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The fermionic and bosonic zero modes of the one-dimensional (1D) interacting Kitaev chain at the symmetric point are
unveiled. The many-body structures of the Majorana zero modes in the topological region are given explicitly by carrying
out a perturbation expansion up to infinite order. We also give the analytic expressions of the bosonic zero modes in the
topologically trivial phase. Our results are generalized to the hybrid fermion system comprised of the interacting Kitaev
model and the Su—Schrieffer—Heeger (SSH) model, in which we show that these two types of zero modes can coexist in a

certain region of its phase diagram.
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The Kitaev chain has stimulated intense research inter-
est in the community of condensed matter physics since it
was first proposed in the pioneering work of Kitaev.[!l As
a model of a one-dimensional (1D) topological p-wave su-
perconductor, the Kitaev chain hosts two unpaired Majorana
zero modes (MZMs) nonlocally distributed at the two ends of
the chain.['™* These MZMs are exotic quasiparticles which
are their own antiparticles and topological superconductors
possessing well-separated MZMs, which are potential plat-
forms to realize fault tolerant topological quantum computa-
tion due to their non-Abelian statistics and immunity to lo-
cal perturbations. >~ Signatures of observing the MZMs have

8-11] pased on

been reported by several experimental groups!
theoretical proposals of realizing effective p-wave pairing in
the spin—orbit coupled semiconductor nanowires in proximity
to s-wave superconductors.! 12131

To gain deeper insight into the MZMs beyond the single-
particle picture, the interacting Kitaev chain has been studied

y.[16=211 The variation of the zero-energy peak in

theoreticall
the local density of states was examined numerically!!”! as
a reflection of the effect of interaction on the MZMs. Fur-
thermore, the interacting Kitaev chain at the symmetric point
was shown to be exactly solvable and exact solutions of all the
eigenstates were given.!>!! By investigating the two degener-
ate ground states, it was pointed out that there are fermionic
or bosonic zero modes in the topologically nontrivial or triv-
ial phase.>!] However, the exact structures of the zero modes
have not been given explicitly for the interacting Kitaev chain
even at the symmetric point, although the MZMs in the pres-
ence of interaction are expected to be adiabatically connected

DOI: 10.1088/1674-1056/27/6/067101

to the noninteracting ones.[!8]

In this paper we will present the analytic expressions of
the MZMs as well as the bosonic zero modes (BZMs) in the
interacting (dimerized) Kitaev chain at the symmetric point.
The main purpose of this paper is to give the many-body gen-
eralization of MZM. With the help of the explicit forms of the
zero modes in the interacting (dimerized) Kitaev chain, the
topological phase diagram is also given.

Before giving the exact results, we first discuss some gen-
eral restrictions on the boundary zero modes in the fermion

38,19

system. ! | The many-body zero mode O of the interacting

Kitaev chain is a Hermitian operator, which commutes with

the system Hamiltonian, 22!

[A,0] =0, O"=0. 1)

The MZM (BZM) is of the fermionic (bosonic) type and there-
fore anticommutes (commutes) with the parity operator of the
system,

{(=)".0r} =0, [(-),08] =0 2
where N is the operator of the total fermion number. As a
physical zero mode, O acts on a normalizable state |y) to get

another normalizable state O| y), which demands that Ois uni-
tary and thus satisfies the normalization condition,

01%(3) =1. (3)

In addition, as a boundary mode, the components of the MZM
or BZM are exponentially small with the distance from the
boundary.
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Next we address the zero modes in the interacting Kitaev
chain with the open boundary condition, of which the Hamil-
tonian is written as,

I—AI:[?K —‘y—[:II. 4

The system Hamiltonian is composed of a single-particle part
Hy and a fermion—fermion interaction part H;. Hg denotes
the tight-binding Hamiltonian of the 1D Kitaev chain, which
is written as
N-1
Hg = — Z (tchenit —|—Ac];c::+1 +he)— ,ch};cn Q)
n=1 n

with ¢ being the nearest-neighbor hopping integral, A the p-
wave superconducting pairing potential, and u the chemical
potential. N denotes the length of the chain. ¢, and ¢ are the
fermion annihilation and creation operators, respectively. Hy
is expressed as

. N-1 1 1
H=U Z (cicn—z) (c;rl+lc,l+1—2> , (6)
n=1

where U is the interaction between nearest-neighbor fermions.

