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We investigate the quantum coherence and quantum entanglement dynamics of a classical driven single atom coupled
to a single-mode cavity. It is shown that the transformation between the atomic coherence and the atom-field entanglement
exists, and can be improved by adjusting the classical driving field. The joint evolution of two identical single-body
systems is also studied. The results show the quantum coherence transfers among composite subsystems, and the coherence
conservation of composite subsystems is obtained. Moreover, the classical driving field can be used to suppress the decay
of the coherence and entanglement, owing to considering the leaky cavity. The non-Markovian dynamics of the system is
also discussed finally.
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1. Introduction
Quantum entanglement which indicates a very subtle re-

lationship among subsystems, is a basic concept in quan-
tum physics and plays an important role in quantum infor-
mation processing.[1–5] Quantum coherence is also one of
the most important concepts in quantum physics and is usu-
ally described as the interposition of the wave functions. It
is generally believed that quantum coherence is a necessary
precondition for various non-classical effects, such as quan-
tum entanglement, quantum phase transition,[6,7] and quantum
interference.[8,9] Recently, a physical resource theory of quan-
tum coherence has been proposed and a rigorous framework to
describe quantum coherence has also been provided.[10–14] On
the basis of satisfying the constraints above, the l1-norm, the
relative entropy of coherence,[10] coherence of formation,[13]

and trace distance of coherence[15] have been suggested to
measure coherence. The research shows that the coherence
of an open quantum system may be totally unaffected by noise
and can be frozen under different conditions.[16,17] Another
study shows that quantum coherence can be protected by weak
measurement and the atom–cavity coupling.[18]

Quantum coherence and quantum entanglement are the
basic resources in quantum information processing, and the
intrinsic link between them arouses a great deal of research in-
terest. Studies have shown that any degree of coherence with
respect to some reference basis can be converted into entan-
glement by incoherent operations.[19] Another study has pre-
sented the connection of quantum coherence and quantum cor-
relations such as quantum discord, quantum entanglement by

determining the relative quantum coherence of two states.[20]

The atom–cavity system based on a cavity quantum
electrodynamics(QED) framework is a powerful tool for
entanglement engineering[21–24] and quantum information
processing.[25,26] Schemes have been proposed for implement-
ing the single and multi-atom entanglement and quantum in-
formation processing via resonant[27] as well as non-resonant
interaction of the atoms with a cavity mode.[28] Besides, the
atomic system is driven by non-resonant external periodic
(laser) fields,[29,30] and applying the external classical driving
field to the atom can preserve entanglement and improve the
robustness of entanglement.[31–34] So in the atom–cavity evo-
lution process, the relationship between the quantum coher-
ence and the quantum entanglement by considering a classical
field to drive the atom, should be studied both physically and
methodologically.

In this paper, we will concentrate on the following ques-
tions. How does the classical driving field affect the transfor-
mation between the coherence and the entanglement, and the
conservation relationship of the composite atom–cavity coher-
ence? How can the decay of the coherence and entanglement
dynamics be inhibited by the classical driving field? How does
the non-Markovian dynamics of a system evolve? For the case
of an ideal cavity, the atomic coherence can be protected by
adjusting the driving field, and increasing the frequency detun-
ing can increase the transformation. For two identical single-
body systems, the conservation of coherence of different par-
titions can be obtained. For the case of a leaky cavity, the clas-
sical driving field can suppress the negative influences of the
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leaky cavity on coherence and entanglement. The rest of this
paper is organized as follows. In Section 2, we describe the
physical model of a two-level atom coupled to a single mode
cavity, and the expressions of quantum coherence and quan-
tum entanglement are obtained for the ideal and leaky cavity.
In Section 3, the effects of perfect and leaky cavities on coher-
ence and entanglement and the non-Markovian dynamics of a
system are discussed. Finally, the conclusion is drawn from
the present study in Section 4.

