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We study the stochastic evolutionary public goods game with punishment in a finite size population. Two kinds of
costly punishments are considered, i.e., first-order punishment in which only the defectors are punished, and second-order
punishment in which both the defectors and the cooperators who do not punish the defective behaviors are punished. We
focus on the stochastic stable equilibrium of the system. In the population, the evolutionary process of strategies is described
as a finite state Markov process. The evolutionary equilibrium of the system and its stochastic stability are analyzed by
the limit distribution of the Markov process. By numerical experiments, our findings are as follows. (i) The first-order
costly punishment can change the evolutionary dynamics and equilibrium of the public goods game, and it can promote
cooperation only when both the intensity of punishment and the return on investment parameters are large enough. (ii)
Under the first-order punishment, the further imposition of the second-order punishment cannot change the evolutionary
dynamics of the system dramatically, but can only change the probability of the system to select the equilibrium points in
the “C+P” states, which refer to the co-existence states of cooperation and punishment. The second-order punishment has
limited roles in promoting cooperation, except for some critical combinations of parameters. (iii) When the system chooses
“C+P” states with probability one, the increase of the punishment probability under second-order punishment will further
increase the proportion of the “P” strategy in the “C+P” states.
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1. Introduction
Social dilemma problems are prevalent in the real world.

They essentially depict the conflict between individual ratio-
nality and collective rationality.[1] The public goods game
as a classic model is used to describe the dilemma be-
tween multiplayers’ interactions. The “free riding” phenome-
non it portrayed has received widespread attention in econo-
mics,[2–6] psychology,[7–10] evolutionary biology,[11–13] com-
plexity science,[14–18] and other disciplines of scholars. In the
standard public goods game, participants have two choices of
cooperation and defection. Cooperators participate in the in-
vestment, and defectors do not participate in the investment.
The total investment of all cooperators in the public goods
game can be amplified, and then distributed equally among all
participants. If each individual chooses to cooperate, then ev-
eryone can get the maximized benefits, in which situation the
system reaches the Pareto optimal state. However, due to the
non-exclusive and non-competitive nature of the public goods,
defectors can get the benefits of the cooperators’ contribution
by free riding, resulting in a higher net income than the co-

operators. From the perspective of individual rationality, free
riding is an optimal strategy for each individual. From the
evolutionary point of view, regardless of the cooperator’s pro-
portion in the initial population, the cooperation strategy will
eventually be replaced by the defection of the free riders. The
public goods game cannot form highly efficient social cooper-
ation.

In order to improve the efficiency and promote the evolu-
tion of cooperation, scholars have proposed some mechanisms
to reduce the free riding behavior, such as the reward and pun-
ishment mechanism,[13,19–25] reputation mechanism,[12,26–31]

optional participation mechanism,[18,25,32–36] spatial interac-
tion mechanism,[14,37–42] etc.[43–45] We focus on the punish-
ment mechanism in this paper. Punishment, as an efficient way
to change human behavior, is regarded as an important mech-
anism to maintain cooperation in our human society. Through
behavioral experiments, experimental economists have found
that punishment and reward can significantly enhance the level
of cooperation in the public goods game.[46] Different forms
of punishment have also attracted the broad interest of schol-
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ars. Based on different parties to carry out the punishment,
punishment can be divided into three cases: first-party punish-
ment, second-party punishment, and third-party punishment.
First-party punishment refers to uncomfortable feelings when
an individual violates the group’s norms or defection. It is
an inner self-conscience punishment, such as guilt, shame
or embarrassment.[47] Second-party punishment refers to the
punishment imposed by others involved in the game on the
free riders.[21,22] Third-party punishment refers to the punish-
ment imposed by spectators on the free riders.[23,48] The spec-
tators here can be a completely independent external group,
such as the judicial system, or a potential group that the de-
fectors may meet in the future. The reputation mechanism
can be seen as a special case of third-party punishment. In
this paper, we study the second-party punishment with cost in
the public goods game. It takes punishment as a participant
strategy. Participants can choose this strategy to reduce the
benefits of some other types of strategies, which will bring ad-
ditional costs to themselves. This study considers two forms of
second-party punishments: punishing only the defection strat-
egy (first-order free ride behavior); punishing not only the de-
fectors, but also the cooperators who do not punish the defec-
tive behaviors (second-order free ride behavior). These two
forms of punishments are called first-order punishment and
second-order punishment respectively in the following.

