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For a given truncated Painlevé expansion of an arbitrary nonlinear Painlevé integrable system, the residue with respect
to the singularity manifold is known as a nonlocal symmetry, called the residual symmetry, which is proved to be localized to
Lie point symmetries for suitable prolonged systems. Taking the Korteweg—de Vries equation as an example, the n-th binary
Darboux-Bécklund transformation is re-obtained by the Lie point symmetry approach accompanied by the localization of

the n-fold residual symmetries.
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1. Introduction

To understand an essentially nonlinear world, scien-
tists have established various integrable systems, such as
the Korteweg—de Vries (KdV) equation,!'?] the nonlinear
Schrodinger equation (NLS),*#! the sine-Gordon (SG) equa-
tion, 8! the Boussinesq equation, [ the Kadomtzev—Pedvia-
shvili (KP) equation,['°! and so on.

The symmetry approach is one of the most powerful
methods to study exact solutions of a nonlinear system no
mater whether the model is integrable or not. However, some
types of physically important solutions, for instance, the n-
soliton (n > 2) solutions of integrable systems, cannot be ob-
tained by means of the standard Lie point symmetry group
method. In order to conquer this difficulty, we will develop
a new method to change the situation for Painlevé integrable
models by introducing proper higher dimensional solution
spaces, so that the Darboux—Bicklund transformations (and
then the multiple soliton solutions) can be obtained from the
Lie point symmetry approach.

The Painlevé analysis is one of the best approaches to
study integrability of nonlinear systems. Its essential idea is
to study the analytic property, and thus, the residue with re-
spect to the singular manifold must be one of the most impor-
tant subjects for Painlevé integrable models. In fact, Newell,
Tabor, and Zeng have pointed out that the coefficient of ¢!
in the expansions for the dependent variables is related to new
functions, which are the “square” of the functions satisfying
Lax equations, and it is also a symmetry (usually it is named as
the square eigenfunction symmetry for the KdV-type systems
and the AKNS systems). In Ref. [11], we re-named these types

DOI: 10.1088/1674-1056/27/6/060201

of symmetries as residual symmetries because it is valid not
only for integrable systems but also for non-integrable mod-
els. There are no Lax pairs and then no eigenfunctions for
nonintegrable systems. Even for integrable systems, the non-
local symmetries may not be proportional to or derivatives of
the square eigenfunctions.

Recently, the nonlocal symmetries related to the in-
finitesimal forms of the Darboux transformation (DT) and/or
Bécklund transformations (BT) have been widely applied
to obtain quite general solutions of some important non-
linear systems such as the KdV equation,!'?l modified
KdV equation,!'3! Harry-Dym equation,!'*!31 Kawamoto

(6] Kadomtsev—

[19,20]

equation, Sawada—Kortera equation,!!”!

Petviashivili equation,'>!3] NLS equation, water
wave equation,?!! Burgers equation,/?>?3] and Broer—Kaup
system.!?* To find integrable properties and exact solutions
of Painlevé integrable systems, we need to localize the non-
local residue symmetries by introducing suitable prolonged
systems,lzs_zg] so that the n-th (Darboux—)Bicklund transfor-
mations can be obtained via the Lie point symmetry approach.

This paper is organized in the following way. In Sec-
tion 2, we first summarize the known facts related to the resid-
ual symmetries to several theorems for some Painlevé inte-
grable systems. The theorems are illustrated by some con-
crete examples. In Section 3, taking the KdV equation as an
example, we demonstrate that arbitrary numbers of residual
symmetries can be localized to establish finite transformations
which are equivalent to the second type of multiple Darboux—
Bicklund transformations. The last section is a summary and

discussion.
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2. Residual symmetries of Painlevé integrable
systems

It is known[?*=32] that for almost all integrable systems,
there are possible variants possessing the Painlevé property,
that is to say, they are Painlevé integrable. For the Painlevé in-
tegrable systems, for instance, a single component derivative
polynomial system, 33

P(u) = 0, (1)

there exists a truncated Painlevé expansion
a .
u=Yy ug"% )
i=0

for a positive integer o.
A symmetry of Eq. (1) is defined as a solution of its lin-
earized equation

dp
P'(u)c = limM

e=0 de =0 )

Substituting the truncated Painlevé expansion (2) into the orig-
inal nonlinear system (1), and then vanishing the coefficients
of different powers of ¢, we have the following theorem.

