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This paper outlines our studies of bifurcation, quasi-periodic road to chaos and other dynamic characteristics in an
external-cavity multi-quantum-well laser with delay optical feedback. The bistable state of the laser is predicted by finding
theoretically that the gain shifts abruptly between two values due to the feedback. We make a linear stability analysis of
the dynamic behavior of the laser. We predict the stability scenario by using the characteristic equation while we make an
approximate analysis of the stability of the equilibrium point and discuss the quantitative criteria of bifurcation. We deduce
a formula for the relaxation oscillation frequency and prove theoretically that this formula function relates to the loss of
carriers transferring between well regime and barrier regime, the feedback level, the delayed time and the other intrinsic
parameters. We demonstrate the dynamic distribution and double relaxation oscillation frequency abruptly changing in
periodic states and find the multi-frequency characteristic in a chaotic state. We illustrate a road to chaos from a stable
state to quasi-periodic states by increasing the feedback level. The effects of the transfers of carriers and the escaping of
carriers on dynamic behavior are analyzed, showing that they are contrary to each other via the bifurcation diagram. Also,
we show another road to chaos after bifurcation through changing the linewidth enhancement factor, the photon loss rate
and the transfer rate of carriers.
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1. Introduction
Optical chaos is one kind of ubiquitous nonlinear op-

tic phenomenon. Chaos is very sensitive to its initial condi-
tion while its long-term behavior is difficult to predict.[1–5]

A chaotic signal generated by a laser has the advantages
of high frequency and large broadband. There were exten-
sive studies of many kinds of chaotic lasers and their appli-
cations in secure communication,[6–9] including the vertical-
cavity surface-emitting laser, multi-mode solid Nd:YAG laser,
erbium-doped fiber laser and others.[10–15] Optical feedback or
injection semiconductor lasers can readily emit optical chaotic
signals.[16–21] They are easily manufactured, and are preferred
to be used as carrier transmitters in chaotic laser applications.
The studies of the frequency characteristic and dynamics be-
havior in an external cavity semiconductor laser were recently
highlighted because they are significant both in physical as-
pect and in application, such as bistable devices for optical
flip-flops, high-frequency generation for optical clocks, or se-
cure communication with a chaotic carrier.[16–21]

Many researchers are very interested in the dynamics in
a semiconductor laser with optical feedback since it is an ex-
cellent model for nonlinear optical systems and shows many
kinds of dynamic behaviors, such as stable state, periodic and
quasi-periodic oscillations, and chaos.[3] The dynamic behav-
iors of external-cavity semiconductor lasers have been exten-
sively studied. However, very little work has been done on dy-
namics in multiple-quantum-well (MQW) laser with an exter-
nal cavity. There are carriers from the barrier region to the well

layer in a MQW laser, so the MQW laser has more complexity
and it is more difficult in theory than a semiconductor laser.
We find that the transfers of carriers can remarkably change
the laser dynamics. This study of the MQW laser possesses
the reference value to complex systems, chaotic dynamics and
laser physics.[22–30]

The main objective of this paper is to describe how the
laser develops a road to chaos after bifurcation as a function
of the feedback level, delayed time and the transfers of car-
riers. We believe that the abrupt change of the gain can lead
to a bistable state and dual-frequency for the periodic state in
the MQW laser due to the feedback. We study the stability of
the system by discussing the characteristic equation and make
some approximate analyses of the stability of the equilibrium
point to analyze the quantitative criteria of bifurcation. We
present other roads to chaos after bifurcation by changing the
linewidth enhancement factor, the photon loss rate and the car-
rier loss rate.

2. Theoretical model
An external cavity semiconductor laser with optical de-

lay feedback shows many complex dynamical behaviors, such
as bifurcation and chaos.[13–18] A road to chaos after bifurca-
tion was also investigated with the feedback levels. In this
paper, we study the frequency characteristics and dynamic
behaviors in an external-cavity separate confinement hetero-
structure (SCH) MQW laser with optical delay feedback be-
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cause MQW laser is widely used in optical communication
and other areas. Figure 1 gives a schematic diagram of the
external-cavity MQW laser. Considering the optical delay
feedback, carriers transferring from the barrier region to the
well layer and escaping from the well region to the SCH layer,
the dynamics of the external-cavity MQW laser is described
by the following equations[7–15]

dE
dt

=
1
2
(G− γp)E(t)+

k
τl

E(t− τ)

