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Helmholtz resonators are widely used to reduce noise in a fluid-filled pipe system. It is a challenge to obtain low-
frequency and broadband attenuation with a small sized cavity. In this paper, the propagation of acoustic waves in a
fluid-filled pipe system with periodic elastic Helmholtz resonators is studied theoretically. The resonance frequency and
sound transmission loss of one unit are analyzed to validate the correctness of simplified acoustic impedance. The band
structure of infinite periodic cells and sound transmission loss of finite periodic cells are calculated by the transfer matrix
method and finite element software. The effects of several parameters on band gap and sound transmission loss are probed.
Further, the negative bulk modulus of periodic cells with elastic Helmholtz resonators is analyzed. Numerical results show
that the acoustic propagation properties in the periodic pipe, such as low frequency, broadband sound transmission, can be
improved.

Keywords: acoustic metamaterial, band gap, sound transmission loss, elastic Helmholtz resonator, noise con-
trol
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1. Introduction

Piping systems with fluid loading are frequently encoun-
tered in engineering, such as in heat exchanger tubes, main
steam pipes, and hot/cold leg pipes in nuclear steam supply
systems, oil pipelines, pump discharge lines, marine risers,
etc.[1,2] The vibration and noise in a piping system can affect
the precision of the system control and the normal work func-
tions of downstream equipment.[3] Fortunately, this noise can
be sufficiently reduced to a level of the noise from other au-
tomotive sources, or even lower, by means of a well-designed
muffler (also called a silencer).[4] However, a limitation exists
in conventional mufflers, namely, their ability to attenuate low-
frequency noise.[2] Therefore, the control of low-frequency
noise transmission in the pipe is an important and challeng-
ing problem.

A Helmholtz resonator (HR) is often used to reduce noise
in a narrow frequency band. This type of resonator has
a high transmission loss in a narrow band at its resonance
frequency.[5] It is easy to design this resonator to have a de-
sired low frequency with a larger sized cavity because the res-
onance frequency is determined by the geometric ratio of the
cavity to its neck.

The effect of wall elasticity on the resonance frequency
of an HR has received considerable attention.[6–9] The results
indicate that the wall compliance will reduce the resonance
frequency in comparison with an identically shaped rigid cav-

ity. Additionally, sound transmission loss (STL) of an HR in a
fluid-filled piping system has been investigated.[3,10] However,
for wide frequency band noise control, there is more work that
needs to be done. It is a challenge to obtain a low-frequency
and broadband gap with a small sized HR in the fluid-filled
piping system.

Recently, artificially designed periodic acoustic materi-
als/structures, referred to as phononic crystals or acoustic
metamaterials, have emerged. The acoustic wave propaga-
tion in phononic crystals or acoustic metamaterials can be
strongly modulated, which provides a possible way to solve
the problems of vibration and noise control.[11–13] Novel phe-
nomena, such as band gap[14] negative effective physical
characteristics,[15] acoustic cloaking,[16] extraordinary sound
absorption,[17,18] and sub-wavelength imaging,[19] have been
theoretically proven or experimentally observed.

By introducing repeated shunted rigid HRs, the propaga-
tion of acoustic waves in a pipe is analyzed.[2,20–22] To the best
of our knowledge, in the available literature, the propagation
of acoustic waves in a fluid-filled pipe system with periodic
HRs was studied but the elastic pipe walls have not been taken
into consideration.

In this paper, the propagation of acoustic waves in a pipe
with periodic elastic Helmholtz resonators is studied. The ef-
fects of several parameters on the band gaps and sound trans-
mission loss are also investigated.
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2. Model and governing equations
2.1. Acoustic impedance and resonance frequency of an

elastic HR

An HR with an elastic wall is presented in Fig. 1, where
ln and Dn are the length and the diameter of the neck, respec-
tively; lc and Dc are the length and the diameter of the cavity,
respectively; L and D are the length and the diameter of the
pipe, respectively; and d is the thickness of the elastic wall.
The cavity with an elastic wall is composed of three parts: the
top panel, the cylinder, and the bottom panel. The cavity and
pipe are filled with fluid, settled as the shadowed regions in
Fig. 1.
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Fig. 1. Sketch of an elastic HR.

