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Ellipse fitting is a useful tool to obtain the differential signal of two atom interference gravimeters. The quality stan-
dard of ellipse fitting should be the deviation between the true phase and the fitting phase of the interference fringe. In this
paper, we present a new algorithm to fit the ellipse. The algorithm is to minimize the differential noise of two interference
gravimeters and obtain a more accurate value of the gravity gradient. We have theoretically derived the expression of the
differential-mode noise and implemented the ellipse fitting in the program. This new algorithm is also compared with the

classical methods.
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1. Introduction

The measurement of the gravity field is very important.
The average gravitational field near the Earth can be used to
assess the effect of the Earth’s gravitational equivalent and
other forces, to reflect the different levels of the Earth’s in-
terior details.!'=] In the field of fundamental physics, gravity
measurement can be used for Kibble balance, measurement of
the gravitational constant, and tests of general relativity.!*8!

The cold atom gravimeter was introduced more than
twenty years ago, and became a useful tool to measure the

(9101 An atom gradio-gravimeter was presented by us-

gravity.
ing two sets of cold atom gravimeters working simultaneously
and sharing a Raman beam. A significant noise of the cold
atom gradio-gravimeter is the common mode noise, such as
the vibration of the retro-reflection mirror, and the phase noise
of the Raman beam.!"'"13! In order to restrain the common
mode noise, one can form the Lissajous figure by combining
the two interference fringes. Usually this Lissajous figure has
an ellipse shape.

Ellipse fitting is a useful tool to obtain the differential
signal of two atom interference gravimeters, which has been
present in many papers.!!*~1®! There are some classical algo-
rithms of ellipse fitting, such as algebraic fit and geometric
fit.l7-291 Determining the parameters of the minimized alge-
braic distance in the least squares sense will be denoted by
algebraic fit, for which the sum of the squared distance from
the data points to the ellipse is minimal will be referred to as
the geometric fit.

The algebraic fit is widely used in phase extraction be-

[14,16

tween two atom interference gravimeters. I However, al-
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gebraic fitting is more sensitive to outlying points outside of
the ellipse than to outlying points inside the ellipse. The alge-
braic fit will be biased away from the appropriate phase value
if the data points are noisy. Using the geometric fit may reduce
the sensitivity, and the bias between the appropriate phase and
the fitting phase can be smaller.[!#]

The geometric fit is minimizing the squared geometric
distance to each point. The geometric distance could not be
shown as an explicit expression, and the geometric fit will
consume a lot of computing resources. Gander introduced a
modification to the algebraic fit of an ellipse in 1994. The
algorithm weights the points such that the algebraic solution
comes closer to the geometric solution.!”]

The geometric fit is considered as the best fit in many
areas, such as computer graphics, coordinate meteorology,
statistics, etc. In the application of the atom interferometer,
both algebraic distance and geometric distance do not have a
physical meaning. Therefore, we cannot consider the geomet-
ric fit as the best fit.

In this paper, we present a new algorithm to fit the el-
lipse. The aim of the fitting is minimizing the differential-
mode noise of two interference gravimeters. Meanwhile, we
compared the fitting result of our new algorithm with the alge-
braic fit and geometric fit.

2. Theory
2.1. Phase difference between two atom interferometers

The principle of the cold atom gravimeter has been well

described in many works. The model of a basic Mach—
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Zehnder type atom interferometer and the stimulated Raman
transitions were described in some papers.?!) Our experimen-
tal apparatus of the atom gravimeter has been described in de-
tail in a previous paper.l??! To measure the gravity gradient,
two sets of gravimeters are installed vertically, working syn-
chronously and sharing the same Raman beams. The stimu-
lated Raman transitions manipulate the atom population of the
two ground hyperfine sublevels 581/2, F =1and 581/2, F=2
of the cooled 8’Rb atoms. Through a sequence of three Ra-
man laser pulses 7/2-m—7m /2, the atomic wave packets would
be split, redirected, and recombined. When the state of the
atoms changes during the interaction with the Raman beams,
there would be an additional phase imprinted onto the atoms
by the Raman beams. Assuming all of the 8’Rb atoms are in
the initial state of F' = 2, at the end of the interferometer, the
interference fringes can be observed and the atom probability
in the F = 1 state is given by!>]

1
Py = 5[1 —cos(keft- g — &) T? + ¢y, 9]

where ke = k1 — ky is the effective wave vector of the Ra-
man beams, T is the time interval between two neighboring
Raman pulses, and « is the chirp rate of the effective Raman
laser frequency used to compensate the Doppler shift due to
gravity g.