× cos [ϕ(t)−ϕ(t− τ)+ωτ] , (1a)
dϕ

dt
=

1
2

βc(G− γp)−
k
τl

E(t− τ)

E(t)
× sin [ϕ(t)−ϕ(t− τ)+ωτ] , (1b)

dNB

dt
= ηi

I
q
− γBQNB + γQBN, (1c)

dN
dt

= γBQNB− (γe + γQB)N−GVpE2, (1d)

where E and ϕ denote the amplitude and phase of the optical
field, NB and N represent the carriers in the barrier region and
in the well region, respectively. The nonlinear mode gain is

G = [(Γ g0vg)/(1+E2/E2
s )]× lg{(N +Ns)/(Nth +Ns)},

where g0 is the gain constant; Γ =V/Vp is the mode confine-
ment coefficient with V being the volume of laser cavity and
Vp being the mode volume of laser; vg is the group velocity of
photons in the laser cavity; Es = (Ps/Vp)

1/2 is the amplitude
of the optical field at saturation with saturation photon number
Ps; Ns = nsV is the carrier number, with ns being the density
of carriers at photon saturation; Nth = nthV is the carrier num-
ber at transparency with nth being the density of carriers. The
γp = (αm +αint) is the total photon loss for the group velocity
vg, which is the sum of the cavity loss (αm) and the internal
loss (αint). The βc is the optical linewidth enhancement factor.
The τl = 2ngl/c is the round-trip time in the cavity with length
l, with c being the light velocity in a vacuum, and ng = c/vg

being the group refractive index. The ηi is the internal quan-
tum efficiency, I the drive current, q the unit charge, γBQ the
loss of carriers from the barrier region to the well layer and
γQB the loss of carriers escaping from the well region to the
SCH layer. The γe = Anr +Bnr(N/V )+CA(N/V )2 is the total
carrier loss in the active layer, with Anr being the nonradiative
recombination rate, Bnr the radiative recombination coefficient
and CA the Auger recombination coefficient. The k is the opti-
cal feedback factor and τ is the external cavity round-trip time.

MQW laser

M
E

Fig. 1. Schematic diagram of external-cavity multi-quantum-well laser. M:
half mirror. MQW-laser: the multi-quantum-well laser. E: optical field.

2.1. Analysis of stable point

Firstly, we analyze the dynamical stability of the laser.
Unmoving point (E0, NB0, N0) in Eq. (1) is obtained by

(G0− γp)+2ρ cosω0τ = 0, (2a)

βc(G0− γp)−2ρ sinω0τ = 0, (2b)

ηi
I
q
− γBQNB0 + γQBN0 = 0, (2c)

γBQNB0− (γe0 + γQB)N0−G0VpE2
0 = 0, (2d)

where ρ = k/τl . From Eqs. (2a) and (2b), we obtain

ω0τ =− tan−1
βc±2nπ,n ∈ N, (3)

and

G0 = γp±
2ρ√

1+β 2
c
. (4)

Variety of nonlinear mode gain is

G0F−G0N =± 2ρ√
1+β 2

c
, (5)

where G0F denotes the nonlinear mode gain with the feedback
and G0N represents the nonlinear mode gain without the feed-
back.

We find that the nonlinear mode gain shifts abruptly
around the value γp due to the optical feedback, where the
abrupt shift is related to the feedback level while the laser re-
sults in a bistable state and the laser output is based on the
following expression:

E2
0 =

ηi
I
q
− γe0N0

γp±
2ρ√

1+β 2
c

. (6)

From Eqs. (2c) and (2d), we obtain

ηiI/q− γe0N0−G0VpE2
0 = 0. (7)

We find no effects of the loss of carriers from the barrier region
to the well layer and the loss of carriers escaping from the well
region to the SCH layer on the stability of the laser. However,
their behavior changes the dynamics of the laser.

