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The coupled modified nonlinear Schrodinger equations are under investigation in this work. Starting from analyzing
the spectral problem of the Lax pair, a Riemann—Hilbert problem for the coupled modified nonlinear Schrodinger equations
is formulated. And then, through solving the obtained Riemann—Hilbert problem under the conditions of irregularity and
reflectionless case, N-soliton solutions for the equations are presented. Furthermore, the localized structures and dynamic

behaviors of the one-soliton solution are shown graphically.
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1. Introduction

As is well known, the coupled nonlinear Schrodinger type

U-31 arise as models to describe different nonlinear

equations
waves in an ocean or nonlinear optical fibers, one of which
is the coupled modified nonlinear Schrodinger (CMNS) equa-

tions

g + e+ 8 (Jul> + ) u] +iy[ (| +v[*)u] , =0, (1a)
iv —|—vxx+5[(|u\2 + |v|2)u] —|—iy[(|u|2 + |v|2)u]x =0. (1b)

This system describes the pulse propagation in picosecond
or femtosecond regime of the birefringent optical fibers.[46]
Here u and v represent the slowly varying envelopes for two
polarizations in the electric fields, the real parameters 6 and 7y
denote the measure of cubic nonlinear strength and derivative
cubic nonlinearity, respectively. In particular, setting y = 0,
the CMNS system (1) is reduced to the Manakov equations.
Taking ¥ = 0 as well as 6 = 2, the system (1) is called the
celebrated Manakov equations.m In the case of § = 0, the
CMNS system (1) is changed into the coupled derivative non-
linear Schrodinger equations.!®! There have been plenty of
researches on the CMNS system (1). For example, Zhang
et al."*! applied the Hirota’s bilinear method to obtain the
bright one- and two-soliton solutions of the CMNS system (1).
The complete or partial energy switching in this coupled sys-
tem was shown as well by the collision dynamics of the bright
vector solitons. In Ref. [5], the integrability was proved by
finding a new type of Lax pair and infinitely many conserva-
tion laws. In addition, the dark and anti-dark vector soliton
solutions were obtained by the Hirota’s bilinear method.

Due to the profound theoretical and practical significance,
the study of multi-soliton solutions of nonlinear partial differ-
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ential equations has always been a hot topic. To date, a vari-
ety of approaches have been well established to investigate the
multi-soliton solutions of nonlinear partial differential equa-
tions, such as the inverse scattering method, ! the Hirota’s bi-
linear method, %! the Darboux transformation method,!!-13]
the Riemann—Hilbert approach,!'*! the KP hierarchy reduc-
tion method,!">~!71 the generalized unified method,!'®!°1 and
so forth. The Riemann-Hilbert approach as a very pow-
erful approach in dealing with nonlinear partial differential
equations with initial-boundary value conditions has attracted
more and more attention in recent years. By applying the
Riemann-Hilbert method, a number of nonlinear partial dif-
ferential equations have been studied systematically, including
the coupled derivative Schrodinger equation,?”) the deriva-
tive nonlinear Schrodinger-type equation, ! the general cou-
pled nonlinear Schrodinger equations,””! the generalized

(23] with cubic and quadratic nonlin-

Camassa—Holm equation
earity, the generalized Sasa—Satsuma equation,?*! the coupled
Sasa—Satsuma equation, !>’ the two-component Gerdjikov—
Ivanov equation, %! the coupled modified Korteweg—de Vries
equation,?”) the coupled higher-order nonlinear Schrodinger
equations, and so on.

