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In this study, we design periodic grille structures on a single homogenous thin plate to achieve anisotropic acoustic
metamaterials that can control flexural waves. The metamaterials can achieve the bending control of flexural waves in a
thin plate at will by designing only one dimension in the thickness direction, which makes it easier to use this metamaterial
to design transformation acoustic devices. The numerical simulation results show that the metamaterials can accurately
control the bending waves over a wide frequency range. The experimental results verify the validity of the theoretical
analysis. This research provides a more practical theoretical method of controlling flexural waves in thin-plate structures.
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1. Introduction

Acoustic metamaterials are artificial acoustic structural

materials that consist of specially designed acoustic structural

units that are arranged in a certain period in an elastic medium.

This type of structural material has a low-frequency band gap

and extraordinary material parameters in the subwavelength

band of the structure size, and it can guide the propagation

of sound waves in gas, liquid and solid. In recent years, the

study of acoustic metamaterials has attracted the attention of

scholars worldwide.[1–8]

Coordinate transformation theory is one of the most im-

portant theoretical methods applied to the design of acous-

tic metamaterials, which is an innovative theoretical method

proposed in 2006 by Pendry et al.[9] in the field of electro-

magnetics. The propagation of an electromagnetic wave can

be redirected at will with this method. The basic idea of

coordinate transformation theory is to consider the arbitrary

wave propagation path to be the result of the linear propa-

gation path following the specific coordinate transformation.

By using the same coordinate transformation in the material

space, the homogeneous medium is compressed into a specific

non-homogeneous medium and the medium can achieve the

bending control of an arbitrary set of waves. Schurig et al.[10]

and Zhang et al.[11] designed electromagnetic stealth cloak-

ing to achieve the diffraction of electromagnetic waves by us-

ing this method. Cummer et al.[12,13] compared the acoustic

wave equation in fluids with the equation of TE mode elec-

tromagnetic wave and found consistency between these two

equations. Based on coordinate transformation theory, acous-
tic cloaking was designed to realize the regulation of acous-
tic waves. Rahm et al.[14] extended coordinate transformation
theory into finite embedded coordinate transformations, which
provides more flexibility for coordinate transformation design
and can help to design various devices, such as curved waveg-
uides, beam splitters and imaging lenses.[15,16]

Milton et al.[17] explored the feasibility of applying co-
ordinate transformation theory to elastic wave regulation and
Farhat et al.[18,19] designed elastic cloaking in a thin plate on
the basis of Milton’s research work. The effectiveness of reg-
ulating elastic waves by using coordinate transformation the-
ory has been theoretically proven. The homogeneous mate-
rial in the original coordinate space is transformed into a non-
homogeneous anisotropic material. Such an anisotropic non-
homogeneous material does not exist in nature. However, it
is possible to convert the material into a multi-layer homo-
geneous material by continuous changing of material param-
eters by using the equivalent material theory of the material
parameters.[20] Nevertheless, it is still difficult to obtain a ma-
terial with continuously changing material parameters or ac-
cording to a certain gradient. Therefore, many new electro-
magnetic devices and acoustic devices can be theoretically
designed. However, there are great difficulties in preparing
experimental samples, which lead to difficulties of its experi-
mental verification. Few cases have thus been applied to en-
gineering practice. In 2012, Nicolas et al.[21] designed and
prepared a type of elastic cloak on the basis of the theoretical
research of Farhat. However, the elastic cloaking proposed by
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Nicolas et al. is composed of 20 layers of a circular compos-
ite material and the elastic modulus of each layer varies from
0.002 GPa to 2.22 GPa. Moreover, each layer is made of PVC
and PDMS compounds and neither of the compositions of the
two materials occurs in the same proportion. Thus, the sam-
ple preparation process is complex, which is not conducive to
experimental verification and engineering applications.

An anisotropic acoustic metamaterial based on a homo-
geneous thin plate was designed to achieve a transformation
acoustic design that can control flexural wave propagation
along an arbitrary curved path. Compared with the metamate-
rials proposed by Farhat and Nicolas, the metamaterial in this
paper is very easy to prepare. The theoretical and experimen-
tal results are consistent with each other, which confirms the
validity of the theoretical design.

