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Distance-based formation tracking control of multi-agent systems
with double-integrator dynamics*

Zixing Wu(吴梓杏), Jinsheng Sun(孙金生)†, and Ximing Wang(王希铭)
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This paper addresses the distance-based formation tracking problem for a double-integrator modeled multi-agent
system (MAS) in the presence of a moving leader in d-dimensional space. Under the assumption that the state of leader can
be obtained over fixed graphs, a distributed distance-based control protocol is designed for each double-integrator follower
agent. The protocol consists of three terms: a gradient function term, a velocity consensus term, and a leader tracking term.
Different shape stabilizing functions proposed in the literature can be applied to the gradient function term. The proposed
controller allows all agents to both achieve the desired shape and reach the same velocity with moving leader by controlling
the distances and velocity. Finally, we analyze the local asymptotic stability of the equilibrium set with center manifold
theory. We validate the effectiveness of our approach through two examples.
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1. Introduction
Over the past decade, formation control of MAS is an ac-

tive research area in cooperative control and robotics due to its
widespread applications in a variety of areas, such as satellite
formation flying, search missions using flying agents, coopera-
tive transportation, sensor networks, and so forth.[1,2] The aim
of multi-agent formation control is to drive a group of agents
to achieve and to maintain a desired graphic pattern with (or
without) references.

As reviewed in Ref. [3], the existing control strate-
gies for multi-agent formation control can be classified
into position-based, displacement-based, and distance-based
strategies. Among these formation strategies, distance-based
control strategy assumes that agents sense and control the rel-
ative distance of their neighboring agents, which allows the re-
duced requirements for the sensing capabilities for each agent.
In other words, compared with the other two strategies, the
main advantages of the distance-based control lie in that agents
need less global information and do not require expensive sen-
sors.

We focus only on works based on distance-based forma-
tions in this paper. A gradient control law based on the po-
tential function was proposed in Refs. [4] and [5], and the tar-
get undirected formation was defined by a set of inter-agent
distances. After that, the authors in Ref. [6] extended the re-
sult in Ref. [5] to n-dimensional space and proposed gradient-
based formation controllers for single-integrator and double-
integrator modeled agents. A unified approach formation con-
troller with general forms of gradient functions was devel-
oped in Ref. [7] to guarantee the exponential stability of the

distance-based rigid formation control MASs. In Ref. [8],
the authors considered the formation tracking problem un-
der a rigidity framework for single-integrator modeled MAS.
Among the aforementioned literature, one common feature is
that the controllers employ objective functions to share shape
control tasks between agents. Designing a potential function is
a good way to show the constraint relation between each agent
in the formation and easy to achieve real-time control.

Note that the results above primarily concentrate on the
ideas of distance-based formations for single-integrator mod-
eled agents. The research on distance-based control of double-
integrator modeled agents has attracted attention, but most of
them require the velocities of agents to decay to zero (e.g.,
Refs. [6] and [9]). Motivated by the pioneering work,[10]

recent papers[11,12] combined the flocking strategy and the
distance-based shape control strategy so as to show that the
desired formation of double-integrator modeled agents can be
achieved while all agents share a common velocity. As listed
in Table 1, the distance-based formation for single-integrator
modeled MAS are optimally solved via a gradient function
that depends on formation distance error systems, and then
the results can be extended to double-integrator modeled MAS
by adding velocity attenuation or consensus term. It should
be pointed out that the extension to distance-based forma-
tion tracking control has not been addressed in the litera-
ture. Motivated by the fact that formations in movement have
more practical applications in various areas such as security
patrols,[23,24] the formation tracking control problem will be
considered in this paper.

Therefore, the motivation is to develop a new formation
*Project supported by the National Natural Science Foundation of China (Grant No. 61603188).
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tracking control strategy with a gradient function for follow-
ers. The gradient function will be considered as a general form
which can encompass the most distance-based shape stabiliz-
ing controllers with different forms proposed in the literature.
The main contributions of this paper can be summarized as
follows. Firstly, a procedure to design distance-based control
laws for the formation tracking problem will be constructed.
We will give a characterization of shape stabilizing gradient
functions for undirected distance-based formation and list the
required conditions for distributed gradient-based controllers
over a given undirected graph 𝒢. Hence if there exists a poten-
tial function which satisfies the qualifications, the correspond-
ing controller can achieve formation tracking. The recent find-
ings in Table 1 will be extended to agents modeled by double

integrator dynamics with a moving leader. Also, a novel con-
trol function will be illustrated and validated. Secondly, to ad-
dress the problem of motion and formation control as a whole,
we will propose a strategy based on the gradient method to de-
sign a motion not only in a plane but also in three-dimensional
(3D) space. The asymptotic stability of the double-integrator
MAS with a leader under the proposed distributed controller
will be investigated. The LaSalle invariance principle will be
employed to analyze the equilibrium set. Since the equilibrium
set is not uniquely defined, the center manifold theory will be
used to determine the stability when linearizing an equilibrium
point, such that the distance-based formation control with a
leader is solvable.