The interference fringes of the gravimeter are sinusoidal.
The two sinusoidal signals can be written as

Px:Ax‘i’BxCOS(ny (2)
P, =A,+Bycos ¢y, = A, + Bycos(¢. +Ap), (3)

where A, and A, are the offsets of the sinusoidal signals, B,
and By, are the amplitudes, ¢, and ¢, are the phases of the in-
terferometers, and A¢ is the phase difference between the two
sets of interferometers. The gravity signal can be extracted
from the phase shift, and A¢ reflects the gravity gradient.

If there is no noise, a Lissajous curve of the two gravime-
ters can be obtained and shown as an ellipse. The general al-
gebraic form of an ellipse is

F(x,y) = Ax* + Bxy+Cy* + Dx+ Ey+F =0, 4)

where F(x;,y;) is called the algebraic distance from point
(xi,yi) to the ellipse curve. From the ellipse fitting, the phase
difference between the two gravity measurements can be ex-
pressed as!!4!

A¢ = cos~ ' (—B/2V/AC). (5)

There is a lot of noise in the atom interference gravity
measurement. The Lissajous curve will not appear as a perfect
ellipse. As mentioned in the introduction, there are some clas-
sic ellipse fitting algorithms. Different algorithms will obtain
different gradients. In this paper, we are going to introduce a

new algorithm to fit the ellipse. The aim of the algorithm is to
minimize the differential-mode noise of the two interference
gravimeters and obtain a more accurate value of the gravity
gradient. We will also use simulated data to compare the dif-
ferences in the fitting results of the three different methods.

2.2. The minimum differential noise algorithm

Suppose that the gravimeters are idle instruments, the
variation of the sinusoidal signals would only be caused by the
gravity, and the amplitude and the offset would not change. ¢y
and ¢, can be written as

¢x = ‘PO + ¢comm0n + ¢differemiala (6)
(py = ¢0 + A¢ + ¢common - ¢differemial> (7)

where @y can be referred to as a common mode signal, A@
can be referred to as a differential mode signal, @common i the
common noise, and Qgiferential 1S the differential noise. The
shape of the ellipse is basically decided by the differential
mode signal, the common mode signal and common noise will
not change the ellipse, and Qgigferential Will make the data points
discrete.

Referring to Egs. (2) and (3), we can normalize P, and P,
to the range [—1,1]. We set P, = x and P, =y, then we can
have the following expressions:

, P—A, x—A,
YT T B

Y —A,

By By

= cos Py, ®)

=cos Py = cos(d:+A9). (9)

Since A¢ is a constant, we can set ¢ = cos(A¢), and ¢ can also
be expressed as

¢ = cos(Px — @) = cos P, cos P, + sin @, sin @,
=Xy £4/(1-x2)(1-y?). (10)

Then we obtain the elliptic equation after normalizing
x/2+y/2—2cx’y/—1—|—c2:O. (11)

Substituting Egs. (8) and (9) into Eq. (11), we obtain the
expression of the ellipse

x—Ay 2+ y—Ay 2
By By
x—Ay y—Ay 5
-2 —1 =0. 12
()57 ) e o

Based on Egs. (6) and (7), the differential noise of data point

(xi,y:) is given by
|¢differential (xivyi)|2
1 2 1 2
= 51005 = 8) +49[" = 5 |9 — ¢y, Farccos(c)[". (13)

The “£” sign is dependent on the value of A¢@, but the shape
of the ellipse would be the same no mater what the “£” sign
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is. Here we choose A¢ = —arccos(c) and A¢ > 0. Then we
obtain

1 2
| Pditterential (X7, 1) |* = 5 |¢x; — ¢y, —arccos(c)|
2

1
5 |arccos <x§2y§2 +4/(1—=x2)(1 —y§2)> —arccos(c)

(14)