Theorem 1 (Residual symmetry theorem)

The residue of the truncated Painlevé expansion (2) with
respect to the singular manifold ¢, i.e., uy—_1, is a symmetry of
Eq. (1) with the solution u.

Poof Though it is a known fact as mentioned in Ref. [33],
we still write a proof procedure here for completeness. Sub-
stituting Eq. (2) into Eq. (1), we obtain

P =P (zo u,-¢"“>

P(uq) =0, &)
and
Pl(”a)”a—l =0, (6)

respectively. Comparing Egs. (5) and (6) with Egs. (1) and
(3), we find that u is a solution of the original model, and the
residue

0" =ug_y )

is a symmetry of Eq. (1) with respect to the solution u. The-
orem 1 is thus proved. |
It is also known that for Painlevé integrable system (1),

Ug = Ma(¢) (®)

transforms the original nonlinear system (1) to its Schwarzian

form
Pi(¢) =0. )]
The Schwarzian form (9) is invariant under the Mobious trans-
formation
ad +b
— bd 10
0= ora b (10)

which hints Eq. (9) possesses three symmetries, 6® = aj,
6® =b¢, and

c? =c19? an

To the best of
our knowledge, the residual symmetry (7) is just related to

with arbitrary constants aj, by, and cj.

the Mdbious transformation symmetry (11) by the linearized
equation of Eq. (8), i.e.,

0% = (ug)yo?, (12)

with Egs. (7) and (11), while the constant ¢ is different for
different models.

In many cases, the detailed forms of the residual sym-
metries can be simply fixed by the dimensional analysis. For
instance, if the nonlinear system (1) possesses the quasilinear
evolution form

up = aup + Py (U, uy, . .. uxe), 13)

for constants a, b, and ¢ < b, and the dimensional degree, J,
of 1/u is smaller than or equal to b (assuming the dimensional
degree of x is 1), then the residual symmetry of Eq. (13) reads

0" =cofs, (14)

where ¢ is a constant dependent on different models, hereafter
we drop out the indices o without loss of generality.

Some well-known concrete examples of Eq. (13) include
the KdV equation

Uy + Uy — 6uuy, =0, (15)

the SK equation
Uy = Uppery + 451710, + 15(utyy), = 0, (16)

the KK equation
Uy = Uerer + %Suum + ?uxuxx + ?uzux =0, (17

and the fifth order KdV equation
U = Uxoer T 30u3ux + 200ttty + 1001 - (18)

It is clear that for all these models, the dimensional degree of
1/u is 2, and thus, their residual symmetries are all given by

0" = =20y, 19)
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by dropping out possible trivial constant multiplications for
different models. In fact, many other types of important non-
linear systems, such as the Boussinesq equation

Upr + Unrx + 6(’/”/‘)())( =0, (20)
and the KP equation
(uts + trx + Ottty ) + sty = 0, 21

also possess the residual symmetry (19). In addition, it is easy
to determine that the constant ¢q in Eq. (11) is

=1, (§=2) 22)

for all the models listed in Egs. (15)—(21).

[25-28] that for some kinds of nonlocal sym-

It is known
metries, the localization procedure can be used such that the
nonlocal symmetries of the original nonlinear system become
local ones for a suitably prolonged system. It is interesting
that if the residual symmetry given by Eq. (14) is related to
the Mobious transformation symmetry (11), then we have the
following Bicklund transformation theorem:

Theorem 2 Bécklund transformation theorem

If the nonlinear system (1) possesses a Schwarzian form
and the residual symmetry (14) is related to the Mobious
transformation symmetry (11), then the model possesses the
Bécklund transformation

Ule) :u—i—?(ln(clef—l))xa, (23)
f
F(e)= =g 4

where {u, f} and {U(€g), F(€)} are all solutions of the non-
linear system (1) and its Schwarzian form.