Table 1. Review of distance-based undirected formation with gradient-flow method.

System model Objective function V References

Single-integrator

1
2

∑(i, j)∈ε (‖qi −q j‖2 −d*
i j)

2 [4], [5], [18], [19]

1
4

∑(i, j)∈ε (‖qi −q j‖2 −d*
i j)

2 [13], [16], [17], [21]

1
2

∑(i, j)∈ε

‖qi −q j‖2 −d2
i j

‖qi −q j‖2 [14]

∑(i, j)∈ε

(‖qi −q j‖2 −d2
i j)

2

‖qi −q j‖2 [15]

1
2(α +1)

∑(i, j)∈ε |‖qi −q j‖2 −d2
i j|1+α [20]

Double-integrator

1
2

∑(i, j)∈ε (‖qi −q j‖2 −d*
i j)

2 +
1
2

∑i∈𝒱 ‖pi‖2 [4], [5], [6]

1
4

∑(i, j)∈ε (‖qi −q j‖2 −d*
i j)

2 +
1
2

∑i∈𝒱 (pi − pr)
T(pi − pr) [21]

1
4

∑(i, j)∈ε (‖qi −q j‖2 −d*
i j)

2 +
1
2

∑i∈𝒱 ‖pi‖2 [22]

This paper is organized as follows. Section 2 recalls some
basic concepts on graphs and shape control. Section 3 formu-
lates the main problem to be addressed. In Sections 4 and 5,
detailed analysis on the proposed controller and stability of the
formation tracking algorithm are provided, respectively. Sec-
tion 6 presents two sets of simulation examples to demonstrate
the controller performance. A conclusion is then given in Sec-
tion 7.

2. Preliminaries
2.1. Basic concepts in graph theory and rigidity theory

An undirected graph with n agents and m edges is denoted
by 𝒢 = (𝒱,ε) with nonempty node set 𝒱 = {1, . . . ,n} and
edges set ε ⊂ 𝒱 ×𝒱 . j is called a neighbour of i if (i, j) ∈ ε ,
and the neighbor set of node i is denoted by 𝒩i = { j|(i, j)∈ ε}.
The weighted adjacency matrix 𝒜 = [ai j] ∈ Rn×n associated
with 𝒢 is defined such that ai j is a positive weight if (i, j) ∈ ε ,
and ai j = 0 otherwise. For an undirected graph, ai j = a ji, ∀i ̸=
j. The Laplacian matrix of 𝒢 is defined as 𝐿n = [li j] ∈ Rn×n,

where lii = ∑
n
i=1 ai j, li j = −ai j, i ̸= j. Note that if ( j, i) /∈ ε

then li j =−ai j = 0.
Consider n single-integrator modeled agents in d-

dimensional space

q̇i = ui, i ∈ 𝒱, (1)

where qi ∈ Rd and ui ∈ Rd denote the position and control in-
put, respectively, of agent i with respect to a global coordinate
system.

A graph that has a unique realization cannot be suscepti-
ble to continuous flexing and must be rigid.[25] A detailed dis-
cussion of graph rigidity can be found in Ref. [25]. One useful
tool to characterize some other concepts related to graph rigid-
ity is the rigidity matrix Jgq(q). We define the rigidity function
associated with the framework (𝒢,q) as the function g𝒢(q):
Rdn → Rm given by

g𝒢(q) =
1
2
[
. . . ,z2

ki j, . . .
]T

(i, j) ∈ ε. (2)

The k-th component of g𝒢(q), ‖qi − q j‖2, coincides with the
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relative distance for the k-th edge zki j = ‖qi −q j‖, which con-
nects agents i and j. The Jacobian of function g𝒢(q) is the
gradient of g𝒢(q) and we denoted it by Jg𝒢 (q)= ∂ (g𝒢(q))/∂q.
The matrix Jg𝒢 (q) is referred to as the rigidity matrix of (𝒢,q).

Lemma 1 [26] A framework (𝒢,q) is infinitesimally rigid
in n-dimensional space if and only if

rank
(
J𝒢q(q)

)
= dn−d(d +1)/2. (3)

Let q* ∈ Rdn be given. Let d*
i j : = ‖q*j − q*i ‖ and ei j :

= ‖qi − q j‖2 − d*2
i j denote, respectively, the desired distance

and distance error of edge k which links the agents i and j in
graph 𝒢. The desired formation frame can be defined as a set
of inter-agent distance realizations that are related to q*:

Eq* : = {q ∈ Rdn : ‖q j −qi‖= d*
i j,(i, j) ∈ ε}.

Then, the distance-based formation shape control problem of
the single-integrator (1) MAS is equivalent to designing a de-
centralized control law such that Eq* is asymptotically stable
under the control law.