Secondly, we set the phase stable solution and let ϕ =

∆ωt, where ∆ω is the phase difference from the phase of a
stable state. Considering the effect of the external-cavity feed-
back on the phase, we can rewrite Eq. (2b) as

βc(G0− γp)−2ρ sinω0τ = ∆ω. (8)

We obtain

G0 = γp±
√

4ρ2 +4ρ∆ω cosω0τ +(∆ω)2√
1+β 2

c
, (9)
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where

ω0τ =−arcsin
(

∆ω/
√

1+β 2
c

)
− arctanβc,

or

∆ω =−ρ

√
1+β 2

c sin(ω0τ + arctanβc) . (10)

Variety of the nonlinear mode gain is

G0F−G0N =±
√

4ρ2 +4ρ∆ω cosω0τ +(∆ω)2√
1+β 2

c
. (11)

The maximum value of nonlinear mode gain is

G0max = γp +
2ρ +∆ω√

1+β 2
c
. (12a)

The minimum value of nonlinear mode gain is

G0min = γp−
2ρ +∆ω√

1+β 2
c
. (12b)

The nonlinear mode gain shifts between G0max and G0min. The
laser output shifts between two levels, based on the following
expression:

E2
0 =

ηi
I
q
− γe0N0

γp±
√

4ρ2 +4ρ∆ω cosω0τ +(∆ω)2√
1+β 2

c

. (13)

Equation (11) predicts the bistable state produced by the feed-
back, again.

2.2. Analysis of stability

To evaluate the stability, dynamics and frequency charac-
teristics of the laser mode, a small signal perturbation analysis
is implemented via the linear stability theory. We assume a
small perturbation from the laser stationary position to excite
the system to oscillation around its stable position (E0, ϕ0,
NB0, N0). The laser mode may become rapidly unstable be-
cause of the abrupt change of the gain. The following approx-
imations are adopted:

E(t) = E0 +δE eλ t , ϕ(t) = ϕ0 +δϕ eλ t ,

NB(t) = NB0 +δNB eλ t , N(t) = N0 +δN eλ t ,

where λ is assumed to be a characteristic value, and

G(N0 +δN, E0 +δE) = G0(N0,E0)+GNδN +GEδE,

γe(N0 +δN) = γe0(N0)+ γe0δN,

GE =
∂G
∂E

∣∣∣
N=N0,E=E0

= (Γ g0vg)
−2E0/E2

s

(1+E2
0/E2

s )
2 lg

N0 +Ns

Nth +Ns
,

GN =
∂G
∂N

∣∣∣
N=N0,E=E0

= (Γ g0vg)
1

(1+E2
0/E2

s )

1
N0 +Ns

,

γeN =
∂γe

∂N

∣∣∣
N=N0

=
Bnr

V
+2CA

N0

V 2 .

We substitute them into Eq. (1), and the linearzation of the sys-
tem (1) will be able to be written by a perturbation equation as
follows:

d
dt


δE
δϕ

δNB
δN

=


A11 A12 A13 A13
A21 A22 A23 A23
A31 A32 A33 A34
A41 A42 A43 A44




δE
δϕ

δNB
δN

 , (14)

where

A11 =
1
2

E0GE +
k
τl
(e−λτ −1)cos(ω0τ),

A12 =
k
τl
(e−λτ −1)E0 sin(ω0τ),

A13 = 0,

A14 =
1
2

E0GN,

A21 =
1
2

βcGE−
k
τl

1
E0

(e−λτ −1)sin(ω0τ),

A22 =
k
τl
(e−λτ −1)cos(ω0τ),

A23 = 0,

A24 =
1
2

βcGN,

A31 = 0,

A32 = 0,

A33 =−γBQ,

A34 = γQB,

A41 =−2G0VpE0−VpE2
0 GE,

A42 = 0,

A43 = γBQ,

A44 =−γe0− γQB−N0γeN−VpE2
0 GN,

whose associated characteristic equation is obtained from

λ
4 +λ

3bs1 +λ
2bs2 +λbs3 +bs4 = 0, (15)

with

bs1 = −(A11 +A22 +A33 +A44),

bs2 = (A11A44−A12A21−A34A43 +A22A33 +A33A44

+A11A22 +A22A44 +A11A33−A41A14),

bs3 = (A21A12A33 +A21A12A44−A11A22A44−A11A33A44

+A11A34A43−A22A33A44 +A22A34A43 +A41A14A33

−A41A12A14 +A41A22A14−A11A22A33),

bs4 = (A11A22A33A44−A11A22A34A43−A21A12A33A44

+A21A12A34A43−A41A12A24A33−A41A22A14A33).