The aim of the current study is to seek multi-soliton so-
lutions for the coupled modified nonlinear Schrédinger equa-
tions (1). The rest of the paper is arranged as follows. In
Section 2, we use the spectral problem of the Lax pair re-
lated to the CMNS system (1) to formulate a Riemann—Hilbert
problem. In Section 3, we discuss the construction of multi-
soliton solutions by using the formalism of the Riemann-—
Hilbert problem. Finally, some discussions and conclusions
are given.
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2. The Riemann—-Hilbert problem

This section is devoted to formulating a Riemann—Hilbert
problem for the CMNS system (1). The Lax pair of the CMNS
system (1) reads

o =Uth= [—‘y <g2+§>A+gU1]¢, ()

2i sS\? . 2 )
P =Vip= [y; (g2+2) A—y€3U1+1€2U2—€U3] 1. (2b)

Here v = (1,%2,93)T, ¢ € C is a spectral parameter, A =
diag(—1,1,1),
0 uv —|u*=p* 0 0
U=|u"00], U= 0 u* wv |,
v 00 0 w* |vf?
0 A A
Us=|(A3 0 0 |,
As 0 O

where the asterisk stands for the complex conjugation, and
_ 6 2 A
A= ?u+7/u(|u| +v]7) = iuy,
_ 6 2 2\ -
Ay = ;HW(IMI +v[7) — iy,
_ 6 * * 2 2 sk
Ag—?u + v (Jul]” + [v[7) + iuf,
_ 6 * * 2 2 PR
A4—?v + " (Ju]” +[v]7) +iv}.

For the sake of simplicity, we only discuss the particular
case of 6 =2 and v = 1. Therefore, the Lax pair (2) can be

written as
Yot i(6P+1)AY = Vigp, (3a)
P —2i(67 +1)° Ay = Vagp, (3b)
where
Vi=cU,, Vi=-25U,+ig’U,—cUs.

By introducing a new matrix spectral function g = p(x,f;¢),

1(241) Ax+2i(g2+1)% At
)

P = pe”
the Lax pair (3) is then converted into

Vi, (4a)
=W, (4b)

e+ i(67+1)[A, p] =
e —2i(*+1)*[A, ]

where [A, pu] = Ap — p A is the commutator.
Now, considering the direct scattering process, we con-

struct two matrix Jost solutions for the spectral problem (4a)

po = ([p-], [m-lp, [-13),

pr = (] (o (04 13),

meeting the asymptotic conditions
pu——I, x— —oo (5a)
My — I7 X — +°°7 (Sb)

where each [p]; (I =1,2,3) denotes the /-th column of the
matrices py respectively, I is the 3 x 3 identity matrix, and
p+ are uniquely determined by the Volterra integral equations

ne = I+/ AV (Eu (o)
el (A8, (6)

po = 1= [ SOV G € 6)
wel(e® 1A ‘5)d§. (6b)

Through the direct analysis of Eq. (6), it can be seen that
4], [u—],, and [p_]4 are analytic for ¢ € D™ and contin-
uous for ¢ € D~ URUIR, while [p_],, [p+],, and [p ] are
analytic for ¢ € D" and continuous for ¢ € DY URUIR, where

D= {g|argg e (0,%) U (n?)}
= fomse (50)o(F7)

Due to the Abel’s identity and trlU]
of .y are constants for all x. Based on the asymptotic condi-

= 0, the determinants

tions (5), we obtain

detpr =1, ¢eRUIR.

As to the original spectral problem (3), there exist two fun-
damental matrix solutions p_ E and p4 E, which are linearly

(skj)3><3’

¢ € RUIR, 7

associated with a 3 x 3 scattering matrix S(g) =

p-E=p.E-S(g),

where E = e~ (&> +DAx_ This gives rise to
detS(g) =

Furthermore, we find from the property of p_ that 51| accepts
analytic extensions to D" and s (k,j = 2,3) extend to D~
analytically.