The gradient-based method is widely used to achieve the
desired formation Eq* . One can construct a local potential
function Vi for agent i:

Vi =
1
2 ∑

j∈𝒩i

ψi j(‖q j −qi‖), (4)

where the function ψi j is defined as follows.
Definition 1 The function ψi j is a differentiable, nonneg-

ative function of ‖qi−q j‖ satisfying the following conditions:
(i) ψi j(ei j) = 0 when ‖qi − q j‖ is equal to the desired

distance d*
i j, and ψi j > 0 for all ei j ̸= 0;

(ii) ψii = c for i = 1, . . . ,n, where c is a positive constant.
Define

ρi j : =
∂ψi j(ei j)

∂ei j
. (5)

Note that ρi j = ρ ji, for all (i, j) ∈ 𝒱, i ̸= j. Thus, the potential
function V can be regarded as a common objective function
which is employed to share a task between agents. The gen-
eralized gradient control law for the single-integrator (1) takes
the following form:

ui = −∇qiVi = −1
2 ∑

j∈𝒩i

∂ψi j(ei j)

∂ei j

∂ei j

∂qi

= − ∑
j∈𝒩i

(qi −q j)ρi j, i ∈ 𝒱. (6)

Each agent may take different potential function ψi j by con-
trolling inter-agent distances to achieve an anticipated target
formation, which means that the function ρi j in controller (6)
can take different forms. Some typical gradient-based control
laws proposed in the literature are summarized in Table 1. The
most commonly-used controller takes the following form

ui =− ∑
j∈𝒩i

(qi −q j)(‖q j −qi‖2 −d*2
i j ), (7)

where the potential function in the form of ψi j = (1/2)e2
i j and

ρi j is in the form of ρi j(ei j) = ei j.

3. Problem statement
3.1. Agent dynamics

Consider that the MAS consists of n double-integrator
modeled agents and an additional agent labeled n+ 1, which
acts as the collective objective or the unique leader of the
team. For ease of development, let the first n agents indexed
by 1,2, . . . ,n be the followers and the agent indexed by n+ 1
be the team leader. The motion of follower i is given by

q̇i = pi, ṗi = ui, i ∈ 𝒱, (8)

where qi ∈Rd , pi ∈Rd , and ui ∈Rd denote the position, veloc-
ity, and control input, respectively, of follower i with respect to
a global coordinate system. The motion of the leader is given
a priori as a reference, and it is assumed that the velocity of
the leader is piecewise continuously differentiable,

q̇r = pr, ṗr = ur(qr, pr). (9)

The pair (qr, pr) ∈ Rd ×Rd is the state of the leader. The se-
lection of ur(qr, pr) is part of the tracking control design for
the collective objective of a group of followers. The choice of
ur leads to a corresponding motivation. For example, ur ≡ 0
means the leader moves along a straight line with the desired
velocity pr(0).

3.2. The distance-based formation tracking control prob-
lem

Denote by 𝒢n+1 , (𝒱,ε) the interaction topology among
n+ 1 agents. Similarly, 𝒜n+1 and Ln+1 are, respectively, the
adjacency matrix and the Laplacian matrix associated with
𝒢n+1. Furthermore, the Laplacian matrix of graph 𝒢n+1 can
be written as follows:

𝐿n+1 : =
[
𝐿n 𝐿12
𝐿21 𝐿22

]
, (10)

where 𝐿12 ∈𝑅n×1, 𝐿21 ∈ R1×n, and 𝐿22 ∈ R1×1.
Let p* ∈ Rdn be given and define the desired formation

Eq*,p* for followers (8) as

Eq*,p* : = {[qT, pT]T ∈ R2dn : ‖q j −qi‖= d*
i j, p = 0,(i, j) ∈ ε}.

Denote the desired distance and the distance error between
the leader and follower i as: d*

ir : = ‖q*i − qr‖ and eir : =
‖qi − qr‖2 − d*2

ir , respectively. In order to achieve the goal
of tracking the leader while maintaining the relative inter-
follower position, it is assumed that each follower can detect
the relative position of the leader, thus agents in target forma-
tion should satisfy the following constraints.

1) Inter-follower positions: ‖q j −qi‖= d*
i j, ∀ (i, j) ∈ ε;
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2) Follower-to-leader positions: ‖qi − qr‖ = d*
ir, ∀ i ∈

𝒱 .
Let

p =
[
pT, pT

r
]T ∈ Rd(n+1), q =

[
qT,qT

r
]T ∈ Rd(n+1),

if the real formation q(t) converges to the target formation
q*(t), the desired formation pattern can be simultaneously
achieved. The control objective is to design the suitable con-
trol laws for followers to drive ei j(t) = ‖qi − q j‖2 − d*2

i j → 0
and velocity error pi(t)− pr(t) → 0 as t → ∞. For a given
realization

q * =
[
q*1

T . . .q*n
Tq*r

T]T ∈ Rd(n+1),

we define the desired formation

Ω =
{[

qT pT ] ∈ R2d(n+1) : ‖q j −qi‖
= d*

i j, pi = pr, i, j ∈ 𝒱
}
. (11)

In this paper, the control objective for a group of double-
integrator modeled agents is to achieve a formation that sat-
isfies a given set of desired distance constraints and moving
with the leader. Before starting the main problem, we list the
assumption as follows.