In the following, we focus on the symmetric case where

t = A and u =0, and the thermodynamic limit N — oo is taken.

Without loss of generality we set# > 0. For later convenience,

we rewrite Eq. (4) in the Majorana basis and into a dimension-
less form,

h=H/t =hy+uh, (7

where u = U /4t is a dimensionless parameter describing the
relative strength of the interaction.

A N-1
hy =1 Z buani1, (®)
n=1
A N-1
hl = - Z anbnan+1bn+l- (9)
n=1
Here a, = ¢, +c}, and b, = —i(c, — c}) are Majorana fermion

operators which satisfy a) = a,, b} = b,, and the anti-
commutation relations {ay,dn} = 26un, {bm,bn} = 28 n,
and {an,b,} = 0. When u = 0, it was shown by Kitaev!!!
that there is an exact MZM at each end of the chain, namely
ho,a1] = [ho, by] = 0, indicating that the MZMs are composed
of one-body Majorana fermions. In the presence of interac-
tion, many-body contributions are involved and higher order
terms occur in the expression of OF. For small u, we can treat
uhy in Eq. (7) as a small quantity and expand Of into a power
series of u as follows:

Op =Ce Y u"na, (10)
n=0

where Cr is the normalization factor and the coefficients 7,,’s
are operators to be determined. Substituting Eq. (10) into

[h,OF] = 0 and comparing the coefficient of ", we find that
1M, satisfies the following recurrence relation,

[ho, M) + (i1, Mu—1] = 0. (11

Starting from the leading term 7119 = a;, one can obtain 17, suc-
cessively and the general expression is,

n
M = anr1 [ | ibom-102m (12)

m=1
M,’s are many-body Majorana fermion operators which sat-
isfy 1) = Nu, {Nu,Nw} = 28,y Substituting Eq. (12) into
Eq. (10), we have the analytic expression of the zero mode,

n
Ok =Cr Y t'ari1 [ ] ibam-—1a2m, (13)
n=0 m=1

which starts from the left-most Majorana fermion a; and de-
cays exponentially with the distance n on condition that |u| <
1. Similarly, one can obtain the right-boundary zero mode
starting from by,

Op =Cg Y t'by_on [ ian-2mioby-ome1.  (14)
n=0 m=1

O]F and 0}; satisfy Egs. (1), (2), and the anti-commutation re-
lation {Ok, Ok} = 0. To guarantee O™ being MZM, the nor-
malization condition Eq. (3) must be satisfied. From Eq. (3)
we obtain u> < 1, or equivalently |U| < 4¢. The normaliza-
tion factor is Cr = /1 — u2. Therefore, the many-body MZM
emerges in the topological region |U| < 4¢.12!1 In addition,
according to Egs. (13) and (14) the many-body MZMs are
adiabatically connected to the one-body MZMs a; and by as
U—0.

In the topologically trivial region > > 1, on the other
hand, the many-body MZMs do not exist. On the contrary
we find BZMs localized at ends of the chain. Note that when
t =0, 1i.e., u — oo, there are two bosonic boundary zero modes
ia1 by and iayby satisfying Vzl, ialbl] = Vzl, iaNbN] =0. For
large but finite u, one can treat fto in Eq. (7) as perturbation and
expand Ogp as a power series of u~ !,

Op=Cp Y u™é, (15)
n=0

where Cp is the normalization factor. Substituting Eq. (15)
into [, 0] = 0 and comparing the coefficient of u~", we find
that &, satisfies the following recurrence relation,

[0, &) + [h1,Eps1] = 0. (16)