Since A¢ > 0, ¢, — ¢, would also be positive and close to
the value of A¢ when the differential noise is small enough.
We believe that the solution which makes the absolute value
of Qgifferential (Xi,¥;) minimum would be the solution of the dif-
ferential noise of the atom interferometer. Then equation (14)

becomes

L

) §|¢+\ , when [¢, ] < |o_|;
| Ddifrerential (Xi, yi)|~ = 1
§|¢7\27 when [¢, | > [¢_|;

where

¢y = |arccos(y/ (1 —x2)(1—y?) + 223

—|arccos(c)|, (16)
¢ = |arccos(—/ (1 —x2)(1—y?2) +x2y7)|
—|arccos(c)|. a7

Let u = (A,C,B)(,Ay,ch)T be a vector of unknown pa-
rameters of the ellipse and consider the nonlinear system of
m equations F(u) = 0. F(u) is given in Eq. (12). Since we
obtain the expression of @gifrerential, We can use the Levenberg—
Marquardt algorithm to minimize the differential noise when
m > 5:

m

Z ¢differential(u)2 = min. (18)
i=0
Since the phase shift reflects the value of gravity, we finally
find an algorithm to minimize the differential-mode noise of
the two gravimeters. In the following, we will call this method
our new minimum differential noise algorithm fitting, which
is abbreviated as differential noise fit.

The differential noise fit has many advantages over the
traditional methods. Firstly, for the atom interferometer, there
is no clear physical meaning for algebraic or geometric dis-
tances. The ultimate goal of the algebraic fit or geometric fit is
not to obtain the most accurate phase. The differential noise fit
is to minimize the differential-mode noise of two interference
gravimeters and obtain a more accurate value of the gravity
gradient. It is a more direct idea than the algebraic fit or geo-
metric fit.

Another advantage is that the differential noise fit does
not have a fitting bias for the differential mode noise. The
differential mode noise will cause the ellipse to distort and af-
fect the fitting results. This phenomenon will be illustrated by

simulation results in the following. According to the conclu-
sion of Ref. [14] , the algebraic fit and geometric fit will be
biased away from the appropriate phase if the data points are
noisy. However, if the differential mode noise is randomly dis-
tributed, there would be no fitting bias by using the differential
noise fit. We will illustrate this with simulation data.
Although there are many advantages, the new method
also has disadvantages. One of the disadvantages of the min-
imum differential noise algorithm is that it cannot handle the
normalized data bigger than 1. If |x]| or |y}| is greater than 1,
differential cannot be solved. If |x!| or |y’] is close to 1, the solu-
tion of Qqifrerential, according to Eq. (13), would be sensitive to
the amplitude noise and the offset noise, while the algebraic fit
and geometric fit do not have this problem. We have to sacri-
fice the data which are bigger than 1 when using the minimum
differential noise algorithm to fit the ellipse. In each iteration
cycle, we will normalize the data according to the current fit-
ting parameters, and then filter out the data outside the [—k, k|
range, where x € (0, 1). The value of k can be optimized ac-
cording to the intensity of amplitude noise and offset noise.

3. Simulation results

This section describes some experiments that illustrate
the advantage of our new ellipse fitting method, and its noise
performance will be compared to that of some other fitting
methods reviewed in the previous section.

The simulation data (x;,y;) can be expressed as

X; = Ay +Bycos(o+ 89 - 0ty +6Pa - Ay, ), (19)
yi = (Ay+0A-ay)+ (By+0B-ap)

X cos(Po + AP + 8¢ - 0tp, — 8Pa - 0y,),  (20)
0 = -1, 21

where i =0,1,2,...,447, @ = 27 /28, the range of ¢y would
be [0,16 x 27), and ., O, Oa, Op are all random numbers
€ [—1,1]. We will use three methods to fit the simulation data
separately. The first method is the algebraic fit. The second
one is geometric distance weighting, which is a modification
of the algebraic fit and the solution comes closer to the geo-
metric one.!!”] The third one is our differential noise fit. We
will use the Levenberg—Marquardt algorithm to solve the fit-
ting problem. We emulate 1000 ellipses, each containing 448
points. The maximum number of iterations of the three meth-
ods is 4000, and the tolerance is 1078,

3.1. Different phase noise fitting results

First of all, we compare the simulation results of the three
different fitting methods for different differential noise, while
the true value of A¢ = 0.4 rad. The amplitude B, = 0 and
By, =2, and the offset A, = 1 and A, = 2. The amplitude noise
and offset noise are not included in this simulation, so that 6A
and 8B are zero. The common mode noise d¢. = 3 rad will
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not change the shape of the ellipse, but make the data points
distributed evenly over the ellipse. The differential mode noise
will be set at different values, for example d¢q = 0.001, 0.01,
0.1 rad respectively.