2. Theoretical model
The system considered here consists of a two-level atom

coupled to a single mode cavity. The atom is driven by a clas-
sical driving field additionally. The Hamiltonian of the total
system is given by (setting h̄ = 1)[34,35]

H = ωa†a+
ω0

2
σz +g(σ+a+σ−a†)

+Ω(e−iωct
σ++ e iωct

σ−), (1)

where a†, a are the creation and annihilation operators of the
cavity, and ω is the frequency of the cavity. The operators
σ+ = |e〉〈g|, σ− = |g〉〈e|, σz = |e〉〈e|−|g〉〈g| denote the rais-
ing, lowering, and inversion operators of the atom, |e〉, |g〉 are
the excited and ground states of the atom, while ω0, ωc are
the frequencies of the atom and the classical driving field, re-
spectively. In addition, g is the coupling constant of the atom
with the cavity, Ω is the Rabi frequency of the classical driv-
ing field and denotes the coupling strength of the atom with
the classical driving field.

The Hamiltonian of the system is transformed into H1 un-
der a unitary transformation U1 = e−iωcσzt/2

H1 = ih̄
dU+

1
dt

U1 +U+
1 HU1 = H(1)

1 +H(2)
1 , (2)

with H(1)
1 = ωa+a + g(e iωctσ+a + e−iωctσ−a+), H(2)

1 =

(∆/2)σz + Ω(σ+ + σ−), ∆ = ω0 −ωc referring to the fre-
quency detuning of atom and classical driving field.

Using a method similar to that used in Ref. [36], in-
troducing the dressed-state |+〉= cos(θ/2) |e〉+ sin(θ/2) |g〉,
|−〉 = cos(θ/2) |g〉− sin(θ/2) |e〉 with θ = arctan((2Ω/∆)),
diagonalizing the Hamiltonian H(2)

1 , and neglecting the terms
which do not conserve energies (rotating wave approxima-
tion), we can obtain the Hamiltonian of the system as follows:

H1 =
Λ

2
Sz +ωa†a

+gcos2 θ

2
(e iωctS+a+ e−iωctS−a†), (3)

with Λ =
√

∆ 2 +4Ω 2, Sz = |+〉〈+| − |〉〈−|, S+ = |+〉〈−|,
S− = |−〉〈+| being the inversion, raising, and lowering oper-
ators of the atom in the presentation of the dressed-states.

The Hamiltonian of the system is transformed into H2 un-
der a unitary transformation U2 = e iωctSz/2:

H2 = ih̄
dU+

2
dt

U2 +U+
2 H1U2

= ωa†a+
Λ +ωc

2
Sz +gcos2 θ

2
(S+a+S−a†)

= H(0)
2 +H(1)

2 , (4)

with H(0)
2 =ωa†a+[(Λ +ωc)/2]Sz, H(1)

2 = gcos2(θ/2)(S+a+
S−a†).

In the interaction representation, the Hamiltonian is

H3 = e iH(0)
2 tH(1)

2 e−iH(0)
2 t

= gcos2 θ

2
(e iΛ ′tS+a+ e−iΛ ′tS−a†), (5)

with Λ ′ = Λ +ωc−ω .
The purpose of introducing the dressed-state and unitary

transformation U1, U2 is to solve the Hamiltonian of the quan-
tum system.

It is worth noting that unitary transformations U1, U2 do
not change the eigenvalues of the system, and the purpose of
introducing the dressed-state and unitary transformation U1

is to remove the driving term from Hamiltonian (1), then its
effect is concealed in the augmented atomic frequency Λ of
Hamiltonian (3). The unitary transformation U2 can diagonal-
ize Hamiltonian (3) and simplify the system Hamiltonian.