Assumption 1 In the framework of the formation track-
ing problem, the tracking objective defined by the leader is
given in advance, which is global information. The sensing
graph of the n followers and the leader is given by an undi-
rected graph 𝒢n+1.

Then, the distance-based formation tracking control prob-
lem is stated as follows.

Problem 1 For n double-integrator followers (8) and a
leader modeled with Eq. (9) in the d-dimensional space. Given
a realization p* ∈ Rd(n+1), satisfying Assumptions 1, design a
suitable distributed tracking control law on the basis of the tar-
get formation q* and reference motion in Eq. (9) such that Ω

is asymptotically stable under the control law.

4. Distance-based distributed formation track-
ing control law

4.1. Description of the desired formation tracking control
law

We employ the gradient control laws and construct dis-
tance potential functions for stabilizing rigid formation shapes.
To achieve the tracking control target, the control input for fol-
lower i ∈ 𝒱 can be divided into three terms

ui = f g
i + f c

i + f r
i , (12)

where f g
i is a gradient-based term, f c

i is a velocity consen-
sus term, and f r

i is a tracking term that acts as a navigational
feedback due to the leader, respectively. More specifically, the
details are as follows.

i) The gradient-based control term can be constructed as

f g
i =−kq∇qiVi =−kq ∑

j∈𝒩i

ρi j(qi −q j), (13)

where kq is a positive constant, and ρi j is defined in Eq. (5).
ii) For each agent, the velocity consensus equation, defin-

ing how the neighbor of each agent influences and changes its
velocity, is

f c
i =−kp ∑

j∈𝒩i

ai j(pi − p j), (14)

where kp is a positive constant.
iii) The tracking term f r

i is considered as a navigational
feedback, which is given by

f r
i = ur − c1(qi −qr)ρir − c2(pi − pr), (15)

where c1, c2 are positive constant control gains and ρir =

∂ψir/∂eir is a gradient function regarding the distance error
between leader and followers with eir = ‖qr −qi‖2 −d*2

ir . The
accelerated velocity of leader ur is globally known.

Remark 1 The velocity consensus term f c
i can be written

in a matrix form, which is

f c =−kpℒn p. (16)

where ℒn = Ln ⊗ Id and ⊗ denotes the Kronecker product.
Remark 2 The potential function V , defined in Eq. (4),

can be regarded as a common objective function which is em-
ployed to share a task between agents. The gradient-based
term in Eq. (13) is to achieve the shape control between the
followers. Besides the potential functions in the existing work
shown in Table 1, other types of potential function for forma-
tion shape control can be constructed. For example, one can
consider the following gradient-based controller

f g
i =− ∑

j∈𝒩i

(qi −q j)tanh(‖q j −qi‖2 −d*2
i j ). (17)

In this case, the function ρ is constructed as

ρi j = tanh(ei j), (18)

which is continuously differentiable and strictly monotone.

4.2. Collective dynamics

To facilitate the subsequent analysis, we use the follow-
ing artificial potential function to show the sum of energy of
all agents and the leader:

Qi(q) = kqVi + c1Vri

= kq ∑
j∈𝒩i

ψ(ei j)+ c1 ∑
(i,n+1)∈ε

ψ(eir). (19)

Then, the controller (12) can be expressed as

ui = ur −∇qiQi(q)− kp ∑
j∈𝒩i

ai j(pi − p j)− c2(pi − pr). (20)

Let the following vector Φ be the gradients of potential
functions of edges
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Φ(e) = [kqρ1(e1),kqρ2(e2), . . . ,kqρm(em),c1ρm+1(e1r), . . . ,c1ρl(enr)], (21)

where m and l are the numbers of edges in graph 𝒢 and 𝒢.
Noting that

∂ψk(ek)

∂qi
= ρk(ek)

∂ek

∂qi

and combining the expression of Q(x) with the rigidity matrix
Jg𝒢 (q), one can derive the following form of the overall shape
controller

∇Q(q) = kq∇qV (q)+ c1∇qVr(q) = Jgq(q)
T

Φ(e). (22)

Then, the MAS model combining the controller (12) can
be written as

q̇ = p,

ṗ = ur −
([

𝐿n 𝐿12
0 0

]
⊗ Id

)
p−
[

Idn 0
0 0

]
∇Q(q).

(23)

The system (23) is aligned to a global system. However,
followers do not necessarily know the origin of the global co-
ordinate system. One can further transform the origin into a
moving frame according to the leader. The position and veloc-
ity of follower i in the moving frame are given by{

xi = qi −qr,

vi = pi − pr.
(24)

Let qi j = qi − q j and xi j = xi − x j. The relative posi-
tions and velocities remain the same in the moving frame,
i.e., xi j = qi j, v j − vi = p j − pi. Thus, ei j(qi j) = ei j(xi j) and
v̇i = ui −ur.