Evolutionary games which can effectively describe the
evolutionary process of strategies have been widely used to
study the evolution of cooperation in social dilemmas. In evo-
lutionary games, only bounded rationality is needed for the
assumption of participants. The model is based on groups
and describes the updating process of individuals’ strategies
according to their incomes. For the public goods game, in
Ref. [12] the replicator dynamics was used to study the influ-
ence of reward on the cooperative behavior of the population,
and compared with the punishment mechanism. The replica-
tor dynamics is a deterministic evolution model, in which it
is assumed that the number of individuals in the population is
infinite. Thus, differential equations are used to describe the
evolutionary process of different strategies in the system. This
model analyzes the evolutionary stable states of the system by
analyzing the stability of the differential equations at the equi-
librium point. The stable equilibrium point is the evolutionary
stable strategy (ESS) of the game. In order to describe a finite
size population and the randomness of the system, in Ref. [49]
the public goods game was studied based on the Moran pro-
cess that is widely used in ecology. They investigated the in-
fluence of reward on the cooperative behavior of the finite size
population. In the Moran-based model the fixation probability
was used to analyze the evolutionary dynamics of the system
for only two strategies. This analysis is conducted necessarily
under the assumption of the weak selection generally.

In order to describe the continuous noise effects caused by
mutation in the evolutionary process of the system, Young and
Foster[50,51] introduced the concept of stochastic stable equi-
librium (SSE) for the first time. This concept can better de-
scribe the evolutionary stability of strategy in a stochastic en-
vironment. However, since the concept of SSE was proposed,
only a few articles have been devoted to the SSE of the games.
As far as we know, recently, Quan et al.[52,53] studied the SSE
of the evolutionary games in a finite size population based on
the Markov process. Other models are basically based on the
stochastic differential equations for analysis under the assump-
tion of infinite size populations as indicated in the research
by Huang et al.[54] and Liang et al.[55] Unlike the above-
mentioned evolution model that aims at the ESS of the game,
we study the SSE of the public goods game with punishment
in a finite size of population. We adopt the stochastic evolution
model proposed in Ref. [56], where the evolutionary process
of strategies in the population is described as a finite state mul-
tidimensional Markov process. The stochastic stabilities of the
system under different punishment parameters are analyzed by
the limit distribution of the Markov process. By analyzing the
SSE of this stochastic system, the influence of the punishment
mechanism on the cooperation behavior of the population is
revealed.

The remainder of the paper is organized as follows. In
Section 2, we introduce the stochastic evolutionary game of
the public goods game with punishment, including the strat-
egy expected payoffs in a finite population, the evolutionary
dynamics, and the SSE of the stochastic evolutionary system.
In Section 3, the stochastic stability and equilibrium results of
the system are discussed under different punishment parame-
ters, and then the influence of these parameters on the coop-
erative behavior of the population is analyzed. Finally, some
conclusions are drawn in Section 4.

2. Model
2.1. Public goods with costly punishment

Two forms of punishing strategies are introduced into
the classic public goods game, which can be called the first-
order and the second-order punishment respectively. The first-
order punishing strategies participate in the investment and
only punish the first-order free riders (defection strategies).
The second-order punishing strategies participate in the invest-
ment, and punish not only the first-order free riders but also
the second-order free riders (the sole cooperators who does
not punish the defectors). Let α1 and α2 (α1 > α2) denote the
probabilities of the punishing strategies to punish the defec-
tion and cooperation strategies respectively. We assume that
the processes of punishing the defectors and the sole cooper-
ators are separate. Therefore, we can consider these two ran-
dom events independently. The punishment is costly. Let γ
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denote the unit cost of punishment for the punisher, and β re-
fer to the corresponding unit penalty for the individual who is
to be punished (γ < β ).