Let

ρ = k/τ, a11 = E0GE/2, a21 = βcGE/2,
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b11 = (a11 +A33 +A44), b12 =−2ρ cosω0τ,

b21 = (a11A44−A34A43 +A33A44−A41A14 +a11A33),

b22 = −ρ cosω0τ(2A44 +2A33 +a11)+a21ρE0 sinω0τ,

b31 = −a11(A33A44−A34A43)+A41A14A33,

b32 = [−a21(A33 +A44)+A41A14]ρE0 sinω0τ

+[a11(A44 +A33)+2ρ(A33A44 +A34A43)

−A41A14]ρ cosω0τ,

b33 = −ρ
2(A33 +A44),

b42 = [−a11(A33A44−A34A43)+A41A14A33]ρ cosω0τ

+[a21(A33A44−A34A43)+A41A24A33]ρE0 sinω0τ,

b44 = ρ
2[A33A44−A34A43],

and we will obtain a characteristic equation as follows:

λ
4−λ

3[b11 +b12(1− e−λτ)]

+λ
2[b21 +b22(1− e−λτ)+ρ

2(1− e−λτ)2]

+λ [b31 +b32(1− e−λτ)+b33(1− e−λτ)2]

+b42(1− e−λτ)+b44(1− e−λτ)2 = 0. (16)

Equation (16) is a transcendental equation and has no analyt-
ical solution while it is very difficult to obtain the numerical
solutions but with zero root. However, we may predict the sta-
bility of the system or make some approximate analyses of the
stability.

Firstly, we predict generally the stability as follows.
(i) If the real part of one of the roots of Eq. (16) has a

positive value, the equilibrium point of the system will be un-
stable.

(ii) If all real parts of the roots of Eq. (16) are negative
values, the equilibrium point of the system will be asymptoti-
cally stable.

(iii) If the root of Eq. (16) has a pair of purely imaginary
numbers and the others are negative, it may imply that bifur-
cation will occurs in the laser while bifurcation processes will
happen in different delayed time regions.

Secondly, we will give a simplified equation to conduct
the approximate analysis of the stability. When a small region
of the current is set to be above the threshold, we expect that
the dynamic in the system is determined by the eigenfrequen-
cies of the laser and assume that all roots of Eq. (16) have the
real part values, and let exp(−λτ) ≈ 1− λτ +(λτ)2/2. In-
serting these assumptions into Eq. (16), we obtain a simplified
characteristic equation for the eigen values to the second order
approximation as follows:

λ
4 +λ

3b1 +λ
2b2 +λb3 +b4 = 0, (17)

where

b1 = 2(1−b12τ−b22τ
2/2+ρ

2
τ

2)/b12τ
2,

b2 = 2(b33τ
2−b11 +b22τ−b32τ

2)/b12τ
2,

b3 = 2(b21 +b32τ−b42τ
2/2+b44τ

2)/b12τ
2,

b4 = 2(b31 + τb42)/b12τ
2.

We obtain the following results.
i) When b1 > 0, b4 > 0, b1×b2−b3 > 0, real parts of all

roots of Eq. (17) are the negative values, the equilibrium point
of the system will be stable.

ii) When b1 < 0, or b4 < 0, or b1×b2−b3 < 0, real parts
of all roots of Eq. (17) are the positive values, the equilibrium
point of the system will be unstable.

Let λ = u− b1/4 to simplify Eq. (17) to understand the
unstable point characteristic, we obtain

u4 +au2 +bu+ cu = 0, (18)

where

a =−3
8

b2
1 +b2,

b =
1
8

b3
1−

1
2

b1b2 +b3,

c =− 3
44 b4

1 +
1
16

b2
1b2 +b4.

We obtain

u2 +
1±
√

8y0 +1−4a
2

u+
(

yo±
y0−b√

8y0 +1−4a

)
= 0, (19)

where y0 is a real root that is determined by

y3− a
2

y2 +
b−4c

4
y+

c(4a−1)−b2

8
= 0. (20)

Let

B± =
1±
√

8y0 +1−4a
2

,

C± = yo±
y0−b√

8y0 +1−4a
,

and we will obtain

u2 +B±u+C± = 0. (21)

We obtain

u =
−B±±

√
B2
±−4C±

2
(22)

and

λ = u− b1

4
=
−B±±

√
B2
±−4C±

2
− b1

4
. (23)

We obtain the following results.
When B2

±− 4C± < 0 and 2B±+ 2b1 = 0, Hopf bifurca-
tion will occur.
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Finally, we assume that λ = jξ is the root of Eq. (15),
only when ξ satisfies

ξ
4−ξ

3b12 sinξ τ

−ξ
2[b21 +b22(1− cosξ τ)+ρ

2(1−2cosξ τ + cos2ξ τ)]

+ξ [−b32 sinξ τ−b33(2sinξ τ− sin2ξ τ)]

+b42(1−2cosξ τ)+b44(1− cos2ξ τ) = 0, (24a)

and

ξ
3[b11 +b12(1− cosξ τ)]

−ξ
2[b22 sinξ τ−ρ

2(sin2ξ τ−2sinξ τ)]

+ξ [b31 +b32(1− cosξ τ)+b33(1−2cosξ τ + cos2ξ τ)]

+b42 sinξ τ +b44(2sinξ τ− sin2ξ τ) = 0, (24b)

equations (24a) and (24b) are still transcendental equations
and have no analytical solution while it is also difficult to ob-
tain the numerical solutions.