Figure 1 shows the simulation data when 8¢gq = 0.1 rad.
According to Eq. (1), the phase noise can be converted into
gravity noise. If the time interval T = 60 ms, and 0¢q =
0.1 rad, the corresponding gravity noise would be dg = 1.8 x
10~7 g. The simulation Lissajous curve will be out of shape
and very difficult to distinguish as an ellipse.

e
& ]
=
~
o
O
2 -
5}
5
& ]
e
[ -
3
< —&-algebraic fitting
A 1077+ S S 4
-A geometric distance weighting
10-5 ] --@- minimium differential noise fitting }
T

10-2 10-1

Differential noise/rad

10-3

Fig. 2. (color online) The phase difference between the true value and
the mean fitting value of three different fitting algorithms under differ-
ent differential noise.

We calculate the phase difference between the true value
and the mean fitting value obtained by the three fitting algo-

rithms, which can be written as )1% % — A¢, where N = 447,
A¢ = 0.4 rad, and A¢; can be obltggned from the fitting results.
The comparison of the results is shown in Fig. 2. According to
the conclusion of Ref. [14], the algebraic fit and geometric fit
results will be biased away from the appropriate phase if the
data points are noisy. In theory, the differential noise fit does
not have this fitting bias. We find that the differential noise fit
obtains the best results, as expected.

Figure 3 shows the standard deviation of the 1000 sim-
ulation results for the three different methods. The standard

N 2 N
deviation is given by | ¥, % -(x %)2. The standard de-
i=0 i

viation of the differential noise fit is much smaller than the
others. When the random noise is small, the fitting standard
deviation is proportional to the noise, as demonstrated by the
simulation results.

T T T
——algebraic fitting
- A geometric distance weighting e

e} _

s 10725 --@- minimium differential noise fitting M 3

~ >

g @

g '

e

@ _

; 10—34 .

9]

e}

o

-

'g 104

g .

n (

10-° T T T

10-3 102 10~

Differential noise/rad

Fig. 3. (color online) The standard deviation of three different fitting
algorithms under different differential noise.

We also evaluate the differential noise fit by Allan stan-
dard deviation for long term stability in comparison to the tra-
ditional methods. Figure 4 shows the Allan standard deviation
of three different fitting algorithms when d¢q = 0.1 rad. Con-
sidering that each ellipse contains 448 points, assuming that
the sampling rate of the interferometer is 1 Hz, it takes about
5 days to collect 1000 ellipses. During this time, the Allan
deviation result can keep falling.

1024 A

Allan standard deviation/rad

1034
—u— algebraic fitting
—a-- geometric distance weighting
10-44 —° minimium differential noise fitting Y |

1 10 100
Time/arb. units

Fig. 4. (color online) The Allan standard deviation of three different
fitting algorithms when §¢q = 0.1 rad.

3.2. Different phase fitting results

Secondly, we compare the simulated results for different
phases A¢ at the same noise level. The differential mode noise
0¢q = 0.02 rad, and the phase difference A¢p = 0.2, 0.3, ...,
1.5 rad. The other parameters are the same as those in the
previous simulation.

We compare the standard deviation of the fitting phase for
the three methods, as shown in Fig. 5. For all values of A¢, the
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differential noise fit obtains the best results. The standard de-
viation of the differential noise fitting phase can be one order
of magnitude smaller than that of the other two methods.

T T T T T T T T T T T T T T

T
g &
~ 102 4 B=B-N—-N—pm—m_ E
g B-R-8-8-n-p-ppnpma
s —m algebraic fitting
S -A- geometric distance weighting
3 --@- minimium differential noise fitting
T 1074 @ o 4
< o e 0 00.9.40.90
5] ® ®
I
n

1074 T T T T T

02 04 06 08 10 12 14 1.6
Phase/rad

Fig. 5. (color online) The standard deviation of the fitting phase for
different A¢.

3.3. Different amplitude noise and offset noise fitting re-
sults

In the previous two simulations, differential noise is the
only source of noise. The differential noise fit will minimize
the differential noise, this is the reason why the differential
noise fit can obtain the much better performance than the other
two methods. For experiment data, there usually would not be
only the phase noise, but also the amplitude noise and the off-
set noise. We simulate the performance of the three methods
in the case with the amplitude noise and the offset noise.