Suppose that the population contains three types of strate-
gies, that is, cooperation, defection, and punishment strate-
gies. Each time N individuals from the population are ran-
domly selected to participate in the public goods game. Let
c denote the cost of investment, and r the return on in-
vestment (1 < r < N) of the public goods. Each indi-
vidual chooses the corresponding strategy according to its
type. In a sample, when the numbers of cooperation, de-
fection, and punishment type individuals are nC, nD, and nP

respectively, then the cooperation-type individual’s payoff is
[rc(nC +nP)]/N− c−α2βnP, the defection-type individual’s
payoff is [rc(nC +nP)]/N−α1βnP , and the punishment-type
individual’s payoff is [rc(nC +nP)]/N− c−α1γnD−α2γnC.

2.2. Strategy expected payoff in a finite population

Assuming that a finite population size is M, the three
types of strategies for cooperation, defection, and punishment
are well mixed. Each time N individuals from the popula-
tion are randomly selected to participate in the public goods
game. Obviously, M ≥ N. As in the other literature on the fi-
nite size population, such as in Refs. [32] and [49], here in our
work we do not discuss the trivial case of M = N. Let i, j,k
(i+ j+ k = M) denote the numbers of the three types of indi-
viduals respectively. In the following, we analyze the expected
payoff for each type of strategy in this finite size population.

We do not consider the penalty items in our analysis at
first. In this case, the cooperation and punishment strategies
are the same, including their payoffs. For a defector, when
it encounters another N− 1 individual in the population, the
probability with which there are m cooperators or punishers,
and the rest are N−1−m defectors, is

p(nC +nP = m) =

(
i+ k

m

)(
j−1

N−1−m

)
(

M−1
N−1

) . (1)

The expected payoff for this defection-type individual, which
does not consider the penalty items, is

N−1

∑
m=0

rcm
N

p(nC +nP = m) =
N−1

∑
m=0

rc
N

m

(
i+ k

m

)(
j−1

N−1−m

)
(

M−1
N−1

)
=

rc
N
(N−1)

i+ k
M−1

. (2)

The expected payoff for a cooperation- or punishment-type in-
dividual, which does not consider the penalty items, is

N

∑
m=1

(
rcm
N
− c

)
p(nC +nP = m−1)

=
rc
N
(N−1)

i+ k
M−1

+
rc
N
− c. (3)

Taking into account the corresponding penalty or punish-
ing cost for each type of strategy, the above-mentioned ex-
pected payoff can be corrected as follows.

For a defection-type individual, the total penalty brought
by the punishment-type strategies is k/(M−1)(N − 1)α1β ,
where α1 is the probability with which a defector is punished
by a punishment-type strategy, β is the penalty intensity, and
k/(M−1)(N−1) is the expected number of punishment-type
individuals in a sample.

For a cooperation-type individual, the total penalty
brought by the punishment-type strategies is k/(M−1)(N−
1)Ψ( j)α2β , where α2 is the probability with which a coopera-
tor (second-order free rider) is punished by a punishment-type
strategy:

Ψ( j) = 1−

(
M− j−2

N−2

)
(

M−2
N−2

) ,

1−Ψ( j) is the probability with which there is no defector but
there are cooperators and punishers in a sample. In this case,
there is no reason for punishing the cooperators (because there
is no defector in the game).

For a punishment-type individual, the total punishing cost
is j/(M−1)(N−1)α1γ + i/(M−1)(N−1)Ψ( j)α2γ , the for-
mer and latter items represent the costs of punishing the de-
fectors and the cooperators respectively.

Thus, when the size of the population is M, and the num-
bers of cooperators, defectors, and punishers in the group are
i, j,k, the expected payoffs of the three types of strategies are
respectively

π
(i, j,k)
C = B−ϕc− k

M−1
(N−1)Ψ( j)α2β , (i 6= 0), (4)

π
(i, j,k)
D = B− k

M−1
(N−1)α1β , ( j 6= 0), (5)

π
(i, j,k)
P = B−ϕc− j

M−1
(N−1)α1γ

− i
M−1

(N−1)Ψ( j)α2γ, (k 6= 0), (6)

where

B =
rc
N
(N−1)

i+ k
M−1

, ϕ = 1− r
N
,

Ψ( j) = 1−

(
M− j−2

N−2

)
(

M−2
N−2

) .

