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The Landau damping behavior in a cylindrical inhomogeneous warm magnetized plasma waveguide has been studied.
The radial inhomogeneity for different characteristic lengths (Lg) with strong spatial dispersion has been taken into account.
The analyses have been considered for two limits @Wee < @Wpe and @Wee > Wpe. Due to the radial inhomogeneity of the
plasma, all essential equations for studying the Landau damping are calculated in the Bessel-Furrier and differential Bessel—
Furrier expansions. The dependence of Landau damping on the inhomogeneity, temperature and external magnetic field for
electrostatic modes is scrutinized and described in detail through numerical calculations. The associated numerical results

are presented and discussed.
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1. Introduction

Several theoretical and experimental studies have been
conducted to describe the guiding mechanism of electromag-
netic waves by a plasma waveguide.!!>! Some important ap-
plications can be found in various areas such as high power

(451 industrial plasmas, plasma

microwave (HPM) devices,
diagnosis!®! and plasma limiters.!”:8] The latter is used in pro-
tective devices against HPM and pulses with very short ris-
ing time. The wave—plasma interaction gives rise to dif-
ferent phenomena including absorption, reflection, scatter-

O-131 a5 well

ing and transmission of the incident EM wave
as mode excitation, radiation and instability production in
plasma.l"*18 Vidmar et al. reported that the plasma layer
generated at atmosphere pressure can be used as a broadband
absorber.!!'°! The absorption mechanism in plasma is catego-

(20-23] and collisionless?*2%) damping. In

rized into collision
the collision mechanism, the wave energy diminishes due to
elastic or inelastic collision of the wave with electrons, ions or
neutral atoms.

As mentioned above, the wave damping in plasma occurs
even in the absence of particle collisions. The collisionless
wave damping plays an important role in plasma heating. The
Landau and cyclotron damping processes are famous exam-
ples of this type of absorption mechanism. Collisionless Lan-
dau wave damping has a simple physical concept in plasma.
To be more precise, when a unique electron of plasma moves
in the electric field of a wave, its energy can be diminished
if the electron velocity is larger than the phase velocity of the
wave. On the other hand, the electron can receive additional
energy from the wave if its velocity is smaller than the phase
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velocity of the wave. Furthermore, the total energy balance for
a swarm of electrons can be attributed to the quantity of “cold”
and “warm” electrons. It is worth noting in this context that the
quantity of cold electrons is more than that of warm electrons
in the Maxwellian distribution. Such a fact can obviously lead
to a well-known phenomenon, namely, the collisionless Lan-
dau damping of the electric field perturbation.

The ECR absorption in a cylindrical microwave discharge

27.28] Landau

has been investigated through kinetic theory.!
damping!?! was first experimentally observed by calculating
the spatial damping length of Trivelpiece—-Gould (TG) waves
in an open-ended neutral plasma column. In recent years, Lan-
dau damping has been studied in plasmas with different distri-
bution functions.3%>* Liu et al.!33! derived the generalized
dispersion equation for longitudinal oscillation in an unmag-
netized, collisionless, isotropic and relativistic plasma in the
context of nonextensive g-distribution.

There are two types of processes (linear and nonlinear)
in the Landau damping mechanism. Linear Landau damping
occurs when the resonant particles in the original distribution
have a velocity close to that of the wave phase. On the other
hand, when the wave amplitude increases and collisionless
damping with trapped particles takes place, nonlinear Landau

135361 Qureshi et al.’®! presented theoretical

damping occurs.
analysis of the nonlinear Landau damping of Langmuir waves
in an unmagnetized plasma. The concept of Landau damping
is widely used in the phenomena of anomalous plasma losses
from fusion devices, ensemble studies of gravitating objects,
mechanics of continuous media, in elementary particle physics

and many other areas of science.
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The theory of nonlinear damping (growth) of Langmuir
waves in collisionless inhomogeneous plasma was developed
by Karpman et al. 37! Several important studies have been car-
ried out on the effect of the plasma parameters on Landau
damping of plasma waveguides.’84) Xu et al.¥ investi-
gated the effects of ion motion on Landau damping aided by
one-dimensional Vlasov—Poisson simulation. It was shown
that the ion motion can significantly change the development
of linear Landau damping. In another study performed by
Rose et al.,[?! the increased Landau damping of electrostatic
waves in the presence of low density suprathermal electron

populations was examined. Zakeri et al.[*"!

studied the depen-
dence of Landau damping on the plasma parameters and the
effects of the metallic tube boundary on the dispersion char-
acteristics of four families of modes in a cylindrical homoge-
neous plasma waveguide.