2.1. Case of ideal cavity

Assuming that the atom is initially prepared in the state
cos(θ/2) |e〉+ sin(θ/2) |g〉 and the ideal cavity field is pre-
pared in the Fock state |n〉, the whole system is initially pre-
pared in the state |ψ(0)〉= (cos(θ/2) |e〉+sin(θ/2) |g〉)⊗|n〉,
via the atom–photon interaction inside the cavity, and the state
vector at time t is

|ψ(t)〉= αn(t)|+,n〉+βn+1(t)|−,n+1〉. (6)

Using the Schrödinger equation i∂ψ(t)/∂ t = H3ψ(t) and the
initial conditions of the system, the quantum state coefficient
of the system is obtained as

αn(t) =
(

cos
Γnt
2
− iΛ ′

Γn
sin

Γnt
2

)
exp
(

i
2

Λ
′t
)
,

βn+1(t) =
−2igcos2 θ

2

√
n+1

Γn
sin

Γnt
2

exp
(
− i

2
Λ
′t
)
,

with

Λ
′ =
√

∆ 2 +4Ω 2 +ωc−ω,

Γn =

√
Λ ′2 +4(n+1)

(
gcos2 θ

2

)2

. (7)

Considering the atom and cavity field as a bipartite system,
in the basis (|+,n+1〉 , |+,n〉, |−,n+1〉, |−,n〉), the density
matrix of the system can be obtained.
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Tracing over the degrees of the freedom of the cavity, the
reduced density matrix of the atom can be obtained as

ρa = Tr f (ρ) =

(
αn(t)α∗n (t) 0

0 βn+1(t)β ∗n+1(t)

)
. (8)

Then by the basic vector transformation

|+〉= cos
θ

2
|e〉+ sin

θ

2
|g〉 , |−〉= cos

θ

2
|g〉− sin

θ

2
|e〉 .

In the basis (|e〉 , |g〉), the reduced density matrix element of
the atom can be obtained as follows:

ρee = αn(t)α∗n (t)cos2 θ

2
+βn+1(t)β ∗n+1(t)sin2 θ

2
,

ρeg = ρ
∗
ge = (αn(t)α∗n (t)−βn+1(t)β ∗n+1(t))sin

θ

2
cos

θ

2
,

ρgg = αn(t)α∗n (t)sin2 θ

2
+βn+1(t)β ∗n+1(t)cos2 θ

2
. (9)

In order to quantify the atomic coherence described by the
reduced density matrix (9), we adopt the l1 norm of coherence

Cl1(ρ) = ∑
i, j,i 6= j

∣∣ρi j
∣∣. (10)

It can easily be seen that the atomic coherence described
by the reduced density matrix (9) is the absolute value of the
non-diagonal element of the density matrix.

According to Eqs. (9) and (10), it is easy to calculate the
atomic coherence

Cl1(ρ) = 2
∣∣∣∣(αn (t)α

∗
n (t)−βn+1 (t)β

∗
n+1 (t)

)
sin

θ

2
cos

θ

2

∣∣∣∣ .
(11)

The linear entropy of the two-level atom can measure the
entanglement of the atom and the cavity field[37]

S = 1−Tr(ρa(t)2) = (1−|αn(t)|4−|βn+1(t)|4). (12)

2.2. Case of leaky cavity

Now we consider the more realistic case of a leaky cav-
ity in the system. The reduced density operator ρ (t) of the
atom and the leaky cavity is described by the standard master
equation:

dρ (t)
dt

= −i [H,ρ (t)]

+Γ

[
aρ (t)a+− 1

2
a+aρ (t)− 1

2
ρ (t)a+a

]
,

where H = gcos2(θ/2)(e iΛ′tS+a+ e−iΛ′tS−a+) and Γ is the
photon escape rate of the cavity.