2.3. Evolutionary dynamics in discrete system

The number of each type of strategies will evolve with
the quantity of their payoffs. In order to describe the evo-
lutionary process, we introduce a stochastic process z(t).
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Let z(t) = (z1(t), z2(t), M− z1(t)− z2(t)) denote the num-
ber of cooperation-, defection- and punishment-type strate-
gies in the population at time t, and define z(t) as the system
state. For convenience, we abbreviate it as (z1(t),z2(t)). The
state space of the system is S = {(i, j)|0 ≤ i+ j ≤ M; i, j ∈
N}, and the number of elements in the state space is |S| =
(M+1)(M+2)/2. Each time, individuals in the population
adjust their strategies according to their expected payoffs.
The strategy adjustment leads to the change of the system
state. The three assumptions: inertia, myopic, and mutation in
Ref. [56] about bounded rationality of individuals in the pop-
ulation are used in our model. Due to inertia, we can assume
that it is impossible to have more than two individuals adjust
their strategies simultaneously once. Myopic refers to the in-
dividual when choosing its strategy: it will only consider the
current payoff, regardless of the payoff in the future. Mutation
refers to the possibility with which individuals may choose a
non-optimal strategy with a small probability because of the
complex decision-making environment and the limited nature
of individual cognitive capability.

According to the above assumptions, when the system
state is (z1(t),z2(t)) = (i, j) ∈ S, the transfer rate of the strat-
egy x towards strategy y can be described as

p(i, j)x→y = ε +κ · (π(i, j)
y −π

(i, j)
x )+, x,y ∈ {C,D,P}, x 6= y, (7)

where

f+ =

{
f , f > 0,
0, f ≤ 0,

ε > 0 is a small positive number, and κ > 0. For example,
when π

(i, j)
x > π

(i, j)
y , the individual in the (i, j) state has more

incentive to move from strategy y to strategy x, but because
of the mutation, the transfer rate of strategy x to strategy y
is p(i, j)x→y = ε . Thus, the parameter ε can be seen as the noise
intensity in the environment, and κ can be understood as the
speed at which the individual responds to the environment.

When i takes zero, π
(0, j,k)
C is meaningless; when j takes

zero, π
(i,0,k)
D is meaningless; when k takes zero, π

(i, j,0)
P makes

no sense. At this point, the payoffs of cooperation-, defection-
and punishment-type strategies are defined as the average pay-
off of the population, i.e.,

π
(0, j,k)
C =

M− k
M

π
(0, j,k)
D +

k
M

π
(0, j,k)
P , (8)

π
(i,0,k)
D =

M− k
M

π
(i,0,k)
C +

k
M

π
(i,0,k)
P , (9)

π
(i, j,0)
P =

i
M

π
(i, j,0)
C +

M− i
M

π
(i, j,0)
D . (10)

Let I = (i, j), then I′ = (i′, j′). Due to homogeneity, pI,I′(t)
denotes the probability with which the system transfers from
state I to state I′ after time t, that is,

pI,I′(t) = p{z(s+ t) = (i′, j′)|z(s) = (i, j)}, ∀s > 0. (11)

According to the system evolutionary rules and the transition
rate between different strategies, after a small enough time t,
the probabilities with which the system transfers from state
I = (i, j) to states (i−1, j) and (i−1, j+1) are p(i, j)C→Pt +o(t)

and p(i, j)C→Dt + o(t) respectively; the probabilities with which
the system transfers from state I = (i, j) to states (i, j−1) and
(i+1, j−1) are p(i, j)D→Pt +o(t) and p(i, j)D→Ct +o(t) respectively;
the probabilities with which the system transfers from state
I = (i, j) to states (i+1, j) and (i, j+1) are p(i, j)P→Ct +o(t) and

p(i, j)P→Dt+o(t) respectively; the probability of keeping the same
state is 1− ∑

x,y∈{C,D,P}
x 6=y

p(i, j)x→yt − o(t); where o(t) is a high-order

infinitesimal of t. Figure 1 shows all possible state transfer
processes of the system.