In the present study, the radial inhomogeneity effect on
Landau damping of space-charge and cyclotron waves in a
cylindrical plasma waveguide is analyzed by using the Bessel—
Furrier expansion for the first time. The Landau damping of
the hybrid modes can be neglected due to their very small rate.
Since the influence of inhomogeneity and temperature param-
eters on Landau damping is not equal in different magnetic
fields, the diagrams are plotted in two ranges of magnetic field
e < Ope and @ce > Wpe. The wave equations of the inho-
mogeneous warm magnetized plasma waveguide and the dis-
persion relation obtained in the Bessel-Furrier space are pre-
sented in Section 2. In Section 3, the reason for neglecting col-
lision damping is analyzed and the Landau damping of elec-
trostatic waves is numerically discussed. Section 4 is devoted
to summarizing the main points and findings of this paper.

2. Wave equations

The geometrical shape of the waveguide is cylindrical
with radius a. It is fully filled by an inhomogeneous collision-
less plasma (Fig. 1). This structure is exposed to an external
steady-state magnetic field B = By2, where 2 is the waveg-
uide axis. In this study, ions are assumed to be stationary,
while the thermal motion of electrons is taken into account.
In addition, it is assumed that the plasma is nonuniform along
the r-axis. Maxwell’s equations for the magnetized radially

inhomogeneous plasma are

VxE:—g—B, VD=0,
ot
V x H—ga? VB=0. (1)

Here, D is the material equation that is given by

/ /rdrdl;/dzdt

!
xg&;(nr, v,y ,z—2,1-1)

i(ny,z,1)

Ej (V/,V/J7Z/,t/), (2)

where ¢g;; is the dielectric tensor of the inhomogeneous plasma
with a strong spatial dispersion. In order to obtain an an-
alytical solution of the Maxwell and material equations for
the inhomogeneous plasma with strong spatial dispersion,
conventional methods such as geometrical optics cannot be
used. Therefore, we use the Fourier—Bessel transforma-
tion and differential Fourier—Bessel transformation to localize
these equations.!*1:#?! The localization of the material equation

in Fourier—Bessel space is expressed as

v
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Fig. 1. (color online) A cylindrical waveguide with radius « that is fully
filled by an inhomogeneous collisionless plasma column in an external
magnetic field B along the z-axis.

In addition, the components of this tensor are obtained
through the Vlasov equation in the localized space by Bessel—
Fourier expansion. Without loss of generality, from the
dielectric tensor of the magnetized inhomogeneous warm
plasma,*?! one can find the dielectric tensor of the plasma
without density gradient for cyclotron harmonic numbers n =

—1,0,1as
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Here w is the frequency of the electromagnetic wave, k; is the

nez

2
mT()) is the plasma fre-

longitudinal wave number, @y = <

quency and g = % is the cyclotron frequency. In addition,
we have 11 (Bre) = BueW (Bre) and e = (0 — noce) /k;Vire.
The thermalvelocity of electrons is Ve = \/Tz/m. and co-
efficients Hll]l n
noted that in the limiting case of cold homogeneous cylindri-

are defined in the Appendix. It should be

cal magnetoplasma, the cyclotron harmonic number is n = 1
and IT"

ij,mn

function tabulated by Fried and Conte

— 1. The term W (f,.) is the plasma dispersion
[43]

1 [ y
W (Bre) = NG /,w dyyiﬁ, Im S, > 0. (5)

The plasma is considered to be warm so that factor ||
takes an arbitrary value between zero to infinity. Moreover,
using the asymptotic definition of I (f3,¢) is not permitted. In
order to obtain the wave equations for the electric field in the
direction of propagation, we start with Maxwell’s curl equa-
tion. By using the Bessel-Fourier expansion, the Maxwell curl
equations in this space for the symmetric mode (m = 0) can be
written as!4?]