For the HR with a rigid wall, the acoustic impedance can
be expressed as[2,9,21]

ZH = i
(

ωMha−
1

ωCha

)
, (1)

where the acoustic mass Mha = ρ0le/Sn and the acoustic ca-
pacitance Cha = Vc/ρ0c2

0, and ρ0 and c0 are the density and
velocity of the fluid, Sn = πD2

n/4 is the cross-sectional area of

the neck, Vc = πD2
c lc/4 is the volume of the resonance cavity,

and le = ln +δc +δp is the effective length of the neck, δc and
δp are the acoustic length correction factors corresponding to
the cavity volume and main duct interfaces, respectively, ω is
the angular frequency, and i2 =−1.

Based on plane wave theory, the resonance frequency
can be expressed using the low-frequency approximation as
fH = (c0/2π)

√
Sn/Vcle.

For an HR with an elastic wall, if the acoustic impedances
of the cylinder and the bottom panel are neglected, the acoustic
impedance of an elastic HR can be expressed as[9]

ZEH = iωMha +
1

iω
(

Cha +
C1

1−ω2M1C1

) , (2)

where M1 = 72dρ/5πD2
c and C1 = πD6

c
(
1−σ2

)
/1024Ed3

are the acoustic mass and the acoustic capacitance of the top
panel, respectively, while ρ , E, and σ are the density, Young’s
modulus, and Poisson’s ratio of the top panel, respectively.

For a top panel with a clamped boundary condition, the
resonance frequency can be given as[9]

fEH =
1

2π

(
−b±

√
b2−4ac

2a

)1/2

, (3)

where a = MhaChaM1C1, b =−(MhaCha+MhaC1+M1C1), and
c = 1.

2.2. Transfer matrix and dispersion relation of an infinite
periodic pipe with elastic HRs

The piping system, consisting of a uniform pipe with HRs
attached periodically, is sketched in Fig. 2. The lattice constant
is L.

L    

Fig. 2. (a) Sketch of infinite periodic pipe with elastic HRs and (b) single unit.

Acoustic wave propagation in this system can be de-
scribed under the assumption of a plane wave when we focus
on the low-frequency range.

The sound pressure (p) and the volume velocity (u) can
be expressed as follows:[4,5,23]

p = Ae−ikx +Be−ikx, (4)

u =
1
Z0

(
Ae−ikx +Be−ikx

)
, (5)

where A and B are the magnitudes of the incident wave and the
reflected wave, and Z0 = ρ0c0/S0 is the acoustic impedance of

the pipe, with S0 = πD2/4 being the cross-sectional area of
the pipe, and k is the wave number.

By introducing the state vector

𝑊n =

(
p
u

)
,

the transfer matrix relation for a uniform pipe section with a
length of L/2 between point 1 and point 2 in the nth cell is

𝑊 1
n = 𝑇 1

n 𝑊
2
n , (6)

where
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𝑇 1
n =

[
cos(kL/2) iZ0 sin(kL/2)

(i/Z0)sin(kL/2) cos(kL/2)

]
.

Similarly,

𝑊 3
n = 𝑇 2

n 𝑊
1
n+1. (7)

For the HR, the transfer matrix between point 2 and point 3
can be obtained using the continuity of the sound pressure and
the volume velocity, as follows:[5]

𝑊 2
n = 𝑇H

n 𝑊 3
n , (8)

where

𝑇H
n =

[
1 1

M/ZEH 1

]
,

with M denoting the number of HRs in one cell.
Combining Eqs. (6), (7), and (8) yields the following re-

lation between the n-th cell and the (n+1)-th cell:

𝑊 1
n = 𝑇𝑊 1

n+1, (9)

where 𝑇 = 𝑇 1
n 𝑇

H
n 𝑇 2

n is the transfer matrix.
Due to the periodicity of the infinite structure in the x di-

rection, the vector 𝑊n must satisfy the Bloch theorem, i.e.,[1,2]

𝑊n = e iqL𝑊n−1, (10)

where q is the Bloch wave vector in the x direction.
Based on Eqs. (9) and (10), the dispersion relation of the

model can be obtained as follows:

cos(qL) = cos(kL)+
iMZ0

2ZEH
sin(kL). (11)

For a given ω , equation (11) supplies the values of q. Depend-
ing on whether q is real or has an imaginary part, the corre-
sponding wave propagates through the beam (pass band) or is
damped (band gap).