Using the control protocol (12) in the moving frame, the
closed-loop MAS can be expressed as

ẋi =vi,

v̇i =− kq ∑
j∈𝒩i

∇xiψ(ei j(xi j))− c1∇xiψ(eir(xi))

− kp ∑
j∈𝒩i

ai j(vi − v j)− c2vi.

(25)

The system is converted to a matrix form:{
ẋ = v,

v̇ =−kq∇Ṽ (x)− kpℒnv− c1∇Ṽr(x)− c2v,
(26)

where x ∈ Rdn and v ∈ Rdn are respectively the stacked vec-
tors of all xi and vi. Similarly, the collective potential functions
satisfy Ṽi(xi j) =Vi(qi j) and Ṽri(xi) =Vri(qir), respectively.

Let
Q̃(x) = kqṼ (x)+ c1Ṽr(x), (27)

then the collective dynamics of agents can be decomposed as
the following structural dynamics:{

ẋ = v,

v̇ =−∇Q̃(x)−Dv,
(28)

where D = c2Idn + kpℒn.

5. Stability analysis

5.1. Equilibrium set

Before presenting the result on the stability analysis
of distance-based formation behavior under control algo-
rithm (12), we define the Hamiltonian function of system (25)
as

H(x,v) = 1/2(Q̃(x)+K(v)),

where K(v) = ∑i ‖vi‖2 is a velocity mismatch function. Note
that H(x,v) is a nonnegative valued function. Then, we present
the following theorem which summarizes the stability analysis
result.

Theorem 1 Consider a group of double-integrator agents
in the form of Eqs. (8) and (9), and apply the tracking control
law (12) to the structural dynamics (25). Suppose that Q̃(x(0))
and K(v(0)) are finite. Ωc = {(x,v) : H(x,v) ≤ c} is defined
as a level-set of Hamilton function H(x,v) of system (28) such
that for any solution starting in Ωc the agents achieve the target
formation in t > 0. Then, the following statements hold.

(I) All agents asymptotically move with the same veloc-
ity.

(II) Almost all solutions of system (25) asymptotically
converge to an equilibrium point x*

λ
, where x*

λ
is minima of

Q̃(x).

Proof Part (I) Note that by Eq. (27), we have

∇x

(
1
2

n

∑
i=1

Q̃i

)
=

n

∑
i=1

(kqvT
i ∇xṼi(xi j)+ c1vT

i ∇xṼri(xi)).

Hence, the Hamilton H(x,v) = 1/2(Q̃(x)+K(v)) of structure
dynamics (28) is a strictly dissipative particle system due to
the fact that

Ḣ(x,v) =
1
2

n

∑
i=1

˙̃Qi +
n

∑
i=1

vT
i v̇i

= −vT[(c2In +𝐿)⊗ Id ]v ≤ 0 (29)

for all v ̸= 0. Therefore, the structure energy function is mono-
tone decreasing for all (x,v) and its maximum value equals to
its initial value

H(x,v)≤ H0 : = H(x(0),v(0))< ∞.

This means that H(x(t),v(t)) ≤ c for all t ≥ 0. Thus, one has
that

{[
xT,vT

]
∈ R2dn : H ≤ H0

}
is a compact invariant set.
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From LaSalle’s Invariance principle, all the solutions of struc-
ture dynamics (28) starting from Ωc converge to the largest
invariant set in {(x,v) ∈ Ωc : Ḣ = 0}. From Eq. (29), we have

Ḣ(x,v) =−vT[(c2In +𝐿)⊗ Id
]
v, (30)

where 𝐿 is a positive semi-definite matrix. Hence Ḣ = 0 is
equivalent to v = 0, which occurs only when

p1 ≡ p2 ≡ ·· · ≡ pn ≡ pr. (31)

Thus, all agents asymptotically match in the reference frame.
Part (II) From Eqs. (9) and (31), we see that, there holds

ṗ1 ≡ ṗ2 ≡ ·· · ≡ ṗn ≡ ṗr = ur(qr, pr), (32)

which implies that ui = ur(qr, pr) in steady state. It thus fol-
lows from Eqs. (20) and (19) that

∇qQ(q) = ∇xQ̃(x) = 0. (33)

This implies followers show that all trajectories coverage to
the set Ωc:

Ωc = {(x,v) : ∇xQ̃(x) = 0,K(v) = 0}. (34)

If the solution of Eq. (33) starts at the equilibrium, which is
local maxima, the solution will be invariant at all times. Thus,
the configuration converges asymptotically to a fixed config-
uration that is an extremum of Q(q). This proves that almost
all solutions of the particle system asymptotically converge to
an equilibrium point (x*

λ
,0), where x*

λ
is a local minima of

aggregate potential function Q̃(x). �

Unfortunately, when ∇Q̃(x) = 0, the interagent distances
do not necessarily meet expectations, which means that the in-
variant set Ωc cannot amount to the target equilibrium set Ω

(shown in Eq. (11)). The desired formation Ω in Eq. (11) can
be presented as

Ω1 : = {(x,v) : e(x) = 0 v = 0}
≡ {(q, p) : Φ(e(q)) = 0 pi = pr}. (35)