We will make the approximate analysis of the stability.
When the eigenfrequencies are determined based on dynam-
ics of the system, the value τ is appropriated for the result in
ξ τ ≈ 2nπ (n ∈ N), equation (24) is simplified into

ξ
4−ξ

2b21−b42 = 0, (25a)

ξ
2b11 +b31 = 0. (25b)

When the system satisfies the following condition:

− b31

b11
=

b21±
√

b2
21 +4b42

2
, (26)

Hopf bifurcation will occur. We obtain

ξ =±
√
−b31/b11. (27)

2.3. Stability and frequency characteristic

When the laser is related to the eigenfrequency, we may
take ω0τ ≈ 2nπ (n ∈ N). This can be deduced to exp(−λτ)≈
1−λτ . Let these assumptions be inserted into Eq. (16) and
neglect higher order terms, we obtain

λ
3 +λ

2B1 +λB2 +B3 = 0, (28)

where

B1 = (b22τ−b11)/(1−b12τ),

B2 = (b32τ +b21)/(1−b12τ),

B3 = (b42τ +b31)/(1−b12τ).

We can obtain some results as follows.
(I) When B1 > 0, B2 > 0, B3 > 0 and B1B2−B3 > 0, the

real parts of all roots of Eq. (28) have the negative values, the
equilibrium point of the system will be asymptotically stable.

(II) When B1 < 0, or B3 < 0, the real parts of the roots of
Eq. (16) have the positive values, the equilibrium point of the
system will be unstable.

(III) When B1 > 0, B3 > 0, and B1B2−B3 = 0, the root of
Eq. (16) will have a pair of purely imaginary numbers, namely

ℑ(λ ) =±
√
(b42τ +b31)/(b22τ−b11),

implying that the bifurcation will occur in the laser.
To obtain the analytical solution of Eq. (28) and discuss

the frequency characteristic, let

P =
3B2−B2

1
3

, Q =
2B2

1−9B1B2 +27B3

27

and we will obtain
I) Z = (2Q)2 +(P/3)3 > 0, a real root and two complex

roots are obtained:

λ1 =U +V, λ2 =−(U +V )/2+ i(U−V )
√

3/2,

λ3 =−(U +V )/2− i(U−V )
√

3/2,

where

U =
3

√
−Q

2
+

√
Q2

4
+

P3

27
, V =

3

√
−Q

2
−
√

Q2

4
+

P3

27
;

II) (2Q)2 +(P/3)3 = 0, three real roots are obtained:

λ1 = 2 3
√
−2Q, λ2 = λ3 =− 3

√
−3Q;

III) (2Q)2 + (P/3)3 < 0, three different roots are ob-
tained:

λ1 = 2
√
−3Pcos(ϕ/3),

λ2 = 2
√
−3Pcos(2π/3+ϕ/3),

λ2 = 2
√
−3Pcos(2π/3+ϕ/3),

where
cosϕ = 2q/(3P

√
−3P).

Then
a) when B3 < 0, equation (16) has at least one positive

root;
b) when B3 > 0 and Z ≤ 0, equation (16) has no positive

root;
c) when B3 > 0 and Z ≤ 0, equation (16) may have a

positive root.
For the imaginary part of λ , an expression relating to the

relaxation oscillation frequency of the laser is obtained by

Ω ∝ Im(λ ) =±3(U−V )/2, (29)

where

U =
3

√
−Q

2
+

√
Q2

4
+

P3

27
,
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V =
3

√
−Q

2
−
√

Q2

4
+

P3

27
.