Suppose that the initial state of the system is

|ϕ(0)〉=
(

cos
η

2
|e〉+ sin

η

2
|g〉
)

a
⊗|0〉 f , (13)

by the basic vector transformation

|e〉= cos
θ

2
|+〉− sin

θ

2
|−〉 , |g〉= sin

θ

2
|+〉+ cos

θ

2
|−〉 ,

equation (13) is turned into

|φ(0)〉 =
(

cos
η

2
cos

θ

2
+ sin

η

2
sin

θ

2

)
|+0〉

+

(
sin

η

2
cos

θ

2
− cos

η

2
sin

θ

2

)
|−0〉 , (14)

|−0〉 does not evolve with time, and by the quantum
trajectory approach,[38,39] |+0〉 has two possible quantum
states |φno (t)〉 = (c1(t) |+0〉+ c2(t) |−1〉) and

∣∣φyes (t)
〉
=

c3(t) |−0〉 : |φno (t)〉 indicates that no photon jump from the
cavity to the environment occurs between time t0 and t, and∣∣φyes (t)

〉
indicates the fact that one photon jump appears.

The density operator is obtained as

ρ (t) = Pno(t)ρno(t)+Pyes(t)ρyes(t) == |c1(t)|2 |+0〉〈+0|
+ |c2(t)|2 |−1〉〈−1|+ c1(t)c∗2(t) |+0〉〈−1|
+c∗1(t)c2(t) |−1〉〈+0|+ |c3(t)|2 |−0〉〈−0| , (15)

and |c3(t)|2 = 1− |c1(t)|2 − |c2(t)|2 can easily be obtained
from Eq. (15).

To cope with this quantum feature it is assumed that there
are no jumps up to time t. Then the “jumpless” state |φno (t)〉
obeys the nonunitary Schrödinger equation

i
d
dt
|φno(t)〉= Heff |φno(t)〉 , (16)

with Heff = H3− iΓ
2 a†a.

By Eq. (16), with the initial conditions c1(0) = 1, c2(0) =
0, the solutions of c1(t) and c2(t) are found, respectively, to

c1(t) = exp
[
−t
4
(Γ −2iΛ ′)

](
cos

λ t
4

+
Γ −2iΛ ′

λ
sin

λ t
4

)
,

c2(t) =
−4igcos2(θ/2)

λ
exp
[
−t
4
(Γ +2iΛ ′)

]
sin

λ t
4
, (17)

with λ =
√

16(gcos2(θ/2))2− (Γ −2iΛ ′)2.
It is worth noting that the evolutionary process will dis-

play the Markovian behavior with the weak coupling regime
g < 0.5Γ , and the non-Markovian dynamics occurs, accom-
panied by an oscillatory reversible decay with the strong cou-
pling regime g > 0.5Γ .

The density operator of the system at time t, in the basis
(|+1〉 , |+0〉 , |−1〉 , |−0〉), can be obtained as

ρ(t) =


0 0 0 0
0 d1(t)d∗1(t) d1(t)d∗2(t) d1(t)b1

0 d2(t)d∗1(t d2(t)d∗2(t) d2(t)b1

0 b1d∗1(t) b1d∗2(t) d3(t)d∗3(t)+b1b1

 , (18)

with

d1(t) =
(

cos
η

2
cos(θ/2)+ sin

η

2
sin(θ/2)

)
c1(t),
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d2(t) =
(

cos
η

2
cos(θ/2)+ sin

η

2
sin(θ/2)

)
c2(t),

d3(t) =
(

cos
η

2
cos

θ

2
+ sin

η

2
sin

θ

2

)
c3(t),

b1 = sin
η

2
cos

θ

2
− cos

η

2
sin

θ

2
.