↪↪M
↪↪
M↩

↪M↩↪



↪M↩↪



↪↪

M↩

↪↪

M↩

M↩↪
↪

M↪↪

M↩↪
↪

↪M↪

Fig. 1. Possible state transfer processes of the system.

2.4. Stochastic stable equilibrium

As ε > 0, this process is ergodic. According to the prop-
erties of the stochastic process, when t → +∞, the limit of
pI,I′(t) exists and it is independent of the initial state I. Let

lim
t→+∞

pI,I′(t) = vε

I′ , (12)

and vε

I′ will be the limit distribution of the two-dimensional
Markov process reaching arbitrary state I′(I′ ∈ S) when the
system noise is ε . According to the limit distribution, it is pos-
sible to determine the evolutionary stable state of the system
under arbitrary noise intensity. Further, when the noise param-
eter gradually reduces to zero, let

lim
ε→0+

vε

I′ = vI′ . (13)

According to vI′ , we can determine the limit states of the sys-
tem and their corresponding limit probabilities. According to
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Young’s description in Ref. [51], state I′ ∈ S is stochastically
stable if and only if vI′ > 0.

3. Results and discussion
The Gauss–Seidel iterative algorithm introduced by Stew-

art in his monograph[57] can be used to calculate the limit dis-
tribution of the above Markov process. We show the effects
of game parameters on the stochastic stability equilibrium of
the system in the following. By vast numerical calculations,
we find that when ε gradually decreased to zero, the system
has limit distributions of more than zero only in (0,M,0),
(i,0,M− i) (i = 0,1,2, . . . ,M) states. Thus, only the states of
(0,M,0), (i,0,M− i) (i = 0,1,2, . . . ,M) may be the stochastic
stable states of the evolutionary system. Among them, state
(0,M,0) indicates that all the individuals choose the defection
strategy, denoting it as the “All D” state. States (i,0,M− i)
(i = 0,1,2, . . . ,M) indicate the co-existence of the coopera-
tion and punishment strategies, or all individuals choosing the
punishment strategy, or all individuals choosing the cooper-
ation strategy, we denote them as the “C+P” states. In the
following, we fix parameters M = 20, N = 5, c = 1, κ = 1,
α1 = 1 γ = 0.2, and study the influences of β , r, α2 on the
probabilities of the system to choose different stable equilib-
ria.
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Fig. 2. : Variations of limit distribution with β of two states for α2 = 0,
0.5, 0.8 with fixing α1 = 1 and r = 4.5. (a) The limit distribution of
“C+P” states, (b) the limit distribution of “All D” state.
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Fig. 3. Variations of probability with r of the two states for α2 = 0, 0.5, 0.8
with fixing α1 = 1 and β = 4.2. (a) The limit distribution of “C+P” states,
(b) the limit distribution of “All D” state.

By numerical calculation, we find that for fixed r = 4.5,
and for different values of α2 = 0,0.5,0.8, there are common
critical values of β = 3.78 and β̄ = 4.28. When β ≤ β , the
system selects the “All D” state with a probability close to one.
When β ≥ β̄ , the system selects “C+P” states with a proba-
bility close to one. When β < β < β̄ , the system chooses the
“All D” state and “C+P” states with different probabilities;
as β increases, the probability of choosing the “All D” state
gradually decreases, and the probability of choosing “C+P”
states gradually increases; when β increases to a critical value
β̃ , the probability of the system choosing one of the two states
rapidly decreases from nearly one to zero (or increases from
nearly zero to one). The smaller the value of α2 and the greater
the critical value of β̃ , the steeper the curve of the probability
reduction (or increase) is. Figure 2 shows the relationship be-
tween the limit distributions of the system choosing the two
stable states and β under different parameters of α2. For fixed
β = 4.2, and for different values of α2 = 0,0.5,0.8, there are
common values of r = 4.06 and r̄ = 4.58. When r ≤ r, the
system selects the “All D” state with a probability close to one.
When r ≥ r̄, the system selects “C+P” states with a probabil-
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ity close to one. When r < r < r̄, the system chooses the “All
D” state and “C+P” states with different probabilities; as r