These are not the only equilibria of Eq. (28). Since ∇Q(q) =
Jgq(q)

TΦ(e(q)), there is a larger set of equilibria

Ω2 : = {(q, p) : Jgq(q)
T

Φ(e(x)) = 0 v = 0}. (36)

The matrix Jgq(q) = Jgx(x) has a kernel if and only if
rank(q)< d, that is, some edges zki j = ‖qi −q j‖= 0. Hence,
if a point q is an equilibrium in Ω2, for all i ∈ 𝒱 , then one has
that ‖zki j‖= d*

i j or ‖zki j‖= 0.
Remark 3 Actually, for different initial conditions, the fi-

nal formation can be flipped over, as shown in Fig. 1. Since the
target formation cannot be uniquely defined only by interagent

distances, the formation control system exists in multiple equi-
librium orbits. Thus, due to the realization of flip formations,
in general, Ω2 ̸= Ωc. Obviously, we have Ω1 ⊂ Ω2 ⊂ Ωc.

It should also be mentioned that if the agents are ini-
tialized on a collinear configuration in two-dimensional (2D)
space, or on a coplanar configuration in 3D space, then they
remain collinear or coplanar. These realizations and the flip
vision are described as degenerate equilibrium in Ref. [11].
These extra equilibria are not expected. In this paper, since we
focused on the local convergence of a gradient-based system,
it is feasible to avoid the degenerate equilibrium by assuming
that the initial formation is closer to the target formation than
the degenerate equilibrium.

4

1 2

3

1

4

3

2

(a) (b)

Fig. 1. Flipped situation for the fixed topology with four agents and of five
edges.

Remark 4 In the formation tracking control problem, the
leader-follower technique consists of specifying one or several
leader agents and several followers. Specifically, there are the
following three situations. Firstly, there may be one single
leader which specifies the trajectory for the formation and the
rest are set to follow the leader. The single leader is given in
advance and is defined as global information. This situation is
studied in this paper. Secondly, there is more than one agent
acting as leaders. If the motion of leaders is given a priori as a
global reference, the controller for followers in this paper can
also handle the formation tracking task. Moreover, if only a
subset of agents can have access to the objective, the desired
motion can be regarded as a virtual leader. When only a frac-
tion of agents are informed, the distance-based controller in
this paper still enables all the informed agents and the unin-
formed agents to move with the desired motion by changing
the tracking-term in Eq. (15) as

f r
i =−bi[c1(qi −qr)ρir − c2(pi − pr)], (37)

where bi = 1 if agent i is informed and bi = 0 otherwise. Anal-
ogously, modify the sum of total artificial potential energy in
Eq. (19) as

Qi(q) = kq ∑
j∈𝒩i

ψ(ei j)+bic1 ∑
(i,n+1)∈ε

ψ(eir). (38)

Let

𝐵(t) =


b1 0 · · · 0
0 b2 · · · 0
... 0

. . .
...

0 · · · 0 bn

 . (39)
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The Hamilton function holds the following equation

Ḣ(x,v) =
1
2

n

∑
i=1

˙̃Qi +
n

∑
i=1

vT
i v̇i

= −vT[(c2𝐵(t)+𝐿)⊗ Id ]v ≤ 0. (40)

Thus all agents asymptotically move with the same velocity of
the virtual leader. The proof is omitted here, as it follows a
similar process to Theorem 1.

5.2. Stability analysis of formation

In the following, we concentrate on the analysis of
asymptotic stability of the set Ω1. In this section, we first
briefly introduce some basic concepts in center manifold the-
ory that could be used to determine the stability of a nonlinear
system when linearizing an equilibrium point. More details
are available in Ref. [28]. We then consider the corresponding
stability analysis using the center manifold theory.

Consider a system in normal form{
θ̇ =𝐴θ + f1(θ ,ρ),

ρ̇ =𝐵ρ + f2(θ ,ρ),
(41)

where θ ∈ Rk, and ρ ∈ Rv−k. 𝐴 is a matrix having eigenval-
ues only on the imaginary axis, 𝐵 is a matrix having eigen-
values with negative real parts, and the functions f1(θ ,ρ)

and f2(θ ,ρ) satisfy f1(0,0) = 0, f2(0,0) = 0, J f1(0,0) = 0,
J f2(0,0) = 0, where J f (x) denotes the Jacobian of f (x) evalu-
ated at a point x. An invariant manifold ℳ is a center manifold
for Eq. (41) if it can be locally represented as

ℳ : = {(θ ,ρ) ∈ 𝒰 : ρ = h(θ)}, (42)

where 𝒰 is a sufficiently small neighborhood of the origin,
h(0) = 0 and Jh(0) = 0.

It can be shown that a center manifold always exists and
the dynamic (41) restricted to the center manifold are

ε̇ =𝐴ε + f1(ε,h(ε)),ε ∈ R(v−k). (43)

The stability of the system (41) can be analyzed from the
dynamics on the center manifold using the following lemma.