Using the same method as the above, the reduced density
matrix elements of the atom are

ρee = sin2 θ

2
−b1d∗1(t)sin

θ

2
cos

θ

2

−b1d1(t)sin
θ

2
cos

θ

2
+ |d1(t)|2 cosθ ,

ρeg = ρ
∗
ge =−sin

θ

2
cos

θ

2
−b1d∗1(t)sin2 θ

2

+b1d1(t)cos2 θ

2
+ |d1(t)|2 sinθ ,

ρgg = cos2 θ

2
+b1d∗1(t)sin

θ

2
cos

θ

2

+b1d1(t)sin
θ

2
cos

θ

2
−|d1(t)|2 cosθ . (19)

The reduced density matrix element of the cavity in the basis
(|0〉 , |1〉) is

ρ00 = d1(t)d∗1(t)+d3(t)d∗3(t)+b1b1,

ρ01 = b1d∗2(t) = ρ
∗
10, ρ11 = d2(t)d∗2(t). (20)

The l1 norm of coherence for the atom,

Cl1(ρ) = 2
∣∣∣∣− sin

θ

2
cos

θ

2
−b1d∗1(t)sin2 θ

2

+b1d1(t)cos2 θ

2
+ |d1(t)|2 sinθ

∣∣∣∣, (21)

and for the cavity,

Cl1(ρ) = 2 |b1d∗2(t)| . (22)

By using the same method as the above, the linear entropy
of the two-level atom can be obtained as follows:

S = 2 |d1(t)|2 (1−b2
1−|d1(t)|2). (23)

We should point out that the quantum system used to mea-
sure the coherence is a single qubit system and an X-type
quantum system, for this kind of system, l1 norm coherence
and other methods, such as trace distance measurement[15] and
the robustness of coherence,[40] are the same. The conclusions
are independent of the choice of measurement.

3. Discussion and results
3.1. Effects of perfect cavity on coherence and entangle-

ment

In Fig. 1, with the increase of the driving field strength,
the value of the atomic coherence becomes larger, and the

atom–field entanglement is smaller. That is to say, the atomic
coherence can be protected by adjusting the driving field
strength.

     


.

.

.

.

.

     


.

.

.

.

1.0

(b)
(a)

gtgt

Fig. 1. Plots of atomic coherence (solid line) and atom–field entanglement
(dot line) versus rescaled time gt with ω = 2, ω0 = 1, ωc = 1, n = 1, (a)
Ω = 1, (b) Ω = 2.

In Fig. 2, the atomic coherence and the atom–field entan-
glement evolve periodically with rescaled time gt. With the in-
crease of the frequency detuning ∆ , the oscillation amplitudes
of the atomic coherence and the atom–field entanglement be-
come larger. This phenomenon is interpreted as follows. The
larger the detuning ∆ , the weaker the coupling between the
driving field and the atom is, and the stronger the effective
coupling between the atom and the cavity field becomes, and
the more the resources of these two kinds (the atomic coher-
ence and the atom–field entanglement) are transformed, so the
larger their oscillation amplitudes become.

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1.0

0 2 4 6 8 10
0

0.2

0.4

0.6

0.8

1.0
(b)(a)

gt gt

Fig. 2. Curves of atomic coherence (solid) and atom–field entanglement
(doted) versus rescaled time gt with ω = 2, Ω = 1, n = 1, (a) ∆ = 2, (b)
∆ = 3.

From Figs. 1 and 2, it is interesting to find that at the ini-
tial time, the atomic coherence has a maximum value while
the atom–field entanglement is zero, and the atomic coherence
decreases to zero. Meanwhile the atom–field entanglement in-
creases and reaches a maximum value. Moreover, the more the
atomic coherence increases, the more the atom–field entangle-
ment decreases. This shows that the atomic coherence itself
can be transformed into the atom–field entanglement through
the atom–field interaction for this system. Furthermore, the
increasing frequency detuning can strengthen the transforma-
tion.