A Riemann-Hilbert problem desired for the CMNS sys-
tem (1) involves two matrix functions: one is analytic in D™
and the other is analytic in D~. Define the first matrix function

Hi(x,6) = ([p-]y, [+]y: [B+13) (%, 6), ®)

which is an analytic function of ¢ in D™. And then, we can
study the very large-¢ asymptotic behavior of H, which has
the asymptotic expansion

M) 7@
H"Y H
H - H" :

1
SEORE
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Inserting Eq. (9) into Eq. (4a) and comparing the coefficients
of ¢ directly bring about

(1): HY 4[4, HY) +i[a, HY) = U, B,
(¢):i[a,HM =U HY,

0(¢?) :i[A, H"] =0,

(0)

from which we have H,

0
)

= I, namely,

H —1I, ¢eD" = oo

In order to set up a Riemann—-Hilbert problem for the
CMNS system (1), it is essential for us to construct a matrix
function H, that is analytic for ¢ in D™. Actually, we only
need to consider the inverse matrices of f14

('] ']
pt =P, wi =P
('3 (']

in which each [u7'] (I =1,2,3) denotes the I-th row of the
matrices u;l, respectively. Moreover, [u;l]l meet the equa-
tion

K,=—i(¢>+1)[A,K]- KWV,

which is called the adjoint scattering equation of Eq. (4a).
From Egq. (7), it is easy to see that

E'u"' =R(¢)-E'n;’, (10)
here R(G) = (rkj)3,3 = S'(¢). The matrix function Hj
which is analytic in D~ is introduced in terms of
:1]1
Hj(x,) = [u;i]Q (x,6)- (11)

[P
In a similar process as H|, we can obtain the very large-g

asymptotic behavior of Hj,

Hy, -1, ¢geD — oo

Substitution of p_ = ([p—]y,[p-],, [n-];) along with

b+ = ([p4]1, [B+]2, [p+]5) into Eq. (7) gives

([#7]17 [Hf]za [H7]3) = ([H+]1a [Hﬁzv [HH,@)

) )
11 S12621(g +1)x S13€21(g +1)x
)
X | sy leT 522 523 )
_2i(c?
syre 2Ty 532 533
from which the expression of [p_], reads
_ —2i(¢2+1 —2i(g2+1
[y =snlpe] e L] +s3e i )x[ﬂ+]3-
Hence, H, is of the form
S11 00

2
Hy = ([p_]y. [, [14]3) = py | sme 2 FDv 10
s316721(g2+1)x 01

(b1
On the other hand, through carrying u=! = | [u=']? | as
[w='P
[by]!
well as pu; ! = | [u1']? | into Eq. (10), we derive
37
=1
[“:1]3
(=]
i r1262i(g2+1)x r1362i(g2+1)x [NJ—rl]l
i ~2 _
= | e 2 rn 3 [H+:]2 )
ryje 261 32 r33 (13

from which we can express [ '] as

[M:I]l = [erl]l_|_r]zeZi(gz+1)x[H;1]2+r13eZi(g2+1)x[/1u—rl]3.

As aresult, H, takes the form

[ll:i]l " r1262i(g2+1)x r13€2i(g2+1)x 1
Hy=([pi'|=]0 1 0 pil
[P 0 0 1

(12)
Having discussed the construction of two matrix func-
tions H; and H, which are analytic in D™ and D™, respec-
tively, we are in a position to present a Riemann—Hilbert prob-
lem for the CMNS system (1). Here we denote that the limit
of Hy is H" when ¢ € D' approaches RUiR and the limit of
H, is H~ when ¢ € D™ approaches RU iR, based on which
a Riemann-Hilbert problem can be set up as follows:

H™(x,¢)H " (x,6)

1 rlzezi(ngrl)x r13e2i(g2+l)x
— S21672i(g2+1)x 1 0 , (13)
S31e72i(g2+1)x 0 1

whose canonical normalization conditions are

H,(x,¢) > 1,
HZ(xag) _>I7

geEDT — oo,
ceED™ — oo,

and ry1811 + ri2s21 +ri3s3; = 1.