2. Theoretical design of metamaterial
Consider the coordinate transformation shown in Fig. 1.

R1

R2

x

θ



y

M N

P Q

M′

N′

L

Fig. 1. Coordinate transformation.

The transformation equation can be written as[14]{
r′ (x,y) = x,

θ ′ (x,y) = (y/L) ·θ = y/C, C = L/θ .
(1)

As shown in Fig. 1, the area MNQP is translated into the
area M′N′QP through the coordinate transformation. Let 𝛬
be the transformation matrix of the coordinate transformation
and it will be expressed as

𝛬=𝑅
(
θ
′)diag

(
C
r′
,

r′

C

)
𝑅−1 (

θ
′) ,

𝑅
(
θ
′)= [ cos(θ ′) −sin(θ ′)

sin(θ ′) cos(θ ′)

]
. (2)

Assuming that the area shown in Fig. 1 is a homoge-
neous elastic thin plate, its elastic modulus and mass density

are E0 and ρ0, respectively. As a result of space compres-

sion due to coordinate transformation, the distribution of the

material parameters in area M′N′QP is anisotropic and unho-

mogeneous. Combining Eq. (2) with the dynamic equations of

flexural waves,[18,19] we can obtain the spatial distribution of

the materials in the space after the coordinate transformation:

E ′r =
C2

r2 ·E0, E ′θ =
r2

C2 ·E0, ρ
′ =

C2

r2 ·ρ0. (3)

It can be seen from Eq. (3) that the spatial distribu-

tion of the materials appears anisotropic in the new coor-

dinate system. According to the equivalent parameter the-

ory of layered periodic composites,[20,22,23] anisotropic non-

homogeneous materials can be equilibrated by using isotropic

alternating A and B layered media and the equivalent relation-

ship can be written as[18]

1
E ′r

=
1

1+η

(
1

EA
+

η

EB

)
, E ′θ =

EA +ηEB

1+η
,

ρ
′ =

ρA +ηρB

1+η
, η =

dA

dB
. (4)

If η = 1, we can obtain

EA =

(
r4

C4 +

√
r8

C8 −
r4

C4

)
·E0,

EB =

(
r4

C4 −
√

r8

C8 −
r4

C4

)
·E0, ρA = ρB = ρ0. (5)

The flexural wave control based on coordinate transfor-

mation theory can be realized by using the above-mentioned

multi-layer isotropic medium structure. However, as the elas-

tic modulus of each layer is different and continuously varies

according to a certain gradient, such materials are difficult to

obtain in practice, which causes great difficulties of experi-

mental verification. Therefore, to prepare experimental sam-

ples more easily and to reduce the difficulty of experimental

verification, we must seek a new theoretical design method.

The flexural wave in a thin plate is a dispersion wave and

the wave velocity changes with its frequency. The thickness of

the thin plate and the material parameters influence the wave

velocity of the flexural wave and its phase velocity expression

is C f =
[
12
(
1−ν2

)]−1/4
(ω ·h)1/2 (E/ρ)1/4,[24,25] where ω

is the angular frequency, h is the thickness of the plate, E is

the elastic modulus, ρ is the mass density and ν is Poisson’s

ratio. The phase velocity of the flexural wave that propagates

in A and B layered media are

C f A =
[
12
(
1−ν

2)]−1/4
ω

1/2h1/2
0 (αA ·E0/ρ0)

1/4
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and

C f B =
[
12
(
1−ν

2)]−1/4
ω

1/2h1/2
0 (αB ·E0/ρ0)

1/4 ,

αA =

(
r4

C4 +

√
r8

C8 −
r4

C4

)
,

and

αB =

(
r4

C4 −
√

r8

C8 −
r4

C4

)
.

For flexural waves propagating in the coordinate transfor-

mation region in the new coordinate system, under the premise

that the propagation speed in each layer of A and B layered

media in this area is not changed, if we change the respec-

tive variables in A and B arbitrarily for all beams having the

same initial phase without changing the propagation speed in

each layer of A and B in this area, the time for waves to reach

a certain position in the region remains constant. Under this

condition, the wave front in the region does not change and

the mode of vibration of the coordinate transformation region

remains unchanged with the change in the variables A and B.