increases, the probability of selecting the “All D” state gradu-
ally decreases, and the probability of selecting “C+P” states
gradually increases, when r increases to a certain critical value
r̃, the probability of the system choosing one of the two states

rapidly decreases from nearly one to zero (or from nearly zero
to one). The smaller the value of α2 and the greater the critical
value of r̃, the steeper the curve of the probability reduction
(or increase) is. Figure 3 shows the relationship between the
limit distributions of the system choosing the two stable states
and r under different values of α2 .
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Fig. 4. Ranges of (β ,r) for the system reaching the three different kinds of stable states for fixed α1 = 1 when α2 = 0, 0.5, 0.8 respectively.
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Figure 4 shows the corresponding ranges of parameters
(β ,r) for the system reaching the three different kinds of stable
states of “C+P”, “All D”, “C+P+D” for fixed α1 = 1 when
α2 = 0, 0.5, 0.8 respectively. Comparing the three sub-figures
in Fig. 4, we can see that under the first-order punishment,
the further imposition of the second-order punishment cannot
change the evolutionary dynamics of the system dramatically.
In most cases, α2 has a limited effect on the evolution of co-
operation in the population. We choose two special combina-
tions of (β ,r), in which case the change of α2 can have a great
influence on the system to choose different stable equilibria.
Figures 5(a) and 5(b) show the results of r = 4.1, β = 4.65,
and r = 4.2, β = 4.55 for fixed α1 = 1 in the simplex S3 re-
spectively. From the figures, we can see that there are critical
combinations of (β ,r). For these combinations, the value of
α2 can change the stochastic stable equilibrium of the system.

Figure 5(c) shows the effects of different values of α2 on
the limit probabilities with which the system chooses different
states (i,0,20− i) (i= 0,1,2, . . . ,20), when the system reaches
the “C+P” states with probability one. In this figure, the ver-
tices C, D, P of the simplex correspond to the three extreme
states of (20,0,0), (0,20,0), and (0,0,20) respectively. It can
be seen from the figure that when α2 increases, the limit prob-
abilities of the system selecting (i,0,20− i) states increase for
small i, and decrease for large i. The figure shows the skewing
of the states from vertex C to P on the PC edge of the simplex
(the coexistence of the P and C strategies). Thus, the increase
of α2 will increase the proportion of the punishment strategy
when the system chooses the “C+P” states with probability
one.

According to Figs. 2–5, the conclusions can be drawn
as follows. (i) The first-order costly punishment can change
the evolutionary dynamics and equilibria of the public goods
game, and it can promote cooperation only if both the punish-
ment intensity and the return on investment are large enough.
(ii) On the basis of the first-order punishment, the further im-
position of the second-order punishment cannot change the
evolutionary dynamics of the system dramatically, but only
change the probability with which the system selects the ex-
act equilibrium points in the “C+P” states. The second-order
punishment has a limited role in promoting the cooperation
in most cases, except for some critical combinations of (β ,r).
(iii) When the system chooses “C+P” states with probabil-
ity one, the increase of the punishment probability under the
second-order punishment will further increase the proportion
of the punishment type strategies.

4. Conclusions
In this paper, we introduce two types of costly punish-

ment strategies in the traditional public goods game. Con-
sidering continuous noise in the strategy evolution process, a

stochastic dynamic model in a finite size population is estab-
lished. The evolution of the system is described as a continu-
ous and finite state multidimensional Markov process. We an-
alyze the stochastic stable state of the evolutionary system by
the limit distribution of the Markov process. The influences of
parameters such as the return on investment coefficient, pun-
ishment intensity, and punishment probability on the coopera-
tive behavior of the population are studied under the first and
second order punishment respectively. Unlike the most com-
monly used replicator dynamic models in infinite populations,
the equilibrium state based on the Markov process is stochas-
tically stable, and it does not depend on the initial state of
the system. Unlike the Moran process based model in finite
populations, the model proposed in this paper is applicable
to all possible states, while the Moran process using the fixa-
tion probability can only analyze the probabilities of extreme
states that all individuals choose the same strategy. Therefore,
the model in this paper has strong adaptability. The analysis
framework can also be applied to many other cases.
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