3. Multi-soliton solutions

Having established the Riemann—Hilbert problem for the
system (1), we will now move on to solve the Riemann—
Hilbert problem (13) that is assumed to be irregular. The ir-
regularity means that both det H; and det H, possess certain
zeros in their analytic domains. By the definitions of H; and
H, as well as the scattering relationship (7), we have

geD”,
ceD™.

detH;(¢g) = s11(5),
det Hx(g) = r1(g),

070201-3
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From these two equalities we find the facts that the zeros of

det H| and det H, are the same as s1; and ryy, respectively.
Let us now turn to discuss the characteristics of the zeros.

As regards the potential matrix U; possessing the symmetry

condition
Ul = —AU\ A,
where the superscript “1” represents the Hermitian of a matrix,
we obtain
(") = Apy'(9)A. (14)

According to Eq. (7), we have
S'(¢") = AR(5)4,

which gives the following relationships

$51(6") = —ri2(g), ¢ €RUIR, (15)
s$51(¢") = —r13(g), ¢ €RUIR, (16)
s11(6")=ru(g), ¢ceb™. a7

It is apparent from equality (17) that each zero £¢; of 511 gen-
erates each zero +¢; of ry correspondingly. From the rela-
tionships (14) and (17), we have

H{(¢") = AH,(g)A, ¢eD . (18)

In addition, there also exists the symmetry relationship
for the potential matrix U,

AU A= -Uy, (19)
where A = diag(—1,1,1). By use of Eq. (19), we have

p+(—6) = Aps(g)A, (20)

S(—¢)=AS(g)A

which reveals the relationships

$21(—¢) = —s21(¢), ¢ €RUIR, (1)
$31(—¢) = —s31(6), ¢ €RUIR, (22)
si(—¢) =s11(g), ¢eDb'. (23)

The equality (23) shows that each zero ¢ of sy; is accompa-
nied by another zero —¢, i.e., s11(%¢) = 0. Here we point

out that equations (20) and (23) yield the property
AH\(—¢)A=Hi(g), ¢eD™. 24)

At this point, we posit that det H has 2N simple zeros {¢;}
(1 <j<2N)in D", where

vy =—¢, 1<I<N,

and det H> has 2N simple zeros {§;} (1 < j <2N) in D™,
where

G=¢, 1<I<2N.
In our discussion, the continuous scattering data s31, §31
and the discrete scattering data ¢;, §;, v, ; are very essen-

tial. To determine v; and D}, the following two equations are

needed:
H,(gj)v; =0, (25)
0;H, (&) =0, (26)

where v; and ©; denote nonzero column vectors and row vec-
tors, respectively. Without loss of generality, taking advantage
of Egs. (18), (24), (25) as well as (26), we find

Vj :/11//‘_1\17 N+1 §]§2N, (27)
,>j:y;‘/1, 1 <j<2N. (28)

Now we shall obtain the spatial evolutions of the vectors
v;. For this purpose, performing the x-derivative with respect
to Eq. (25) directly results in

—i(g}+1)Ax

Vj:e Vo, ISJSN, (29)

in which v} is independent of x.

Here we examine the Riemann—Hilbert problem (13) with
reflectionless case, that is sp; = s31 = 0. We introduce a
2N x 2N matrix M whose entries are

19ij
Gi—&

If we assume that the inverse matrix of M exists, then the so-

myj = 1§k,]§2N

lution for the Riemann—Hilbert problem (13) can be described
as

2N 2N Vkﬁj(Mil)kj

Hi(g)=I-Y Y ———, (30a)
k=1j=1 9 GJ
ON 2N (MY,
“1+L ) A2 D oy

=1 j=1 S~ Sk

With the aid of Eq. (30), we are going to restructure the
potentials 1 and v. As a matter of fact, we need to consider the

1
0<g3), ¢ —o. (3D

Carrying expression (31) into Eq. (4a) yields

asymptotic expansion of H,

g HO

H(g)=

U, =i[A,H. (32)