Now, we come to study the case of a pair of sep-
arate cavities each with a single atom inside and with
the initial density matrix ρ(0) = ρΦ(0)⊗ |0〉1 |0〉2 1 〈0|2 〈0|,
where ρΦ(0) = r |Φ〉〈Φ |+ [(1− r)/4]I, |Φ〉 = cosφ |−+〉+

060304-4



Chin. Phys. B Vol. 27, No. 6 (2018) 060304

sinφ |+−〉, |0〉1 |0〉2 denotes the vacuum state for two cavities,
with r indicating the purity of initial states and being a real
number varying from 0 to 1. According to Eqs. (6) and (7)
with n = 0, the density matrix of the system at time t can be
obtained as

ρ (t) =
1− r

4
|ϕ〉1 |ϕ〉2 1 〈ϕ|2 〈ϕ|

+

(
r sin2

φ +
1− r

4

)
|ϕ〉1 |−0〉2 1 〈ϕ|2 〈−0|

+

(
r cos2

φ +
1− r

4

)
|−0〉1 |ϕ〉2 1 〈−0|2 〈ϕ|

+
1− r

4
(|−−00〉〈−−00|)

+r sinφ cosφ |ϕ〉1 |−0〉2 1 〈−0|2 〈ϕ|

+r sinφ cosφ |−0〉1 |ϕ〉2 1 〈ϕ|2 〈−0| ,

where |ϕ〉i = α0(t) |+〉i |0〉i +β1(t) |−〉i |1〉i (i = 1,2) denotes
the i-th atom–cavity evolution, in a way of the l1 norm co-

herence, we can obtain the following quantum coherence for
composite subsystems, i.e., q1⊗ q2, c1⊗ c2, q1⊗ c2, q2⊗ c1

and q1⊗ c1, respectively:

Cq1q2 = 2 |r sinφ cosφα0(t)α∗0 (t)| ,
Cc1c2 = 2 |r sinφ cosφβ1(t)β ∗1 (t)| ,
Cq1c2 = 2 |sinφ cosφα0(t)β ∗1 (t)| , Cq2c1 =Cq1c2 ,

Cq1c1 = 2
∣∣∣∣(r sin2

φ +
1− r

2

)
α0(t)β ∗1 (t)

∣∣∣∣ , (24)

where qi(ci) represents the i-th atom (cavity).
Furthermore, for the initial density matrix ρ(0) =

ρΨ(0) ⊗ |0〉1 |0〉2 1 〈0|2 〈0|, with ρΨ (0) = r |Ψ〉〈Ψ | +
[(1− r)/4]I, |Ψ〉 = cosφ |−−〉+ sinφ |++〉, the quantum co-
herence for composite subsystems can also be obtained, and
its results are the same as those from Eq. (24). This indicates
that quantum coherence of composite subsystems has the same
evolution for the two initial states.
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Fig. 3. Plots of quantum coherence for different partitions Cq1q2 (dash line), Cc1c2 (dot line), Cq1c2 = Cq2c1 (dash–dot line), Cq1c1
(dash–dot–dot line) versus gt with φ = π/6. Solid line denotes the coherence invariant of Cq1q2 +Cc1c2 , panels (a) and (b) show the
purity of initial states r = 1, and panels (c) and (d) display the purity of initial states r = 0.6.

The bipartite coherence of five partitions: q1⊗q2, c1⊗c2,
q1 ⊗ c2, q2 ⊗ c1, q1 ⊗ c1 is shown in Fig. 3. In the ini-
tial period of time, Cq1q2 decreases from the original value
to zero, and then increases due to atom–photon interaction.
The values of Cc1c2 , Cq1c2 , Cq2c1 , Cq1c1 firstly increase from
zero to a maximum, and then decrease from the maximum
to zero. The phenomena mentioned above indicate that the
Cq1q2 does not disappear, but transfers to other subsystems,
no matter whether they are local q1⊗ c1 or non-local c1⊗ c2,
q1 ⊗ c2, q2 ⊗ c1. Furthermore, based on the analysis of the
results, Q1(t) = Cq1q2 +Cc1c2 is conserved for any value of
r as shown in Fig. 3, and the Q1(t) value and the initial
value of Cq1q2 are equal. In other words, there is mutual
conversion between Cq1q2 and Cc1c2 . Besides, we find that
the Q2(t) =Cq1q2 +Cc1c2 +2Cq1c1 |cotφ |−2Cq1c2 is also con-
served in the case of r = 1. Interestingly, its value is also
equivalent to the initial value of Cq1q2 . Furthermore, we find
that Q3(t) =C2

q1q2
+C2

c1c2
+C2

q1c2
+C2

q2c1
is also held no mat-

ter what the value of r is. It indicates that for two identical
single-body systems there is a rich phenomenon of quantum
coherence, and it is very meaningful to study the theory as-
sociated with coherence swapping and coherence transfer in
quantum information processing.