That is to say, when C f A and C f B keep constant, even if the

size or material parameters of the space region change, the

propagation mode of the flexural wave in the new spatial re-

gion is still the same as that in the space described in Eq. (5).

As shown from the expressions of C f A and C f B, the variables

affecting the propagation velocity of flexural waves in A and B

layered media are αA and αB, respectively. Therefore, we can

make the deformation of the wave velocity as

C f A/B =
[
12
(
1−ν

2)]−1/4
ω

1/2
(

α
1/2
A/B ·h0

)1/2
(E0/ρ0)

1/4 . (6)

After the deformation according to Eq. (6), the variables

affecting the elastic moduli of A and B layered media are trans-

ferred to their thickness. Therefore, while maintaining the

elastic modulus of A and B layered media, the propagation

velocity of the flexural wave can hold constant by changing

the thickness of each layer. Then the propagation mode of the

flexural wave remains constant. The flexural wave can also

propagate in the coordinate transformation area according to

the theoretical design angle. In this case, the elastic moduli

of A and B media are both E0 and the thickness expression is

written as

hA = α
1/2
A ·h0 =

(
r4

C4 +

√
r8

C8 −
r4

C4

)1/2

·h0,

hB = α
1/2
B ·h0 =

(
r4

C4 −
√

r8

C8 −
r4

C4

)1/2

·h0. (7)

3. Finite element model and numerical simula-
tion results

The finite element model of the metamaterial grille struc-

ture is built according to Eq. (6), as shown in Fig. 2.

0.5
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h
/
m
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hB

(a)

(b)

Fig. 2. Grille model and structural design parameters. (a) Simulation
model of the grille and (b) thickness variation of grille model.

The dimensions of the thin plate are as follows: length of
sides D = 400 mm, L = 100 mm, h0 = 1.5 mm, R1 = 200 mm,
R2 = 280 mm, θ = π/6, elastic modulus E0 = 72 GPa,
and mass density ρ0 = 2700 kg/m3. The anisotropic non-
homogeneous medium of the coordinate transformation region
is dispersed over 20 layers, each of which contains isotropic
homogeneous media A and B.

According to the flexural wave velocity expression,
the relationship between the flexural wave wavelength λ

and the excitation frequency f can be expressed as λ =[
12
(
1−ν2

)]−1/4
(2πh)1/2 (E/ρ)1/4 f−1/2, because the prop-

agation of flexural waves in thin plates must satisfy h0 �
λ � D[18,19] and the long wave approximation condition of
λ � dA (dB). Thus, we choose a wavelength range of 10h0 ≤
λ ≤ 0.1D, λ ≥ 10dA (dB) to obtain 20 mm≤ λ ≤ 40 mm,
and the corresponding excitation frequency range should meet
9500 Hz≤ f ≤ 37000 Hz.

The numerical simulations of the above model are con-
ducted at 9500 Hz and 37000 Hz, respectively. The excitation
is between R1 and R2, which is perpendicular to the plane of
the thin plate.

As shown in Figs. 3(a) and 3(c), the flexural waves in the
thin-plate model propagate along the curved path according to
the theoretical design. As shown in Figs. 3(b) and 3(d), the
change in the direction of propagation of the flexural wave oc-
curs in the coordinate transformation area. In this area, the
wave surface of the flexural wave deflects neatly and there is
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no reflection at the left or right borders of the coordinate trans-
formation region. Very few waves scatter from the bottom of
the right border, which might be caused by the discretization of
continuous material parameters and the mismatch of mechani-
cal impedance. The vibration energy is mainly concentrated in
the coordinate transformation region, which indicates that the
deflection propagation of the flexural wave is not caused by the

reflection of the boundary of the coordinate transformation re-
gion. Instead, it is caused by the coordinate transformation
design method. When the flexural waves pass through the co-
ordinate transformation area, they continue to propagate along
the straight line. These phenomena coincide with the theoret-
ical analysis and design, which shows that the grille structure
can regulate flexural waves in a highly accurate manner.