k
B, = ——Ewo, (6a)
. ko i,
BW()JO (Pyr) = EE,OJ() (Por) + EEZ 5 —Jo (Pyr), (6b)
19 gt (P r)—liEl Jo (Porr) = iwBLoJo (Pyr), (6¢)
}”81‘ WOO (V) rallf roJ0 \ L0/ - 2040 \ L0/ )
By NG 25Dl (6d)
io . d
_CTDW()JO (Por) = ikBloJo (Pyr) — By - 5,70 (Por),  (6e)
~5,Byolo (Por) — ;WBlrofo (Poir) = —gDéoJo(Pozr) , (6)
where
rO - Zgrro , k E10+8rl[/() ((O k)EI[/O7 (73)
Diyo = qu/ro r0+8ll[£l/10(a) k) E, l//()? (7b)

Dy = Zezzo o,k) E (7¢)

Using Eq. (7a) and substituting Eqgs. (6a) and (6d) with
Egs. (6e) and (6b), respectively, we obtain the following equa-
tions:

ik LIy (P
i _1C zaro(ﬂlr)
YTE N+ Dol = r B s 8

. d
/ ! / lkC *J{) P()[r
I

o> O Jo(Pyr)

in which Py; are the radial wave numbers determined by the
boundary condition (Jo (Pya) = 0, i.e., Pya = Xo;, where
Xy, is the I-th root of Jy(Xo;)). Moreover, we have Trlr’(; =
— (ke /0?) 8 + €lly and T = — (KPc?/0?) 8 + €ll .
Consequently, instead of Egs. (8a) and (8b), we are faced with
a 2/ equation. These equations in their matrix form are ex-

pressed as
11 1 1 gll 1
Yoo TrrO ngO Eryo Ey
n 11 1 i !
Lo - TrrO Eyo 7 Eryo Ey
1l 1yl E!
Eyro 7 Eyro TII/WO Tyyo Yo
no no oyl E!
Eyro " Eyro TII/WO Tyyo vo
k1 2 Jo(Por7)
070 JO(POIV)
o | kgt Sdo(Porr)
_ IL 70 ./()(P()[r) (9)
() pl SdoBur) |
20 Jo(Por7)
1 2L Jo(Pyr)

2207 Jo(Pyr)

The radial and azimuthal components of the electric field
can be obtained versus the axial components of the electric and
magnetic fields by solving Eq. (9) as follows:

ike2 Lo (Pyr)
El — le El ar
0 2 1;1 00 Jo (Porrr)
2 Im 9 Jo (P
1C 1+l pl' 9 0( Olr)
Z B AT (10a)
Z 20 Jo( )
I ikc? (i)t 0 5590 (Porr)
EWO = T2 ZZ EZO ; P
o = o (Porr)
I ;2
716 ZZOII+[m l+l Bl or 0( orr ) (10b)

O Jo(Porr)

Also, substituting Egs. (10a) and (10b) with Egs. (6a) and (6b),
respectively, we obtain the transverse components of the mag-
netic field as

, ik o)l o M

B,y = ) Zo " B
o’ = Jo (Porrr)
+1kc ZZI+Im (I"+1m) pl" WJO (Rorr) (11a)
- 0" 7 7 N\
= & Jo (Poyr)

Blo—ﬂ% (I)I’E%M

v 3 =0 gy (Porr)

ke i o 500 (Porr)
T Zz By~

= O Jo (Poyr)
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, 5Jo (Porr)

— . 11b
o © Jo(Pyr) (116)

The parameter Z(l)ll/ represents the element on row [/ and col-
umn /" of the inverse of the coefficient matrix in Eq. (9) and
I, 1s the maximum value of the radial number (/). Finally, the
wave equation of the electric field is obtained by substituting
B, and B{I,O parameters in Eq. (6f)

Al E! o +AOBICBzO =0, (12)
where
22
i k“c” i o
Abg1 = —Poy i+ 0* /Pel zzO ?Zmpoz/
k262 I "0 /
- Y 7,/ DYy, (13a)
=1
' ke (U 41y 1+l
Ajp1 = o lZOE )Poy— Z Zo )DO,,, , (13b)
=1