2.3. Transfer matrix and dispersion relation of finite peri-
odic pipe with elastic HRs

With respect to a finite periodic structure with N unit
cells, the transmitting relationship for the state vectors at the
inlet and the outlet can be derived as

𝑇N = 𝑇 N . (12)

The STL can be represented using the transfer matrix as
follows:[5]

STL = 20log10

∣∣∣∣𝑇N(1,1)+𝑇N(1,2)/Z0 +𝑇N(2,1)Z0 +𝑇N(2,2)
2

∣∣∣∣ . (13)

3. Resonance frequency and STL of pipe with a
single cell
The geometry of the pipe-mounted HR considered in the

calculation is shown in Fig. 1. The geometric parameters are
chosen as follows:[3] D = 0.08 m, L = 0.6 m, lc = 0.2 m, Dc =

0.16 m, d = 0.005 m, Dn = 0.034 m, and ln = 0.087 m. In this
case, the effective length of the neck is le = 0.1084 m. The
materials of the cylinder and bottom panel are both steel with
a density of 7800 kg/m3, Young’s modulus of 2.1× 1011 Pa,
and Poisson’s ratio of 0.3; the material of the top panel is
epoxy with a density of 1180 kg/m3, Young’s modulus E =

4.35× 109 Pa, and Poisson’s ratio of σ = 0.37. The fluid in
the pipe is water with density ρ0 = 1000 kg/m3, and velocity
c0 = 1500 m/s.

First, we consider the number of HRs in a single cell
M = 1.

For a rigid HR, the STL calculated by the transfer matrix
method (TMM) is illustrated as the black solid line in Fig. 3.
In this case, the resonance frequency is 340 Hz. The STL is
also calculated using the finite-element method (FEM) with
COMSOL Multiphysics software. In the calculation, the cou-
pling between the structural mechanics module and the acous-
tics module is considered. The STL calculated using FEM is

shown as a black dotted line in Fig. 3, in which the resonance
frequency is 335 Hz. It can be found that the results calculated
using TMM and FEM agree well with each other for a rigid
HR.
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Fig. 3. (color online) STL of a single HR. The black solid and black dot-
ted lines correspond to the STLs of one rigid HR, calculated by TMM and
COMSOL, respectively. The red solid and red dotted lines correspond to
the STLs of a single elastic HR, calculated by TMM and COMSOL, respec-
tively.

For an elastic HR, the material of the top panel is softer
than the materials of the cylinder and bottom panel; this can
be simplified into a clamped boundary condition. Based on
Eq. (13), the STL calculated by TMM is illustrated as the red
solid line in Fig. 3. In this case, the resonance frequency is
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46 Hz. The STL calculated using FEM is shown as a red dot-
ted line in Fig. 3, in which the resonance frequency is 50 Hz.
The good agreement between TMM and FEM validates the
correctness of the simplified acoustic impedance in Eq. (2) and
the resonance frequency in Eq. (3).

From Fig. 3, it is observed that the resonance frequency
of an elastic HR is much less than that of a rigid HR with

the same cavity size. To reveal the mechanism of the low
frequency resonance, the sound pressure level of a rigid HR
and the displacement deformation of an elastic HR at the reso-
nance frequency are calculated using the FEM, and the results
are illustrated in Fig. 4. One can find that a rigid HR gener-
ates the acoustic cavity resonance at 335 Hz, and an elastic HR
generates the top panel structure resonance at 46 Hz.

(a) (b)
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Fig. 4. (color online) (a) Sound pressure level of rigid HR at 335 Hz, (b) displacement deformation of an elastic HR at 46 Hz.

Therefore, the resonant frequency of an elastic HR de-
pends on the top panel but not on the cavity size. Therefore,
we can assert that the cavity size will not affect the resonant
frequency. The STLs for various lengths of the cavity are il-
lustrated in Fig. 5. The solid, dash dot, and dotted lines corre-
spond to lc = 0.2 m, 0.1 m, and 0.05 m, respectively. The res-
onant frequencies are almost unchanged for the various cavity
sizes, but it is seen that when the cavity length lc decreases,
the STL increases.
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Fig. 5. Frequency-dependent STLs for cavity length lc = 0.2 m (solid line),
0.1 m (dash dot line), and 0.05 m (dotted line).