Proof To prove the Bicklund transformation Theorem 2
is simply to solve the initial value problem

dlgie) — o (F(e)s, U0)=u, 25)
df;ie) =c\F(e)?, F(0)=f. (26)

It is quite trivial to see that the solution of Eq.(26) is just
Eq. (24), and substituting Eq. (24) into Eq. (25) yields Eq. (23)
immediately. Theorem 2 is thus proved. ]

Theorem 2 is known for various integrable systems. For
instance, according to Eqs. (19) and (22), the KdV, SK, KK,
fifth order KdV, Boussinesq, and KP equations possess a com-
mon Bicklund transformation Theorem 2 with ¢ = —2, ¢; =
1,and § = 2.

3. Multiple Darboux—-Bécklund transformations
of KdV equation related to n-fold residual
symmetries

The transformation

_ l (DX)CX
2 ¢,

1 2
—I—Z%—l 27

changes the KdV equation (15) to its Schwarzian form

S+C+A=0, Czﬂ Sz%—f ) (28)

O b 247

The residual symmetry of the KdV equation becomes a local
Lie point symmetry

0" = 2@y, (292)
o = ¢, (29b)
o8 =2g¢, (29¢)
o' =2(hp +¢°), (29d)
for the prolonged system

Uy + Uy + 6un, =0, (30a)

1 ¢XXX 1 ¢x2x
—= +-2 -2, (30b)

2 ¢ 497
8= 0x, (30c)
h=g.. (30d)
The finite transformation of the Lie point symme-

try [Egs. (292)—(29d)] is just the Theorem 2 of the last section.

Because the symmetry equation of a nonlinear system is
linear and the Schwarzian form of the original nonlinear sys-
tem possesses infinite solutions, we get infinite residual sym-
NES 1,2,.... For the KdV equation (15), the infi-
nite residual symmetries can be written as

metries

n
G;;‘ = _chi(pi,xx (€20
i=1

for arbitrary n, where ¢;, i = 1,...,n are all different solutions
of the Schwarzian KdV equation (28), namely, for different
A=A, L #Aj, Vi .

Similar to the n = 1 case, to find the finite transforma-
tions of Eq. (31), one has to introduce a suitably enlarged sys-
tem such that the nonlocal symmetry can be localized to a Lie
point symmetry. Fortunately, it is easy to deduce the following
localization theorem:

Theorem 3 Localization theorem

If {u, ¢;, gi, hi, i=1, 2, ..., n} is a solution of the
prolonged system

U + Uy + 6uuy, =0, (32a)
2
1 (Pi XXX 1 1,XX
U=—=— ——==— A, (32b)
2 ‘Pi,x 4 ¢3X
8i = Oix, (320)
hi=gix, i=1,..., n, (32d)

then the symmetry (31) is localized to a Lie point symmetry

n
o“=-2Y ch, (33a)
j=1

060201-3
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h; I _ 2
6% = ci? +Z : (A gf;t ; (33b) 0" = 2¢i (i + 8ic)- (35d)
; gzg/
s e For j # k, eliminating u from Eq. (32b) with i = k and
0% = 2¢igi0; + Z f/liij’ (33c)  Eq. (32b) with i = j, we obtain
J#i
hi — 9 (h.d, 2 ¢2 ¢',
o =ralhbite) Ojocee = 20 = 2)9j+ 23)”‘ +¢k’;j¢”" 397 G0
+39 ag+ SE g o N
iz 2 8igj(Ai = 2)) Substituting Eq. (35a) into Eq. (34b) with i = j and eliminat-

ing ¢; ia Eq. (36) yield
Proof To prove Theorem 3, the first step is to write down & 9juocx Via Eq. (30)y