The level and delayed time of the feedback enter into the mag-
nitude of the relaxation frequency. We find that the abrupt
changes of the gain and light amplitude result in the abrupt
change of the relaxation frequency. The laser has variable-
frequency characteristics. When ρ = 0, the intrinsic frequency
of the laser is obtained by

Ω ∝±
√

4b21− (a11 +A33 +A44)2

2
. (30)

The intrinsic frequency is a function of the total carrier loss in
the active layer, the total photon loss, the current, the loss of
carriers from the barrier region to the well layer and the loss of
carriers escaping from the well region to the SCH layer. Equa-
tion (18) is different from the formula obtained by Fujiwara et
al. because the structure of a quantum-well laser is different
from that of a semiconductor laser.

3. Results and discussion
3.1. Road to chaos

Evolving from a stable state to chaos after a quasi-period
is presented via a road to chaos. The feedback level is taken
as a controllable parameter for the laser system. The laser pa-
rameter values for the numerical calculations are listed in the
following Table 1.

Table 1. Laser parameters.

Symbol Value Unit Symbol Value Unit

l 1200 µm Br 1.0×10−10 cm3/s
V 50.4 µm3 CA 5.0×10−29 cm6/s
Γ 0.045 Ps 2.2×107

ng 3.6 g0 2700 cm−1

ns 0.1×1018 I 50 mA
αm 11.5 cm−1 ni 0.8
αint 20 cm−1 γBQ 2.5×1010 s−1

nth 2.1×1018 cm−3 γQB 5×109 s−1

Anr 2.5×108 s−1 βc 3

The results are summarized in the phase-parametric ap-
proach shown in Figs. 2(a) and 2(b). In the bifurcation dia-
gram, the normalized extremes of the peak series of the laser
output versus the feedback level are plotted where the delay
time is fixed at τ = 0.5 ns and the horizontal coordinate is di-
vided by fifty equal divisions. A set of extremes of the peak
series shows various dynamic states versus feedback level. A
road to chaos from a stable state through a quasi-period is
clearly seen. The laser shows a stable-state at k values be-
tween 0 and 0.078. A stable-state ends or a Hopf bifurcation
point occurs at k = 0.078. Increasing the feedback level from

0.08 to 0.1782, the laser shows the process of bifurcation to
a quasi-period. Undamped behaviors appear at k values be-
tween 0.1828 and 0.192. The first chaotic region is distributed
between 0.192 and 0.238. The undamped behavior passes
through 0.2426. The fully developed chaotic region appears
at k values higher than 0.2528.
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Fig. 2. Bifurcation diagram with feedback levels. Vertical axis repre-
sents laser output maxima. Horizontal axis denotes feedback level.

3.2. Dynamics distribution and relaxation oscillation

We find that the feedback level can cause a significant ef-
fect on the dynamics of the laser to form different dynamic
regions corresponding to the bifurcation diagram. The relax-
ation oscillation characteristics of the laser are described in
dynamic distribution shown in the bifurcation diagram.

3.2.1. Stable regime

The solitary laser characteristics dominate the behavior
of the system. However, we find that it takes a long time for
the laser to oscillate after it has become a stable state, with
increasing the feedback level. For instance, we find that the
laser takes 2.5 ns to perform a damped relaxation oscillation
before locking to a stable state when k = 0.01 and the laser
takes 20 ns to lock to a stable state when k = 0.07.

3.2.2. Periodical regime

Within this region, the memory of the first peak of re-
laxation oscillation begins to control the behavior. The tem-
poral dynamics evolves from undamped relaxation oscillation
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to sustained relaxation oscillation and then into a mixed pe-
riodic state in which the laser pulses periodically. We find
two solitary frequency regimes where the laser abruptly man-
ifests dual-frequency characteristics which appear at the criti-
cal point k = 0.112. When k ≤ 0.112, the laser dominates its
behavior with relaxation oscillation frequency around 5 GHz;
the relaxation oscillation frequency is around 5 GHz shown in
Fig. 3 for k = 0.1; with increasing the feedback levels, the re-
laxation oscillation frequency of the laser shifts abruptly while
the laser dominates its oscillation behavior around 3.6 GHz as
shown in Fig. 4 for k = 0.15. This result accords with Eq. (18).
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Fig. 3. Periodic oscillation around 5 GHz.
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Fig. 4. Periodic oscillation around 3.6 GHz.

3.2.3. Undamped oscillation regime

In the undamped oscillation region, a small destabiliza-
tion arises. The periodic initial transient is enhanced by the
external cavity and insults in the second transient, which will
be recycled by the cavity again and induce another transient
and so on. Eventually, the periodic oscillation is ruined. How-
ever, the laser ongoing relaxation oscillation has not fully de-
cayed because of the high feedback level, and becomes of the
undamped relaxation oscillation.