Lemma 2[27] If the origin is stable under Eq. (43), then
the origin of system (41) is also stable. Then if (θ(t),ρ(t))
is a solution of Eq. (41) starting with a sufficiently small
(θ(0),ρ(0)), there is a solution of Eq. (43) such that as t → ∞{

θ(t) = ε(t)+O(e−γt),

ρ(t) = h(ε(t))+O(e−γt).
(44)

Next, it can be shown that the set of correct equilib-
ria is locally exponentially stable by using center manifold
theorem. Define the matrix 𝑇 ∈ Rdn×d(n+1) as x = 𝑇 q and

v = 𝑇 p. From the definition of matrix 𝑇 , it can be found that
rank(𝑇 ) = dn.

The set of correct equilibrium points can be written as

Ω̂1 = {(z,v) : ‖zki j‖= d*
i j and vi = 0}. (45)

The advantage of using Ω̂1 rather than Ω1 in the ensuing
stability analysis is that Ω̂1 is a compact set.

Consider Eq. (28) and define F(x,v) as[
ẋ
v̇

]
=

[
v

−Dv−∇Q̃(x)

]
: = F(x,v). (46)

Then by linearizing Eq. (46) at a point in Ω̂1, one has[
ẋ
v̇

]
=

[
0 Idn

−Jgx(x)
TJgx(x) D

][
x
v

]
: = JF(x,v)

[
x
v

]
, (47)

where Jgq(q)= Jgx(x)𝑇 . Thus, rank(Jgq(q))= rank(Jgx(x)𝑇 ),
which implies that

rank(Jgq(q))6min{rank(Jgx(x)), rank(T )}.

According to Lemma 1, the framework (G,q) is infinitesimally
rigid, we have that

dim(Ker(Jgx(x))) =

{
2n−1, d = 2,

3n−3, d = 3.
(48)

Thus, Ker(Jgx(x)) = Ker(Jgx(x)
TJgx(x)) = d(d −1)/2, which

means that Jgx(x)
TJgx(x) has d(d −1)/2 eigenvalues.

Next, it can be shown that JF(x,v) in Eq. (47) has d(d −
1)/2 zero eigenvalues and the rest have negative real parts.
The proof is omitted here, as it follows a similar idea to the
proof of Lemma 5 in Ref. [10].

We are now in a position to give the main result.
Theorem 2 Suppose framework (𝒢,q) is infinitesimally

rigid. Consider the double-integrator model in the form of
Eqs. (8) and (9), and the transformation to the moving frame in
Eq. (24). Let the potential function Q̃(x) be defined as Eq. (27)
in system (46). Then Ω̂1 defined in Eq. (45) is locally asymp-
totically stable. Moreover, there exists a neighbourhood 𝒩0 of
the set Ω̂1 such that any trajectory of (x(t),v(t)) starting in 𝒩0

converges to a point in Ω̂1.
Proof To prove that equation (45) is locally asymptoti-

cally stable we define ẑ : = [xT,vT]T and consider the dynam-
ics of (x(t),v(t)). Note that there exists an orthonormal trans-
formation K such that KJF(x,v)K−1 is in block diagonal form
with zero for the first d(d−1)/2 terms. Rewrite the ẑ dynamic
near a point ẑ0 in Ω̂1 as

˙̂z = JF(ẑ0)ẑ+(F(ẑ)− JF(ẑ0)ẑ). (49)

Define (θ ,ρ) = Kẑ. Then it is easily verified that the
(θ ,ρ) dynamics have the following form{

θ̇ = h1(θ ,ρ),

ρ̇ = Asρ +h2(θ ,ρ).
(50)
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Without loss of generality, we assume that ẑ0 = 0.
Then h1(θ ,ρ) and h2(θ ,ρ) in Eq. (50) satisfy h1(0,0) = 0,
h2(0,0) = 0, Jh1(0,0) = 0, and Jh2(0,0) = 0. Moreover, one
has that ℳ̂ = {(θ ,ρ) : (θ ,ρ) = Kẑ and ẑ ∈ Ω̂1} is a center
manifold for Eq. (50) because ℳ̂ is invariant as well as it con-
sists of equilibria of Eq. (50) and is tangent to the center sub-
space of Eq. (50) at the origin. The proof is similar to Ref. [4].

Since ℳ̂ is an equilibrium manifold, there exists a func-
tion h(θ) such that

ℳ̂∩𝒩0 = {(θ ,ρ) : ρ = h(θ)}

in a neighborhood 𝒩0 of ẑ0. On the other hand, one has that
h1(θ ,h(θ)) = 0 on 𝒩0. Thus, the dynamics restricted to ℳ̂
are ξ̇ = 0. Applying Theorem 1, the solutions for (θ ,ρ) start-
ing in 𝒩0 are {

θ(t) = ε(t)+O(e−γt),

ρ(t) = h(ε(t))+O(e−γt).
(51)

Therefore, limt→∞(θ ,h(θ)) = (ε(0),h(ε(0))) ∈ ℳ̂,
which implies that ẑ converges to KT(ε(0),h(ε(0))) ∈ Ω̂1 ex-
ponentially fast. Then q(t) and p(t) converge to Ω̂1 exponen-
tially fast. �

In summary, the local stability of the formation implies
that if the agents experience small perturbations away from
an equilibrium formation, they can converge back to another
nearby equilibrium point in the target set.