2 a d
= [(azjl (XOI) Ji (XOI’)) /0 dra.]o (POI’r)

x4 V{W}Jo(f’oﬂ)-

a J() (Po[/ I")
Furthermore, by using the same method in the deriva-

(13¢)

tive Bessel-Furrier space, the wave equation of the magnetic
field can be obtained by substituting E% and Ef;o in the z-
component of the Ampere law as follows

Ay Ely + AlfeBly =0, (14)
in which
U (l"rlm 1+1m "y
Agpr = 511/ +Zy 2+ Z Z5' Dl (15a)
=1
i ke l+lm (I4+1m)1
v— 5 Ol, — Z Zy DO,,, , (15b)

1"=1
where Pél, is the radial wave number. It is determined by the
boundary condition of J{, ( 01’“) =0, i.e.,/Pél/a = X, Where,
X}, is the I'-th root of J; (Xo;). Note that Z}l; is the element on
row [ and column [’ of the inverse of the coefficient matrix in
Eq. (9) in the derivative Bessel-Fourier space.

The dispersion equations can be written in the following
matrix form:

11 1 11 1 1
Aogr - Aogr Aogr - Aog Ey
I i 1 i i
Aogr - Mogr Aogr - Aog Ey —0. (16)
11 1 1 =Y
Aoga - AOEZ AOBZ - Aom By
I 11 I i i
Aogs - AOEZ B Mopo cBy

The nontrivial solutions of the above equations are obtained by
setting the determinant of the coefficients matrix to zero (the
above 2[ x 2/’ matrix).

3. Discussion

The effective collision frequency from the Krook model

is given by (44

Vet = Vei + Ven,

where Ve =2.9x 1072, (m ) (InA /T and vep are the
electron—ion and electron—neutral collision frequencies, re-
spectively. The term InA is the Coulomb logarithm. On the
basis of the Krook model, the electron—neutral particle colli-
sion frequency is obtained as Ven = Np(OVrhe). We assume
that the term InA is equal to 10 when the electron tempera-
ture (7¢) is in the range of a few electron volts. The terms
o, N, and Vpy,e are the cross section of the electron scatter-
ing, the number of atoms in gas and the thermal velocity of
electrons, respectively. The gas pressure of the plasma waveg-
uide in microwave amplifiers and accelerators is in the range
of 1077-10~* Torr.1*1 In this paper, with a plasma density of
ng = 1.0745 x 10"
electron temperature 7, = 6 eV, we have V¢ = 1.9 X 10° Hz

m3, pressure P = 1.5 x 10~* Torr and
and Ve, ~ 1.28 x 10° Hz. In this way, the effective collision
frequency is equal to Vegr ~ 1.47 x 10° Hz. Here, we deal with
the gigahertz frequency regime (10° Hz) and the term Vegr/@
becomes smaller than unity, therefore the plasma is considered
collisionless.

Landau damping is a collisionless damping mechanism
in plasma. When the thermal motion of plasma particles is
not negligible and it is very close to the phase velocity of
plasma modes, Landau damping plays a significant role. In
warm plasma, an imaginary term appears in the dielectric ten-
sor which leads to the formation of a complex dispersion equa-
tion. In other words, the dispersion relation for a real wave
number has a complex frequency solution. 6! The solution is
in the form of @ (k) + 16 (k), in which o (k) is the dispersion
equation and 0 (k) is the Landau damping rate for each of the
space-charge and cyclotron modes. If the imaginary part of
the dispersion equation becomes much smaller than its real
part ([Im[A (@,k)] > Re[A (@,k)]), then §(k) is given by!46]

Im[A (@, k)]

o k)=~ 2 RelA (@,k)

)

(k)

where @ (k) is the root of the real part of the dispersion
equation. The imaginary part of the dispersion relation re-
sults from the imaginary part of the complex function of
I+ (ﬁne)'
to the term ﬁ[}’ne exp (—%%e) Due to the presence of
an exponential function in this term, any parameter that de-

Note also that this imaginary part is proportional

creases (increases) f,e leads to an increase (decrease) in the
Landau damping. From the physical aspect, decreasing the
phase velocity increases resonance particles which do not
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have a different velocity in the order of the half wavelength
(|v=vpn|t =m/k=2/2) in the Boltzmann-Maxwell func-
tion. In the Maxwell-Boltzmann function for domains with a
negative derivative, as the phase velocity decreases, the num-
ber of resonance particles with smaller velocities than the
phase velocity tends to increase (Fig. 2). Such resonance parti-
cles are believed to be the main reason for the existence of lin-
ear Landau damping. Therefore, the decrease in 3, or phase
velocity leads to an increase in the number of particles with
smaller velocities and subsequently the Landau damping.