3.2.4. Chaotic regime

With the high feedback levels, the store of the peak of un-
damped oscillation causes a significant effect on the dynamics
behavior. The initial transient is amplified and enchanced by
the external cavity and other transients are excited. Subse-
quent transients become more prolonged until eventually the

undamping of the laser turns very sufficient to develop into a
chaotic behavior. Each of Figs. 5 and 6 shows the laser output.
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Fig. 5. Chaotic oscillation where the lower panel is the zoomed region.

Chaotic oscillation of the laser characterizes frequency
expansion or compression found in some time regions. When
k = 0.26, in Fig. 5 the chaotic oscillation frequencies are
around 4.8 GHz between 30 ns and 40 ns, 5.5 GHz between
40 ns and 50 ns,5.3 GHz between 50 ns and 60 ns, 4.6 GHz
between 60 ns and 70 ns and 5 GHz between 70 ns and 80 ns,
respectively. This varying frequency characterizes a chaotic
breathing behavior. The physical mechanism of this phe-
nomenon is that the time-delay-scale with respect to the laser
internal timescale and the sensitivity to the phase of feedback
field produce a combination of inducing various dynamical
scenarios and subsequent oscillations, resulting in the chaotic
breathing. Such a breathing variety manifests itself at the feed-
back level k = 0.33 while chaotic relaxation oscillations are
around 5.9 GHz between 30 ns and 40 ns, 5.7 GHz between
50 ns and 60 ns, 5.8 GHz between 60 ns and 70 ns and 5.4 GHz
between 70 ns and 80 ns, respectively, which are shown in
Fig. 6. We also find that the chaotic oscillation frequency is
enhanced by increasing the feedback level.
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Fig. 6. Laser output.

3.3. Another road to chaos

We are also interested in bifurcation variability with other
delayed time. When τ = 1 ns, the result is illustrated in
Figs. 7(a) and 7(b). We see clearly a quasi-periodic route to
chaos with increasing the feedback levels. In the bifurcation
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diagram, a stable-state ends or a bifurcation point appears at
k = 0.096. An undamped behavior passes through the point
of k = 0.099. The first chaotic region happens at the k value
between 0.102 and 0.12. With increasing the feedback lev-
els, undamped bifurcation appears in a k value range from
0.123 to 0.135. Then, quasi-periodic bifurcation appears at
the k value from 0.138 to 0.1608. Period-4 and period-3 are
present in a k value range between 0.148 and 0.155, which are
illustrated in Figs. 8 and 9, respectively. An undamped behav-
ior passes through k values from 0.1644 to 0.175. Final, the
second chaotic region appears at a k value higher than 0.1788.
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Fig. 7. Another bifurcation diagram with the feedback levels.
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3.4. Influence of the linewidth enhancement factor on bi-
furcation

The feedback level can change the population inversion
and affect the complex refractive index, which will raise a shift
of the laser frequency. The linewidth enhancement factor pa-
rameter usually takes a value between 3 and 8, leading to dy-
namic instabilities. So the linewidth enhancement factor must
affect intensively the linewidth of the laser. Two roads to chaos
after bifurcation are illustrated in Fig.10, where τ = 0.5 ns and
k= 0.15. To better understand the bifurcation, the value of fac-
tor βc is taken from 1 to 10. Figure 10 shows a stable regime
in a βc value range between 1 and 1.9, some undamped regime
from 2.08 to 2.26, a periodic regime from 2.44 to 3.88, the sec-
ond undamped regime from 4.06 to 4.42 and finally the chaotic
regime.
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Fig. 10. Bifurcation diagram with linewidth enhancement factor.

3.5. Influence of carrier transfer on bifurcation

For MQW laser, there are the transfer of carriers from
the barrier region to the well layer and the transfer of carriers
escaping from the well region to the SCH layer. We find no
effects of the transfer on the stability of the laser output. How-
ever, these carrier transfer behaviors can affect the dynamics
of a laser. The effect of the loss of carriers transferring from
the barrier region to the well layer on the dynamical behav-
ior of the laser is more remarkable than that of the escaping
rate of carriers in the SCH layer, and these two effects are
opposite to each other. With the parameter values τ = 0.5,
k = 0.15 and γBQ from 2.5× 109/s to 2.5× 1011/s, figure 11
shows roughly a road to chaos after bifurcation where dynam-
ical behavior evolves from the undamped beginning through
a period to the fully developed chaos. Instead, with the pa-
rameter values τ = 0.5, k = 0.15 and γQB from 5× 108/s to
2.5×1010/s, figure 12 shows roughly a diversified road to sta-
bility after bifurcation where dynamical behavior of the laser
evolves from the chaotic state through a period to a stable state.