Consequently, a direct calculation shows the potential func-
tions

(1
u= —21(H1( ))12,

. 1
V= —21(H1( ))13,

070201-4
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where (Hl(l))]2 and (Hfl))13 are the (1,2)-entry and (1,3)-
entry of matrix H 1(1)’ respectively. Whereas, the H 1(1) can be

obtained from Eq. (30) as

2N 2N

HY=-Y Y v (M), (33)
k=1j=1

So far we merely focus on solving the CMNS system (1)
at a fixed time. To seek solutions of the system (1) at any time,
it is required to reveal the temporal evolutions of the scattering
data. By means of Egs. (4b) and (7) as well as the sufficiently
fast decay of u, v on the boundary, we obtain

S, =2i(¢*+1)%[A, 8],
which leads to the temporal evolutions
S = 4i(g2 + 1)2sz1, 531 = 4i(g2 + 1)25‘31.
Taking account of Eq. (4b), we gain
v =2i(c;+1)*Av, % =0.
Thus, v; and D; are generated based on Egs. (27)—(29) as

o) o) 2
QLG FIEGTIAL 1< j <N,

vji= [—i(c? y+Dx+2i(¢2 y+1)2]A .

Aet 6= = vji-no, N+ 1< j<2N;
X V;.oe[*i(sfﬂ)x+2i<€f+‘>2’] A4, 1< <N,
Vj:: ’ )

(2 (2 2
V;7N7Oe[71(g'i7N+l)x+2l(gj7N+l) 7] A’ N+1<j<2N.

(BB + %1)es o — o5

Si— G

(BiBin+ %Y )eS 5N ooy ye % SN

Here v is a complex column vector that is independent
of x and 7. In order to obtain the multi-soliton solutions to
the CMNS system (1) conveniently, we make the assumption
vjo= (0B %) 1 <j<N.

After summarizing the above results, the expression of N-
soliton solutions for the CMNS system (1) can be immediately

obtained as follows:

N N
u=2i Y Y ouBjes H(M"),
k=1j=1

N 2N

+2i Y Y oy yeS (MY,

k=1 j=N+1
2N N Erog
—2i Y Y o nBiev HFN(M T,
k=N+1 j=1
2N 2N B
~2i Y Y o wBi e NN (M), (34a)
k=N+1 j=N+1
N N

v=2i)

k=1 j=

N 2N ,
+2iY) Y oy yeS v (MY,
k=1 j=N+1

2N N

_2i Z Zak_Nﬁei,’-‘*ika(M—l)kj

k=N+1j=1
2N

2N
-2 Y )Y ak_Ny;,Ne?/fN*iM(M—l)kj, (34b)
k=N+1j=N+1

akﬁeéfﬂgk(M_l)kj
1

where

1<k, j<N,

1<k<N,N+1<j<2N,

—Gji-N— G
nuj::

(BB + Yew1)H' S + o yoye Sn S

)

Sitoin

(B wBin + %yl W)H Y — o oty eSS

N+1<k<2N,1<j<N,

)

and & = —i(g? + 1)x+2i(gZ+1)%, 1 <k <N.

At the end of this section, two simplest cases arise by tak-
ing N =1 and N = 2 in the N-soliton solution formula (34).
Suppose that N =1 and ¢; = a; +iby, a;b; <0,

M — <m11 m12> 7
ma1 mp2
the one-soliton solution for the CMNS system (1) follows at

once

. «_g My —myp +mp —my|

u="2iay s % )
mymyp — m2myg

. x_g Moy —mip +myp —my|

v=2ioyyied 8 ,
mpmoy — mipma

(35a)

(35b)

—Gi-Nt Gy

, N+1<k,j<2N,

‘in which & = —i((a; +ib1)> + Dx+2i((a; +ib1)* +1)%,

and
B e — o Pe i
e 2ib, ;
(1B11? + 7 ]P)esi +61 + o 2o =6

mi2 =
—20] ’

(1Bi]” + [ [*)esi 41 4 o Pe 5 &
mp1 = ,
201

(1B + [n[)esi o — oy [Pe 5
—2ib; '

The solution is graphically shown in Figs. 1-3.