To better understand the effects of the driving field
strength Ω on the conservation rules, it follows from Figs. 3(a)
and 3(b), or Figs. 3(c) and 3(d) that Ω only influences the rel-
ative number of the bipartite coherence of partitions, and does
not change the conservation rules.

It is worth pointing out that there is also a similar con-
servative relation of entanglement to Qi(t) (i = 1,2,3) in this
system,[41–44] such as, for the initial density matrix ρ(0) =
ρΦ(0)⊗|0〉1 |0〉2 1 〈0|2 〈0| with r = 1, Qi(t) (i = 1,2,3) of en-
tanglement is always true, however, for the initial density ma-
trix ρ(0) = ρΨ (0)⊗|0〉1 |0〉2 1 〈0|2 〈0| with r = 1, only Q2(t)
of entanglement would be conserved in the case of |cosφ | >
|sinφ |.
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In the process of atom–cavity interaction, the entangle-
ment sudden death and entanglement sudden birth between
atom–atom/atom–cavity will appear. However, the coherence
will always exist and will not disappear. So the entanglement
cannot keep the conservation law like quantum coherence. On
the other hand, for different initial states, the times of entangle-
ment sudden death and birth between atom-atom/atom–cavity
are different, so the conservation of entanglement depends on
the initial state.

3.2. Effects of leaky cavity on coherence and entanglement

Without the driving field, as displayed in Fig. 4(a), the
atomic coherence decreases from the maximum to zero and
then increase to a certain value, and its evolution is of damped
decay. Meanwhile, the atom–cavity entanglement increases

from zero to a certain value and then reduces to zero with
atomic coherence. The above phenomenon indicates that the
atomic coherence transforms into the atom–cavity entangle-
ment and the cavity coherence, and the three resources eventu-
ally disappear as the cavity is dissipative. This is more visible
in the weak coupling regime as displayed in Fig. 4(c). How-
ever, it can be seen clearly through Figs. 4(b) and 4(d) that the
atomic coherence decreases slowly by increasing the driving
field strength, no matter whether it is in the strong coupling
regime or in the weak coupling regime. So for the realistic
case of cavity loss in the system, although the atomic coher-
ence and the atom–field entanglement are very sensitive to the
cavity decay, they can be protected by adjusting the driving
field strength.
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Fig. 4. Plots of atomic coherence (solid line), atom–reservoir entanglement (dash line), reservoir coherence (dot line) versus gt with ω0 = 2,
ωc = 1, ω = 2, η = π/2 in panels (a) and (b) strong coupling regime g = 10Γ , and in panels (c) and (d) weak coupling regime g = 0.1Γ .
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Ω = 2, η = π/3 in panels (a) and (b) strong coupling regime g = 10Γ , and in panels (c) and (d) weak coupling regime g = 0.1Γ .
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With the increase of detuning ∆ , no matter whether in the
strong coupling regime or in the weak coupling regime as dis-
played in Fig. 5, we can see the atomic coherence decreases
more, and the atom–cavity entanglement increases more. As
the detuning increases, the effective coupling between the
atom and the cavity increases, so we can see that the atomic
coherence and the atom–cavity entanglement transform more
in the case of larger detuning. In order to protect the atomic
coherence, it is necessary to reduce the atom-driving field de-
tuning ∆ .