Fo(v)

slower particles

Velocity v/m-s~!

Fig. 2. (color online) Maxwell-Boltzmann distribution function dia-
gram representing a schematic distribution of slow and fast particles.

To better understand the Landau damping, we discuss its

frequency. The Landau damping frequency is expressed as!*7]

VLD = \/%wﬁr?e exp(_ﬁnze/z)’

where f3,c = min(|Boel, |Bie|,|B-1e|)- It is noticeable that due
to the variations of v p with B, two distinct regimes are de-
fined as B, > 1 and B, < 1. The parameter 3, is a general
criterion for investigating the Landau damping intensity. In the
regime B, > 1, the Landau damping frequency vip increases
for the lower values of B, (i.e., Be tends to unity). It leads to
an increase in the power absorption of Landau damping. Al-
though, in the regime B, < 1, the Landau damping frequency
vLp increases for higher values of B, (i.e., B, tends to unity),
the power absorption of the Landau damping also increases
in this case. Figure 3 plots the Landau damping frequency
with respect to the wave number. According to this figure, in-
creasing the longitudinal wave number leads to an increase in
the Landau damping frequency of both modes. Furthermore,
the value of v p is comparable with the frequency of space-
charge and cyclotron modes (in the range of gigahertz). In
contrast, for the hybrid modes (EHy;, HE()), vip is very small
in any value of &, and is not comparable with the frequency of
these modes. Hence, the Landau damping portion of waveg-
uide modes is not taken into account in this paper and we only
investigate the Landau damping of space-charge and cyclotron

modes. It is worth noting that, according to Fig. 3, increasing
the value of [ increases the vy p of the space-charge mode and
decreases the v, p of the cyclotron mode. Moreover, it is found
that the inhomogeneity effect decreases the Landau damping
frequency of the space-charge mode and increases the Landau
damping frequency of the cyclotron mode.

100 50
- (a) SCy; B (b)SCoy ]
3 o0 o % o Kf,—(
£-100 L g ol
W _900 /—Ly=o00 o O
< ’ -Ly=ay/3, T,=6 eV < 100 /,
B¢ 7 s o 10 Y3 i 5 6 7 8 o9
k.c/w, k.c/wo
50 100
. (¢) Coi = = = - —_ (d) Cou -
T $ 0 ==
2 —sof /) 3 ’
3 50 S-100 ,
F-100 ! w2000
~ —150 -
0 1 2 3 4 5 6 % 2 1 6 8§ 10
k.c/wg k.c/wg

Fig. 3. (color online) Normalized logarithmic plot of Landau frequency ver-
sus normalized wave number for space-charge SCy; (I = 1,4) and cyclotron
Cor (I =1,4) modes. The solid and dashed curves represent homogeneous
and inhomogeneous warm plasmas at 7. = 6 eV, respectively.

In this paper, we also study numerically the Landau
damping of a cylindrical waveguide completely filled by mag-
netized inhomogeneous warm plasma. The azimuthal and cy-
clotron harmonic numbers of the dielectric tensor are assumed
tobe m =0 and n = —1,0, 1, respectively. In a warm plasma
column, the factor |B,.| takes an arbitrary value between zero
to infinity for any plasma parameters. Hence, in order to cal-
culate the Landau damping coefficient, we use the direct defi-
nition of the plasma dispersion function I (f,¢) in terms of
a complex error function!*®! instead of its asymptotic defi-
nition, which has been conventionally used in previous the-
oretical works. The waveguide radius and plasma density
are taken as*! ¢ = 1.55 cm and ng = 1.0745 x 107 m3,
respectively. To generalize the discussion about the disper-
sion equation of a waveguide filled with inhomogeneous and
magnetized plasma, the analysis is performed for two limits
WeeN < WpeN and e > Wpen. Based on Malberg’s experi-
mental research,’%! the inhomogeneous density profile is con-
sidered as goe = 1/ [l + (r/l@)z] All frequencies and wave
numbers are normalized by @y = Pyjc and @y/c, respectively.
The coefficient ¢ represents the velocity of the light.