Starting from the first term &y = ia; b1, one can obtain &, suc-
cessively and the general expression is,

n
& = iagr1basr [ | 1a2m—1bom. a7
m=1

Similar to 1,, &,’s are also many-body Majorana fermion op-
erators, which satisfy &/ = &,, {&,, &y} = 26,/ Substituting
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Eq. (17) into Eq. (15), we have the expression for the left-
boundary zero mode,

n
Oy =Cp Y u "iagni1bonr1 [| idom-—1bom.  (18)
n=0

m=1

Likewise, we obtain the right-boundary zero mode starting
from iayby,

Oy =Cg Y u"ian_2nbn- 2nnlazv 2mt1bN—2m+2. (19)

n=0 m=1

Equations (18) and (19) indicate that OAE and OrB are BZMs and
in addition they satisfy the commutation relation [OA{;, OAH =
0. Furthermore from Eq. (3), OAgr)
condition u% > 1, which shows that the two BZMs exist only

is normalizable under the

in the topologically trivial region |U| > 4¢. The corresponding
normalization factor is Cg = V1-—u-2

The corresponding conditions for the emergence of differ-
ent types of boundary zero modes can be employed to depict
the phase diagram of the symmetric interacting Kitaev chain as
shown in Fig. 1 based on the bulk-boundary correspondence.
In the topological superconducting (TSC) phase with |U /4¢| <
1, we obtain one fermionic MZM at each end of the chain.
On the other hand, in the Schrodinger-cat-like (CAT) with
U /4t < —1 and the charge-density-wave (CDW) with U /4t >
1 phases,”!! the zero modes are bosonic. The fermionic or
bosonic nature of the boundary zero modes obtained in topo-
logically distinct phases is consistent with the expectations
from the exact solution of the system Hamiltonian.[?!]

TSC CAT/CDW

: : |U/4t|
0 1MzZM 1 1BZM

Fig. 1. Phase diagram of the interacting Kitaev chain at the symmetric point
with7 = A and p = 0. In the TSC phase (|U| < 4¢) the chain hosts one MZM
at each end. In the CAT (U < —4¢t) and CDW (U > 4t) phases, there is one
BZM at each end of the chain.

We next discuss the coexistence of both the MZMs and
the BZMs in a hybrid system which comprises of the interact-
ing Kitaev chain model and the Su—Schrieffer—-Heeger (SSH)
model?*! as shown in Fig. 2, which is a dimerized generaliza-
tion of the interacting Kitaev chain studied above. The non-
interacting version of this model has been studied extensively
in the literature.[?*=3!1 This so-called interacting Kitaev—SSH
chain consists of N unit cells each of which hosts two inequiv-
alent lattice site, C and D. The model Hamiltonian is written
as,

H = Hy_ssH + Hi, (20)

where

N—-1
Z (tchd,, +t2dZCn+1 +h.C.),

n=1

Hyg.ssyu = —

- Z (Arc}d} + Modfc) | +hc.)

N
Z (Hicien + tad)dy), @21

n=1

N W[4, 1
H1:U1n;l CnCn—E dndn_i s
+U, Z (dzdn_2> ( Cprt1Cn+1 — ) (22)
n=1

Here n is the index of unit cell. ¢, (c}) and d, (d) denote the
annihilation (creation) operators of fermion on the site of the
sublattices C (D), respectively. The intra(inter)-unit-cell hop-
ping integral, pairing potential, and fermion—fermion interac-
tion are denoted by 712, A1(2), and Uj(y), respectively. Here-
after, we focus on the symmetric point with t; = Ay, r, = A,
and py =, =0

tl’Al t27A2
(@~~~ 3 (@~~~ 3 (2”77
O—0O----O—0O----0—0O----
o Uy U,y

Fig. 2. (color online) Illustration of the interacting Kitaev—SSH chain model.
Dashed squares denote the unit cells and green solid (empty) circles denote
sites on sublattice C (D). See the main text for more details.