With the parameter values τ = 1, k = 0.16 and γBQ from
1.25×109/s to 1.25×1011/s, figure13 shows a diversified road
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to chaos after quasi-periodic bifurcation and unstable oscilla-
tion with increasing the value γBQ. By adding another param-
eter value γQB from 5×108/s to 2.5×1010/s, figure 14 shows
another diversified road to quasi-period and unstable oscilla-
tion after chaos. We can see that the two effects of the transfer
on dynamics of the laser are contrary to each other to a certain
degree.
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Fig. 11. Bifurcation diagram with loss of carriers from barrier region to
well layer.
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Fig. 12. Bifurcation diagram with loss of carriers escaping from well
region to SCH layer.
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Fig. 13. Bifurcation diagram with loss of carriers from barrier region to
well layer.
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Fig. 14. Bifurcation diagram with loss of carriers escaping from well
region to SCH layer.

3.6. Influence of photon loss rate on bifurcation

The photon loss rate can affect the laser behavior. Let
τ = 0.5, k = 0.2 and the photon loss rate be averagely divided
into 80 intervals from 0.5× γp to 1.5× γp and figure 15 shows
a road to chaos from quasi-periodic bifurcation with increas-
ing the photon loss rate. A quasi-periodic state and unstable
oscillation appear in a range lower than 0.5× γp. Fully devel-
oped chaos occurs in a range higher than 0.5×γp. We find that
the effect of the carrier large loss rate results in the low output
of laser.
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Fig. 15. Bifurcation diagram with photon loss rate.

3.7. Influence of carrier loss rate on bifurcation.

We illustrate the effect of the carrier loss rate on bifurca-
tion behavior. Figure 15 shows mainly the effect of the carrier
loss rate of parameter Anr on the system dynamics for τ = 1
and k = 0.2, where the parameter Anr takes 0–4.5 times its
value in Table 1 and is averagely divided into 80 intervals. In
Fig. 16, the effect of the nonradiative recombination rate on
bifurcation is conduced to quasi-period in 0–0.73125 regions.
Subsequently, fully developed chaos appears in a range with k
being higher than 0.7875. We also find that the effects of the
radiative recombination coefficient and the Auger recombina-
tion coefficient are similar to the effect of the non-radiative
recombination rate on bifurcation.
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Fig. 16. Bifurcation diagram with nonradiative recombination rate.

3.8. Stable values of field in the cases of different feedback
levels

We give the stable values of the field in the cases of differ-
ent feedback levels to illustrate the bistable state of laser out-
put. With k = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35, the values of

060501-9



Chin. Phys. B Vol. 27, No. 6 (2018) 060501

one output field E are 0.1444, 0.1430, 0.1415, 0.1401, 0.1387,
0.1374, 0.1360, and the values of another output field E are
0.1460, 0.1461, 0.1463, 0.1465, 0.1466 and 0.1468, 0.1469.
This result conforms to our prediction of the bistable state.

4. Conclusions
We have analyzed theoretically the unmoving point to

predict the bistable state of the laser. We find that the gain
shifts abruptly. Using a linear stability analysis method and
the characteristic equation, we predict the stability of the sys-
tem and make several approximate analyses of the stability
of the equilibrium point, and we also discuss the quantitative
criteria of bifurcation. We give a formula for the relaxation
oscillation frequency of the laser. The relaxation frequency
is demonstrated to be a function of the laser parameters, the
feedback level and delayed time. We reveal two relaxation
oscillation frequencies for the periodic laser and find multi-
frequency characteristics for the chaotic laser. We illustrate a
road to chaos from a stable state to quasi-periodic states with
feedback level increasing. The effects of the transfers of carri-
ers on dynamic behaviors are analyzed via the bifurcation di-
agram. The above two effects on laser dynamics are contrary
to each other. We show other roads to chaos after bifurcation
by changing the linewidth enhancement factor, the photon loss
rate and the carrier loss rate separately. The transfers of carri-
ers can change remarkably the laser dynamics. These results
are referred to the studies of MQW laser, complex system and
laser physics and their applications.
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