The effect of the number of HRs, M, in one cell on the
STL is considered. In Fig. 6, the STLs for various values of
number of HR, M, are calculated. The solid, dash dot and dot-
ted lines correspond to M = 1, 2, and 4, respectively. This
indicates that the number of HRs in one cell will increase the
STL value in a broadband frequency range.
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Fig. 6. The STLs for the number of HR, M =1 (solid line), 2 (dash dot
line), and 4 (dotted line).

4. Band structure and STL of periodic pipe
For a periodic pipe with elastic HRs, illustrated in

Fig. 2(a), the band structure calculated by Eq. (11) is shown
as black lines in Fig. 7(a). The elastic parameters and geomet-
ric parameters are chosen to be the same as those in Fig. 3. A
low-frequency and broadband locally resonant gap generates
between 45 Hz and 378 Hz, whose normalized gap width is
∆ f/ fg = 1.57, where ∆ f and fg are the absolute gap width
and the midgap frequency. The band structure is also cal-
culated using COMSOL, which has been successfully used
to calculate the band gaps of Phononic Crystals and acoustic
metamaterials.[24,25] In the COMSOL calculation, the Floquet
periodic conditions are applied to both of the pipe cross sec-
tions. The coupling between the structural mechanics module
and the acoustics module is considered. The band structure
that is calculated using the FEM is shown as a blue dotted line
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in Fig. 7(a). It can be found that the results calculated using
the TMM and the FEM show good agreement with each other.
However, for the FEM results, there is an additional flat band
at approximately 611 Hz. As a comparison, the band structure
of periodic HRs with rigid walls is illustrated as a black dash
dot line, which is calculated by TMM. In this case, the first
gap extends from the frequency of 302 Hz to 498 Hz, whose
normalized gap width ∆ f/ fg = 0.49. Therefore, a pipe with
periodic elastic HRs will be beneficial to the generation of a
low-frequency and broadband gap. The STLs of five periodic
cells with elastic walls and rigid walls are calculated and illus-
trated with black solid and black dash dot lines in Fig. 7(b).
The STL that is calculated by the FEM is shown as a blue dot-
ted line.

Furthermore, the eigenvalues of a single unit cell with
Floquet periodic conditions are calculated. The first and sec-
ond non-zero eigenvalues correspond to the points A and C, for
which the Bloch wave vector is q =−π/a, and the eigenvalue
corresponds to point B for which q = 0. The mode shapes of
points A, B, and C are illustrated in Figs. 8(a)–8(c). From
points A and B, one can find that the band gap formation mech-
anism is due to the resonance of the top panel, and that the flat
band at point C is due to the second mode of the top panel.

In Fig. 9, the effects of the geometric parameters of an
HR on the band gaps are considered, including the length (ln),
the diameter (Dn) of the neck, the length (lc), and the diam-
eter (Dc) of the cavity. The solid lines with circular (o) and
square (�) symbols describe the start frequency and the cutoff
frequency, respectively, of the band gap for the periodic elastic
HRs. For comparison, the effect of a rigid HR is also calcu-
lated, and the result is illustrated by using a dash–dot line. In
each calculation, only one parameter is varied, while all other
parameters are kept to be the same as those in Fig. 7. From
Fig. 9, we can find that the start frequency and the cutoff fre-
quency are independent of the length of cavity lc, which could
be an indication that the formation mechanism of the low-
frequency band gap is due to the resonance of the top panel but
not the HR cavity. Figure 9 also reveals that the start frequency
becomes lower as the diameter of the cavity (Dc) increases,
which is due to the resonant frequency becoming lower for

the large top panel. However, the cutoff frequency remains
unchanged if the diameter of the cavity is large enough. The
effects of the geometric parameters of the neck on the start
frequency are all trivial.
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Fig. 7. Band structure and STL with M = 1. Solid and dotted lines cor-
respond to the TMM and FEM results for elastic HR, and the dash dot
lines correspond to rigid HR results calculated by TMM.