The Majorana fermion operators are defined as a, = ¢, +
e, oy =d,+d, B, =—i(d,—d}). a, and
b, are associated with the C sublattice while ¢, and f3, with

c}:, by =—i(c,—
D. In the Majorana representation, we have
Hy.ssi = 111600 + 102 Butns1), (23)
n
and

Hy = =Y (Uiapbn 0By + U200, Butns1buy1).  (24)

n

Applying the forgoing method of perturbation expansion, we
obtain two types of zero modes. The left-boundary MZM is
written as

R U \" ne
g (U)o
n=0

m=1

which emerges under the condition that |U;| < 4|t,|, and the
left-boundary BZM is

A an\". o
Op=Cs Y, (u;) iapi1bns [[iamBu.  (26)
n=0

m=1

whose existence is guaranteed by the condition that 4|f;| <
|U>|. The corresponding right-boundary zero modes can be
obtained similarly (not shown here). One can readily check
that when t; =1, =t, Uy = U, = U, ie.,
is absent, the former equations (13) and (18) are recovered

the dimerization

from Egs. (25) and (26), respectively. From the numbers of
the MZMs and BZMs, we derive the phase diagram of the in-
teracting Kitaev—SSH chain as illustrated in Fig. 3. We find
four phases: (i) the SSH-like trivial phase with |U;| > 4|t |
and 4|t;| > |U,|, where no boundary zero modes exist; (ii) the
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Kitaev-like TSC phase with |U;| < 4|t2| and 4|¢;| > |Ua|, where
there is one MZM at each end of the chain and no BZM; (iii)
SSH-like topological phase with |U;| < 4|f2| and 4|t1| < |Uz],
where the MZM and the BZM coexist at each end of the
chain; and (iv) the CAT/CDW-like phase with |U;| > 4|t,| and
4|r1| < |Uz|, where there is one BZM at each end of the chain
and no MZM. For the SSH-like topological phase, the MZMs
and BZM coexist around each end of the chain. Considering
that {O%, 0% } =0, we can construct the other MZM by

Ok =i0:0%, @7

which fulfills Egs. (1), (2), and (3) and anticommutates with
OIF. Therefore, in the coexistence region, there are two MZMs
at each end of the chain as illustrated in Fig. 3. Furthermore
one can construct a complex fermion by pairing these two
MZMs at the same end, ¢ = O} + iOAl/, and forms a many-
body SSH-like”*! zero mode.

42,/ U,
Kitaev-like TSC SSH-like trivial:
1 MZM, 0 BZM 0 MZM, 0 BZM
1
SSH-like topological:| CAT/CDW-like:
2 MZMs, 1 BZM 0 MZM, 1 BZM
0 U /4t,)

1

Fig. 3. Phase diagram of the symmetric interacting Kitaev—SSH chain model
with 1; = Ay, t = Ay, and ) = U = 0. There are four phases: the Kitaev-
like TSC, the CAT/CDW-like, the SSH-like topological, and the SSH-like
trivial phases. Associated with different phases, the numbers of MZMs and
BZM:s at each end of the chain are also shown.

In summary, the many-body structures of the MZMs and
BZMs in the symmetric interacting (dimerized) Kitaev chain
have been investigated in this paper. From the explicit forms
of the zero modes, the many-body MZMs of the interacting
model are adiabatically connected to the one-body MZMs of
the noninteracting one. For the symmetric interacting Kitaev
chain without dimerization, the MZMs and BZMs are found in
different regions of the phase diagram. The dimerized general-
ization of the model has four phases depending on the numbers
of zero modes and we find that both types of zero modes can
coexist with each other in a certain region of its phase diagram.

Note added We have been made aware of related

32,33

works!| recently, where exact solutions on similar sym-

metric interacting Kitaev—SSH chain models are obtained. In

addition to the different methods, the main difference between
our work and theirs is that the dimerization of the interaction
U is either vanishing as in Ref. [33] or equal to that of the
hopping integral ¢ as in Ref. [32], while the dimerization of
the chain is considered more generally in our paper. For the
special case where the dimerizations of ¢t and U are the same,
the many-body structures of the zero modes given by us can
be reduced to those given in Ref. [32].
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