6. Illustrative examples
In this section, two illustrative examples are provided to

verify the effectiveness of the proposed distance-based forma-
tion tracking control method for four double-integrator agents
in two-dimensional (2D) space and eight double-integrator
agents in three-dimensional (3D) space, respectively. The lo-
cal convergence of the formation system with the tracking con-
trollers is demonstrated.

Example 1 The sensing graph for all agents is illustrated
in Fig. 1. We assume that the desired distances are given by
d*

12 = d*
34 = 10, d*

14 = d*
23 = 5 and d*

24 = 5
√

5, which corre-
spond to a rectangular shape as Fig. 1(a). The initial positions
qi(0) for all agents are randomly perturbed from those of de-
sired formation q* by a random variable uniformly distributed
on [2,2]. The accelerated velocity is taken as ur = [1;1]. The
positive coefficients are chosen as kq = kp = c1 = c2 = 2. We
assume that for different edges the agents are taking different
forms of potential functions, as shown in Table 2 specifically.

Figures 2 and 3 show the interagent distance errors and
velocity errors of agents. The trajectories of all agents under
heterogeneous controller are depicted in Fig. 4.

Table 2. Selection for each edge of the cor-
responding potential function ρi j .

Edge Function ρi j

(1,2) ‖qi −q j‖2 −d*2
i j

(1,4)
‖qi −q j‖−d*

i j

‖qi −q j‖

(2,4)
‖qi −q j‖4 −d*4

i j

‖qi −q j‖4

(2,3)
‖qi −q j‖2 −d*2

i j

‖qi −q j‖2

(3,4) tanh(‖qi −q j‖2 −d*2
i j )
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Fig. 2. (color online) Asymptotic convergence of the distance errors for 2D
rectangular formation tracking control.
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Fig. 3. (color online) Asymptotic convergence of the velocity errors for 2D
rectangular formation tracking control.
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Fig. 4. (color online) The simulation on tracking control of a 4-agent rect-
angular formation shape.
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Example 2 In this example, the target formation shape
is considered as a cube formation with 8 agents in 3D space.
The length of the side and the diagonal line of the target cube
are designed as 5 and 5

√
2. We adopt the potential function

ρi j = tanh(‖qi −q j‖2 −d*2
i j )

proposed in Eq. (18). The initial positions are also given
as the same as those for the case in the 2D space. Here
kq = c1 = 4, kp = c2 = 2, and the accelerated velocity is given
by ur = [1,1,0.5]T. As depicted in Figs. 5–7, the formation q
converges to the target realization q*, and the interagent dis-
tance errors and velocity errors converge to zero.
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Fig. 5. (color online) Asymptotic convergence of the distance errors for 3D
cube formation tracking control.
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Fig. 6. (color online) Asymptotic convergence of the velocity errors for 3D
cube formation tracking control.
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Fig. 7. (color online) The simulation on tracking control of an 8-agent cube
formation shape in 3D space.

Remark 5 In distance-based formation control, forma-
tion shape control has been primarily concerned while re-
search on the formation tracking problem is scanty. This paper
is similar to the existing papers in Table 1 based on a gradient-
flow approach. Compared with recent work on a distance-
based formation tracking problem in Ref. [29], the proposed
controller is more general as the potential function proposed in
previous literature can be included in this controller (as shown
in Example 1). This enables a group of heterogeneous agents
to take different formation control strategies to achieve forma-
tion tracking. Note that the objective function in Ref. [29] is

V =
1
2 ∑
(i, j)∈ε

(‖qi −q j‖2 −d*
i j)

2, (52)

which is also experimented with edge (1,2) in Example 1
of this section. Under the same original conditions, positive
coefficients and objective function on the 2D plane, the con-
troller (20) performs better as shown in Ref. [29] because the
velocity consensus term in Eq. (14) improves the convergence
speed. Moreover, our formation tracking controller can be ap-
plied not only to a plane like Ref. [29], but also to the 3D
space.

7. Conclusion
We have investigated the distance-based formation track-

ing control for a group of double-integrator modeled agents. It
is assumed that the state of the leader is time-varying and all
agents with the leader communicate with each other accord-
ing to an undirected fixed topology. With the target forma-
tion defined by inter-agent distances, the formation tracking
controller is developed. The proposed controller can be de-
composed to three terms, where the gradient-based term with
potential function exhibited the formation target. Next, the
asymptotic stability of the system with the proposed control
law has been demonstrated. Two examples of the 2D plane
and 3D space are provided to illustrate the validity of the theo-
retical results. The research on time-varying graphs and global
stability analysis is ongoing.
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