0.4
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0
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Fig. 3. Numerical simulation results of the grille model for the vibration displacement of (a) the thin plate at 9500 Hz in the normal
direction of the plate plane, (b) the coordinate transformation area at 9500 Hz, (c) the thin plate at 37000 Hz in the normal direction
of the plate plane and (d) the coordinate transformation area at 37000 Hz.

4. Experimental results and discussion

According to the grille structure thickness parameters

shown in Fig. 2(b), we fabricate the corresponding experi-

mental sample by using an aluminum plate that has a size of

400 mm×400 mm×5 mm. We test the experimental sample

by using a laser vibration measurement system at a frequency

of 9500 Hz and the measured datum is the vibration velocity

of the sample at steady state.

In the experimental test system shown in Fig. 4(a), the

excitation signal is first emitted by the laser vibration meter.

The signal is amplified by the power amplifier and input into

the exciter. The exciter generates the excitation of the sample

according to the input signal and the sample is scanned by the

laser scanning head to measure the displacement of the thin

plate in the normal direction of the plate plane. The test re-

sults are returned to the laser vibration meter. Finally, the test
results are analyzed and processed by the laser vibration meter
and the vibration velocity of the thin plate in the normal direc-
tion of the plate plane under steady state is obtained. As the ex-
citation frequency of the exciter can only reach 10000 Hz, we
are more concerned about the low-frequency vibration charac-
teristics of structures in practical engineering applications. So,
we conduct an experiment at 9500 Hz to verify the results of
the simulation calculations.

As shown in Fig. 4(b), the propagation directions of the
flexural wave in the thin plate are deflected. As shown in
Fig. 4(c), the vibration of the central region of the grille re-
gion is more intense than that of the boundary region and the
flexural waves are mainly concentrated in the central region,
which indicates that the change in the flexural wave propa-
gation direction is not caused by the reflection of the bound-
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ary of the grille structure. When flexural waves pass through
the grille region, they continue to propagate along the straight
line, which shows that the grille structure maintains the flex-
ural wave propagation directivity. The numerical simulation
results in Fig. 3(a) are slightly different from the experimental
results in Fig. 4(b), which is caused by the difference in bound-
ary condition between them. The experimental phenomena are
consistent with the theoretical design and with the numerical
simulations presented in Figs. 3(a) and 3(b). Moreover, the
experimental results verify that the grille structure can be used
to guide the flexural waves in propagating in any direction,
which proves the accuracy and feasibility of the theoretical
design method.

150

100

50

mm/S

(a)

(b)

(c)

Fig. 4. Experimental set up and test results. (a) Experimental test sys-
tem and sample. (b) Vibration velocity of the sample in the normal
direction of the plate plane at 9500 Hz and its side view. (c) Vibration
velocity of the grille structure area in the normal direction of the plate
plane at 9500 Hz and its side view.

5. Conclusion
Using the coordinate transformation design method and

combining thin-plate flexural dynamic analysis with the equiv-
alent medium parameter theory, a new type of metamate-
rial grille structure is demonstrated. We use a homogenous
medium and manipulate the structural dimensions instead of
the parameters of the material to achieve anisotropic metama-

terials. Then we achieve control of the flexural waves. A fi-
nite element model is established and the corresponding ex-
perimental sample is prepared. The numerical simulation and
experimental results show that the one-dimensional height-
tunable grille can guide flexural waves to propagate at will.
The theoretical design method of the metamaterial proposed
in this paper can be used to regulate the flexural waves in thin-
plate structures made of different types of materials and it has
a wide range of applications. With this kind of metamaterial,
we can achieve the design of vibration and noise reduction in
a specific area of a thin plate. The theoretical method is simple
and feasible and the corresponding sample is easy to manufac-
ture. Therefore, this method has strong practicality. This pa-
per contributes to the development of microstructural design
of metamaterial plates with a tunable anisotropic modulus and
density distribution, thus paving the way for the physical real-
ization of transformation acoustic designs for flexural waves.
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