070201-5
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(a)

0.20
0.15
0.10
0.05

—20

(d)

—10 0 10 20

x

—20

= —0.1,b; = 1: (a) perspective view of modulus of u,

Fig. 1. (color online) One-soliton solution (35) with oy = 1,8; = 1,71 = 2,4
(b) perspective view of modulus of v. (c) The soliton along the x axis with different time in panel (a). (d) The soliton along the x axis

with different time in panel (b).

(a)

Fig. 2. (color online) One-soliton solution (35) with &y = 1,8 = 1,71 =2,a; = —0.1,b; = 1: (a) perspective view of real part of u,
(b) perspective view of imaginary of u, (c) perspective view of real part of v, (d) perspective view of imaginary of v.
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(a) \

(b)

0.02

20

/I
Ry 0

914 \

—

- -

20

20

10 0] 10
_0.1 4

20

_0‘2<
t=—10
oo

——t=10  -03]

20

t==10
—t=0
—— =10

20

-0.31

Fig. 3. (color online) One-soliton solution (35) with @y = 1,8 = 1,71 = 2,a; = —0.1,b; = 1. (a) The soliton along the x axis with
different time in Fig. 2(a); (b) The soliton along the x axis with different time in Fig. 2(b); (c) The soliton along the x axis with different
time in Fig. 2(c); (d) The soliton along the x axis with different time in Fig. 2(d).

By taking N = 2 and assuming

Gl =a +ib1,
& =ax+iby,

arb; < 07
a2b2 < 07

the two-soliton solution for the CMNS system (1) is given by

2 2 5 ¢
Z Z kB* *( )kj
: ]:
2 4
Z Z 2 5k( )kj
_zlzzak N oS/ 5k 2 1)kj
=3 j=1
4 4
—2i Z Z Otkfzﬁj 235,72 51<72(]\471)k]7
k=3j=3
2 *
v=21i Z (Xk']/keéj 7§k(M71)kj
k=1 j=1
+2i Z Z (Xk’)/; 26‘131*2 ék(Mfl)k]
k=1j=3
4 2
—2i Z Z akizykeéj &2 (M—l)k]
k=3 j=1
4 4
—2i Z Z akizyjizeéﬁz & 2<M71)k]’
k=3 =3

where M =

mp =

m3 =

_ (B3Bi+pm)este

maz =

_ (BiBt1ip)etite

(mj),,., and its entries are
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(B B2+ 7, 12)ebi T8 — o oppe 51 22

= (a1 —az) —i(b1 +b2) ’
_ (BBi+n%m)es i +agone 54
(a1 +az) +i(by —bo) ’
(1B + |1 )es 8 + | P2
myp = ,
2612
o (BB By —ogae S S
43 (—a1+az) —i(by +b2) ’
(1B + 1 *)e o — op| e 55
myq = ,

—2ib,

with
& = —i((a1 +ib1)* + Dx+2i((a; +ib1)* + 1),
& = —i((ar+ib)* + )x+2i((ay + iby)* + 1)t

4. Discussion and conclusion

In this work, we have successfully constructed multi-

soliton solutions for the coupled modified nonlinear
Schrodinger equations based on the Riemann—Hilbert ap-
proach. To sum up, the process of the Riemann—Hilbert ap-
proach can be generally outlined as follows: first, we deduce
a Riemann-Hilbert problem for the CMNS system (1) via an-
alyzing the related spectral problem. Second, by studying the
presented Riemann—Hilbert problem with irregularity and re-
flectionless case, we gain the solution of the Riemann—Hilbert
problem explicitly. After restructuring the potentials and con-
sidering the temporal evolutions of the scattering data, we
finally derive the N-soliton solutions for the coupled modi-

fied nonlinear Schrodinger equations. The localized structures

and dynamic behaviors of one-soliton solution are displayed
vividly by figures.
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