3.3. Non-Markovian dynamics

Considering the case of a leaky cavity in the system,
there is a backflow of information from the environment to
the system under suitable conditions, which means that the
dynamics of the system is non-Markovian. The degree of
non-Markovian dynamics can be characterized by the non-
Markovianity, which can be defined as[45]

N = max
ρ1(0),ρ2(0)

∫
σ>0

σ [t,ρ1 (0) ,ρ2 (0)]dt, (25)

where σ [t,ρ1 (0) ,ρ2 (0)] = dD[ρ1(t),ρ2(t)]/dt denotes the
rate of change of the trace distance D[ρ1(t),ρ2(t)] expressed
as

D[ρ1(t),ρ2(t)] =
1
2

Tr |ρ1(t)−ρ2(t)| , (26)

where |A| =
√

A+A (A denotes ρ1(t)− ρ2(t)), and the trace
distance D describes the ability to distinguish between ρ1(t)
and ρ2(t).

A Markovian evolution can never increase the trace dis-
tance, which means that the trace distance is a monotoni-
cally decreasing function for a Markovian progress and the
σ [t,ρ1 (0) ,ρ2 (0)] ≤ 0. In other words, the trace distance
is non-monotonic, which corresponds to a non-Markovian
progress and the non-Markovianity N > 0. In order to calcu-
late the degree of non-Markovianity, a specific pair of optimal
initial states to maximize the σ [t,ρ1 (0) ,ρ2 (0)] are ρ1(0) =
|0〉〈0| and ρ2(0) = |1〉〈1|.[45]

Figure 6 shows the trace distance D[ρ1(t),ρ2(t)] as a
function of Γ and gt with the optimal initial states ρ1(0) =
|0〉〈0|, ρ2(0)= |1〉〈1|. As shown in Fig. 6, with the increase of
Γ , the trace distance D[ρ1(t),ρ2(t)] becomes monotonic and a
Markovian process occurs. In contrast, with the decrease of
Γ , the trace distance D[ρ1(t),ρ2(t)] turns non-monotonic and
a non-Markovian progress occurs. The smaller the value of
Γ , the bigger the change of the trace distance D[ρ1(t),ρ2(t)],
so the larger the degree of non-Markovianty is. Furthermore,
from Fig. 4, we can find the coherence and the entanglement
decay slowly with the value of Γ decreasing. So there is a pos-
itive association between the non-Markovianty and coherence
or entanglement.
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Fig. 6. (color online) Trace distance D[ρ1(t),ρ2(t)] as a function of Γ

and gt with the optimal initial states ρ1(0) = |0〉〈0|, ρ2(0) = |1〉〈1|.
The other parameters Ω = 1, ω0 = 2, ωc = 1.

4. Conclusions
In this work, we investigate the interaction between a

single-mode cavity and a single atom with a classical driving
field. It is shown that the atomic coherence can be protected
by adjusting the driving field, and the transformation between
the atomic coherence and the atom–field entanglement exists,
which can be increased by increasing the atom-driving field
detuning. Then, the systems are extended to a pair of sep-
arate cavities each with a single atom inside, and the quan-
tum coherence transforms among composite subsystems are
found. Moreover, the conservation of coherence for different
partitions can be obtained. For the case of a leaky cavity, the
classical driving field can suppress the negative influences of
the leaky cavity on coherence and entanglement. By the non-
Markovian dynamics of the system, the non-Markovianty and
coherence or entanglement have a positive correlation. We be-
lieve that our results contribute to shedding light on the behav-
iors of quantum coherence and quantum entanglement in real-
istic conditions, that is, when the classical driving field and the
perfect or leaky cavity on the quantum system are taken into
account.

The scheme with a classical driving field is feasible for
implementation in the microwave and optical regimes in cav-
ity QED experiments.[46] The external classical driving can
control the effective Hamiltonian of a system which contains
the driving strength of the classical field and the atom-photon
detuning, and the above can be realized in an experimental
setup.[47,48] Besides, the experimental realization of the above
results is also suitable in the context of trapped ions.[49]
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