The band structure and STL for various values of the
number of HRs, M, in one cell are calculated, and the results
are shown in Fig. 10. The solid lines, dash dot lines, and dot-
ted lines correspond to M = 1, 2, and 4, respectively. We find
that the bandgap range becomes wider. The normalized gap
widths are ∆ f/ fg = 1.57, 1.70, and 1.80 for M = 1, 2, and
4, respectively. Additionally, the STL becomes stronger as M
increases. Therefore, a low-frequency, broadband and strong
attenuation bandgap with a small sized HR is obtained.

(a) (b) (c)

Fig. 8. (color online) Mode shapes of the unit cell for various Bloch wave vectors, corresponding to points A, B, and C in Fig. 7.
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Fig. 9. Effects of the geometric parameters of the HR on band gaps. The continuous and dash-dot lines correspond to an elastic HR and a rigid
HR, respectively. The symbol ◦ (�) describes the start (cutoff) frequency.
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Fig. 10. Band structure and STL for various numbers of HRs. Solid, dash dot, and dotted lines correspond to M = 1, 2, and 4, respectively.

5. Negative bulk modulus of periodic with elastic
HRs
In the last decade, negative constituent parameters of

acoustic metamaterials have been investigated,[21,26–28] which
provides new propagation characteristics for acoustic waves.

The one-dimensional (1D) microscope acoustic wave
equations in the lossless case can be expressed in the following
equation[27,28]

∂u
∂x

=− 1
Keff

ṗ. (14)

If we neglect the harmonic dependence e iωt , then we have

∂u
∂x

=− iω
Keff

p. (15)

The propagation of the acoustic wave in the n-th unit can be
described by the approximate differential equations[27]

∂u
∂x

=− Y
ap

p, (16)

where Y = 1/ZEH is the admittance of an HR, which is differ-
ent from that in Ref. [27].

By combining Eqs. (15) and (16), the effective bulk mod-
ulus can be obtained as follows:

1
Keff

=− i
apZEHω

. (17)

The relation between the real part of the 1/Keff and frequency
is illustrated in Fig. 11(a). One can find that the effective bulk
modulus above the resonant frequency 46 Hz is negative.
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Based on Eq. (8), the effective acoustic impedance with
M HRs in one cell will be ZEH/M. The solid, dash dot, and
dotted lines in Fig. 11(a) correspond to M = 1, 2, and 4, re-
spectively. The absolute of the real part of the 1/Keff become
larger as M increases. This can explain the causes of broad-
band and stronger attenuation as M increases. For compari-
son, the effective bulk modulus for rigid HR is calculated in
Fig. 11(b). In this case, the effective bulk modulus above the
resonant frequency 340 Hz is negative.
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Fig. 11. (a) Effective bulk moduli for elastic HR, where the solid, dash-
dot, and dotted lines correspond to M = 1, 2, and 4, respectively. (b)
Effective bulk modulus for rigid HR.

6. Conclusions
The propagation of acoustic waves in a periodic pipe with

elastic Helmholtz resonators has been studied theoretically in
this paper.

The TMM is developed to conduct the investigation. The
correctness of the TMM is validated by comparing their results
with the results from the FEM.

For one unit, the simplified acoustic impedance is ob-
tained with appropriate boundary conditions. The resonance
frequency of an elastic HR is much less than that of a rigid
HR with the same sized cavity. Additionally, the resonant fre-
quency for an elastic HR depends on the top panel but not the

cavity size. The number of HRs in a single cell will increases
the STL in the broadband frequency range.

For a periodic pipe, periodic elastic HRs will be benefi-
cial to the generation of a low-frequency and a broadband gap.
By calculating the mode shapes, the resonance of the top panel
reveals the band gap formation mechanism. For the same sized
cavity, the normalized gap width for elastic HRs is 1.57, and
the normalized gap width for rigid HRs is 0.49. The start fre-
quency and cutoff frequency are independent of the length of
the cavity, and the effects of the geometric parameters of the
neck on the start frequency are all trivial.

This work opens a new avenue to controlling low-
frequency and broadband noise of a fluid-filled pipe system.
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