As mentioned in Subsection 2.2, one of the disadvantages
of the minimum differential noise algorithm is that it cannot
handle normalized data bigger than 1. We set the filter param-
eter kK = 0.99 and compare the simulation results for different
amplitude noise 6B = 0.01, 0.02, ..., 0.05. The offset noise
and the differential phase noise are not included in this simula-
tion. The phase difference A¢ = 0.4 rad. The other parameters
are the same as those in the previous simulation. The simula-
tion results are shown in Fig. 6. The fitting standard deviation
is proportional to the noise on the whole. We find that the stan-
dard deviation of the minimum differential noise algorithm
would be much smaller than that of the other two methods
with the increase of the amplitude noise. At 6B = 0.01, there
is no big difference between the three methods. But when the
amplitude noise is 6B = 0.05, the advantage of the minimum
differential noise algorithm is obvious. The standard deviation
of the differential noise fit is two times better than the alge-
braic fit and three times better than the geometric fit. If we
optimize the filter parameter k¥ = 0.90, the standard deviation
would be reduced to 1.387 x 10~ and still be much smaller
than that of the other two methods.

We also compare the simulated results for different offset
noise, which is shown in Fig. 7. The offset noise 64 = 0.01,
0.02, ..., 0.05. The amplitude noise and the differential phase

noise are not included in the simulation. k¥ = 0.99 and the
other parameters are the same as those in the previous simula-
tion. The standard deviation of the minimum differential noise
algorithm fitting can be much smaller than that of the other two
methods with the increase of the offset noise. When the off-
set noise is A = 0.01, there is no big difference between the
three methods. When the offset noise is 6A = 0.053, the ad-
vantages of the minimum differential noise algorithm will be
obvious. The standard deviation of the differential noise fit is
four times better than the algebraic fit and seven times better
than the geometric fit.

0.0030 {—algebraic fitting A
- A geometric distance weighting,”
0.0025 {"@- minimium differential noise fitting
: d

0.00201 .- -
0.0015 A - -

0.0010 A

Standard deviation/rad

0.0005

% 2% 3% 4% 5%

Amplitude noise/arb. units

Fig. 6. The standard deviation of the fitting phase for different ampli-
tude noise.

- 0.007 { -m-algebraic fitting 1

© -A- geometric distance weighting,~

= 0.006 1..@. minimium differential noise fitting 7|

o e

;:é 0.005 A ,/A 1

= ,

g 0.004 A e /. 1

T 0.0031 ,/‘/' 1

< 2 m

£ 0.002 A / .

+ -

2 0.001 - ./ _________ P
@ - @ @ - @

1% 2% 3% 4% 5%

Offset noise/arb. units

Fig. 7. (color online) The standard deviation of the fitting phase for
different offset noise.

4. Conclusion

We have presented a new algorithm to fit the ellipse. We
have theoretically derived the expression of the differential
mode noise and implemented the ellipse fitting in the program.
Our new algorithm is immune to the common mode noise. Ac-
cording to the simulation results, in the cases of different phase
noise, amplitude noise, and offset noise, differential noise fit-
ting performs better than algebraic fitting and geometric dis-
tance weighting fitting. We also evaluate the differential noise
fit by Allan standard deviation for long term stability in com-
parison to the traditional methods.

In the future, we will explore how to improve the robust-
ness of the algorithm. As discussed in Section 3, the solution
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of Qgifferential Would be sensitive to the amplitude noise and the
offset noise when the normalized data is close to 1. If k is too
large, the filter could not filter out the noisy data. If k is too
small, the fitting data would be too few and could not obtain
the good fitting result. The optimization of k is a way to im-
prove the accuracy of fitting in the actual noise environment.
In addition, we have a lot of means to control the phase of the
gravimeter in the experiment. By controlling the phase, the
normalized data can be prevented from falling beyond [—1, 1],
and the robustness of the algorithm may be improved.

The stability of the atom interference gravimeter also
needs to be improved. The atom probability is detected by two
photodetectors.>3) In the simulation of this paper, we did not
introduce the influence of the detection efficiency of the pho-
todetectors. If we want to use the differential noise fit exper-
imentally, the detection efficiency of the two photodetectors
must be accurately calibrated, and the atom probability must
be normalized. The detection efficiency of the photodetector
cannot have significant long-term drift. If these experimental
conditions cannot be guaranteed, the differential noise fit may
not achieve good fitting results.
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