the linearized system of the prolonged system as 0 cr(grhj — g j)z a7
S =
‘L u 4gjgk(hc—A;)?
o'+ op +6(uc"), =0, (34a)
0 i b Differentiating Eq. (37) with respect to x once and twice, re-
u ] o-xxx 1 GX (pl,XX)C . . . .
o = 5 2 spectively, immediately results in
24 o7
n lfpzxxo-& 1 ¢1 O l (34b) o8 = Ckwv (38)
2 9% 2 ¢ M= 2
o8 = o—)?f7 (34c) and
hi _ 58 j—
oi=o0¢,i=1,...,n (34d) 252 22
i ol = % | agg, 1+ ST STk (39)
: . . 2 8k8j(Ax = 4;)
In Theorem 3, there are n independent but similar symmetries
related to ¢x #0,¢; =0,Vj#k andk=1,2, ..., n. After taking the linear combination of the above results for all
For any fixed ¢, # 0and ¢; =0, j #k, from Eq. (29), we k=1, 2, ..., n, Theorem 3 is proved. [ |
have Whence a nonlocal symmetry is localized to a Lie point
symmetry, to find its finite transformation becomes a standard
o' = 726](/’1](, (35a) . e . .
trick to solve its initial value problem according to Lie’s first
o¥% = cr o (35b) inciple. 341 e Doi
kPk > principle.'>*! For the Lie point symmetry (33), the correspond-
o8 =2c 810k, (35¢) ing initial value problem reads
|
dU (e L
) _ -2 Y ciHj(e);, (402)
j=1
doi(e) 2 v < (Gi(e)H,(e) — Gj(e)Hi(e))?
=c¢iDi(e)"+) — , (40b)
de ' l( ) jz:;éz 4 Gi(E)Gj(E)(Ai—Aj)Z
dGi(e) - Gi(€)H,(e) — Gj(e)Hi(e)
— 2¢iGi(€)P;(€) + Z'c.,- oy , (40c)
J#
dH;(e) 2 G} (e)H; (¢) = Gj(e)H} (¢)
=2¢i[Hi(e)®;(e) + G ( i(e)+ , (40d)
ac il P2 g GG )
U0)=u, ;(0)=¢;, Gi(0)=g;, H[(0)=h;, i=1, ..., n. (40e)

Solving the above initial valued problem (40), we obtain the following n-th Biclund transformation theorem.
Theorem 4 The n-th Baclund transformation theorem
If {u, ¢, gi, hi, i=1, 2, ..., n} is a solution of the prolonged KdV system (32), so is {U(¢€), ®;(¢), Gi(e), Hi(e), i =

1,2, ..., n}, where
Ule) = u+2(InA)y, (41a)
PDi(e) = *%7 (41b)
Gi(e) = Dix(e), (41¢)
Hi(e) = D cx(€) 41d)



Chin. Phys. B Vol. 27, No. 6 (2018) 060201

with A and A; being the determinants of

cre@1 —1 crewrn ClEW]; ClEW],
CrEW12 626¢2 -1 - C2EW) CrEWQ,
: : : _ &hj—gjihi
M= 1 W= ———— (42)
CjEWLj  CjEWpj - CjEQj— CiEWjn 2,./8igi(Ai—A))
Ch€Wln  Cr€Wo, Cn€W - cpedy—1
and
cregr —1 ClEW]2 C1EWL,i—1 C1EWT; C1EWLit+1 C1EW],
Cewiy e —1 CrEW2 i1 C2EW?; C2EW2 i1 1 C2EW2,
M= | C1EWLi-1 Cimtewio - Ci1€Qi1 — 1 Ci1€Wi_1; Ci1€W; 111 *** Ci1€EWi 1, (43)
=
Wi wo; Wii—1 o; Wiitl e Win ’
Cit1EW1it] Cip1€W2ip1 *** Citl1€Wi1it] Cipl€Wiit1 Cir1€@ip1 —1 -+ Cip1eWip1y
Ch€W1y Ch€W, Ch€Wi_1p Ch€Win Ch€Witlpn cped, — 1
respectively. where y;, i =1, 2, ..., n are just the usual spectral functions

Because the Schwarzian KdV system (28) possesses the
Mbobious transformation invariance (10), it is evident that the
group parameters € and ¢;, Vi =1, ..., nin Theorem 4 can be
simply taken as 1 and cjef; — 1 can also be simply replaced by
f; without loss of generality.

