red one is with the weight λ = 9/10, the black
one stands for Mondal–Bagchi–Patis’ lower bound in inequality (14),
and the green line denotes Schrödinger’ lower bound in inequality (3).
As observed from the plot, the bound given by inequality (4) is one of
the tightest bounds in the literature.

Example 1 We plot in Fig. 1 the lower bound of the prod-
uct of variances of two incompatible observables A = Lx and
B = Ly, the two components of the angular momentum of a

spin one particle with a state |Ψ⟩= cosθ |1⟩− sinθ |0⟩, where
the states |1⟩ and |0⟩ are the eigenvectors of Lz corresponding
to eigenvalues 1 and 0, respectively. Take the angular momen-
tum operators with h̄ = 1,

Lx =
1√
2

 0 1 0
1 0 1
0 1 0

 , Ly =
1√
2

 0 −i 0
i 0 −i
0 i 0

 ,

Lz =

 1 0 0
0 0 0
0 0 −1

 . (15)

Example 2 Let us consider a mixed state in the 2× 2
quantum system, the isotropic state[27] ρiso = ( 1−p

4 )I ⊗ I +
p|ψ+⟩⟨ψ+|, where 0 ≤ p < 1, and |ψ+⟩ = 1√

d ∑
d
i=1 |ii⟩ is the

maximal entangled state. We choose observables Ax = σx⊗σx

and Bz = σz ⊗ σz, where σx and σz are the Pauli matrices

σx =

(
0 1
1 0

)
, σz =

(
1 0
0 −1

)
. The lower bound of the un-

certainty relation (9) is shown in Fig. 2.
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Fig. 2. (color online) The lower bound of the uncertainty relation (9) for
observables Ax, By at mixed state ρiso, it is clear that the lower bound is
bigger as the weight λ and parameter p increase.

3. Conclusion
The uncertainty relations play a central role in the current

research in quantum theory and quantum information.[28–30]

We have derived a family of new product forms of variance-
based uncertainty relations, which are expected to help further
investigate the uncertainty relation.
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[15] Puchała Z, Rudnicki Ł and Życzkowski K 2013 J. Phys. A: Math.
Theor. 46 272002

[16] Rudnicki Ł, Puchała Z and Życzkowski K 2014 Phys. Rev. A 89
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