According to Theorem 4, infinitely many new solutions
can be generated from any seed solutions of the KdV equation
and its Schwarzian form. For instance, starting from the trivial
vacuum solution

u=0, (44)

we obtain a special solution of Eq. (32b) and the Schwarzian
KdV Egq. (28) with A = 4; in the form of

1
¢i = exp(kix — k1), liz—zkiza (45)
and then
2\/kik; ki +k; 2 5
Wwij = k —|—k { > [ +(ki —kikj-i-kj)l] . (46)

Substituting the special solution (45) and (46) with Eq. (44)
into Theorem 4, we reobtain the multiple soliton solutions of
the KdV equation

A =1—craexp (kijx —kjt) — craexp (kox — k3t)

2 (ki —ky)?

CETSE exp [(ki +ka)x — (k5 +/3)1]

+crca A7
for the two-soliton solution.

Furthermore, due to Eq. (32b), it is easy to prove that w;;
in Eq. (42) satisfy

(48)

Wijx = \/8i&j Wl‘VpVL.]_l 2, n,

of the Lax pair
Vi +u+A)y;i=0,i=1,2,....n (49)

of the KdV equation.
to the known second type of Darboux—Bicklund transforma-

Therefore, Theorem 4 is equivalent

tion.[33:36] In other words, Theorem 4 can be restated as:
Theorem 5 Equivalent DT theorem
If u is a solution of the KdV equation and y;,i=1, ..., n
are spectral functions related to u with spectral parameters A;,
SO is u, with

U, = u+2[ln(detM)]xx, M,']"x = VY. (50)

4. Summary and discussion

In summary, it is shown that for Painlevé integrable sys-
tems, infinitely many nonlocal symmetries defined as resid-
ual symmetries can be readily read out from the residual of
the truncated Painlevé expansions. The residual symmetries
are nonlocal for the original nonlinear system. However, the
residual symmetries can be localized to Lie point symme-
tries by prolonging the original system to an enlarged system.
Consequently, starting from the Lie point symmetries of the
prolonged system, the n-th Dabourx—Bécklund transformation
(and then the n-soliton solution) can be straightforwardly ob-
tained by using Lie’s first principle.

If the forms of the residual symmetries are the same for
different nonlinear systems, a common first Backlund trans-
formation can be obtained. For instance, for the KdV equa-
tion (15), the fifth order KdV equation (18), the SK sys-
tem (16), the KK equation (17), the Boussinesq equation (20),
and the KP system (21), the once Bécklund transformation
possesses the same Theorem 3 with ¢g = —2, ¢; = 1, and

060201-5



Chin. Phys. B Vol. 27, No. 6 (2018) 060201

0 = 2. However, the multiple BTs will be quite different for
different models.

The explicit forms of the finite transforms for n-fold
residual symmetries are obtained for the KdV equation. The
result is equivalent to the second type of the n-th Darboux—
Bicklund (or named Levi) transformation. 3336 Though The-
orem 4 is equivalent to the known DT Theorem 5, three points
need to be further emphasized. (i) The second type of DT
and then the multiple soliton solutions can be obtained via
the Lie point symmetry method accompanied by the localiza-
tion approach. (ii) The group parameter € is necessary to find
the second type of DT via the Lie point symmetry approach,
however, it is only auxiliary because it can be absorbed by
the Mobious transformation invariance of the Schwarzian sys-
tems. Other group parameters ¢; can also be absorbed. (iii)
The commutable theorems for the Bicklund transformations
and Darboux transformations become trivial in the Lie point
symmetry theory due to the commutativity in the addition al-
gorithm. It is noted that the proposed method is applicable to
any nonlinear system as long as it can pass the Painléve test.
Residual symmetries, especially the n-th DTs related to the
other models listed in this paper, will be further studied in our

future researches.
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