In order to analyze the effect of the plasma parameter on
Landau damping, the discussion is divided into three subsec-
tions. In Subsection 3.1, the effect of inhomogeneity on Lan-
dau damping is studied. Subsection 3.2 focuses on the investi-
gation of electron thermal motion effects on Landau damping.
Finally, the effect of the magnetic field on Landau damping is
discussed in Subsection 3.3.

3.1. Effect of inhomogeneity on Landau damping

The logarithmic plots of Landau damping in terms of
wave number are shown in Figs. 4 and 5 for cyclotron and

055203-5
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space-charge modes in two limits of Wce < Wpe and Wce > Wpe.
The graphs have been plotted for three different inhomogene-
ity parameters. In these figures, the solid line corresponds to
the case of homogenous warm plasma with Ly = oo, while the
dashed and dashed-dotted lines refer to the inhomogeneous
warm plasma cases with Lo = a/3 and Ly = a/5, respectively.
Panels (a) and (c) correspond to [ = 1, while panels (b) and (d)
correspond to [ = 4. Note also that the top and bottom panels
have been plotted for magnetic field By = 600 G and 1800 G,
respectively.

0 - -
[ =2
S —200} ¢« 7 Coy (b)
3 ! A
S —400 —400f /1
& — Ly=00 % 1/ — Ly=o0
S —600 = Lo=ay/3 S —600 ;= Lo=ay/3
- —-Lo=ay/5, By=600 G - —-Lo=ay/5, By=600 G
—800 —800
0 2 4 6 8 10 0 2 4 6 8 10
k.c/wg k.c/wqy
0
Coy (d
> Co (©) = —200 01 (d)
3 3
> S —400
= @ Thzeo
S —600 - Ly= ‘ln/ S —600 = Lo=ay/3
—= —- Ly=ay/5, By=1800 G = == Lo=ay/5, By=1800 G
—800 —800
0.5 1.0 1.5 2.0 2.5 0 2 4 6 8 10
k.c/wy k.e/wy

Fig. 4. (color online) Logarithmic plot of Landau damping versus nor-
malized wave number for cyclotron mode Cy; (I =1,4) in two limits of
Wce < Wpe (By = 600 G) and e > Wpe (B = 1800 G). The solid, dashed
and dashed-dotted curves are related to three inhomogeneous characteristic
lengths of Ly = o0, Ly = a/3 and Ly = a/5, respectively at T, = 6 eV.

0 = — 0 =
—o T %
3100 = —200} /% (b) SCoy
S a0 O = L=
o - L W _g = Ly=a,/3
= By Z[C/s By =600 G & 60017 L= a/s, By=600 G
—300 —800
o 2 4 6 8 10 0 2 4 6 8 10
k.c/wy k.c/wy
O ———————=== 0
5 100 <V 5
> = p
S 200 7 _ = ; .
o 10 ZXs 2600l 77/ Li=ays
~ 300 —-Ly=ay/5, By=1800G |~ ~800 Ly=ag/5, By=1800 G
0o 2 4 6 8 10 0 2 4 6 8 10
k.c/w, k.c/wy

Fig. 5. (color online) Logarithmic plot of Landau damping versus normal-
ized wave number for space-charge mode SCy; (I = 1,4) in two limits of
Wee < Wpe (Bg = 600 G) and @ce > @Wpe (Bo = 1800 G). The solid, dashed
and dashed-dotted curves are related to three inhomogeneous characteristic
lengths of Ly = o, Ly = a/3 and Ly = a/5, respectively at T, = 6 eV.

From Fig. 4, it can be concluded that:

(I) The inhomogeneity parameter increases the Landau
damping of the cyclotron modes.

(II) The increasing rate of Landau damping due to the
inhomogeneity effects decreases as the magnetic field rises.

(II) For larger values of /, the effect of inhomogeneity
on Landau damping becomes less significant in analogy to the
smaller values of /.

Generally, the Landau damping has an inverse relation

with the term S, = “’,;V';fe. In other words, each plasma pa-
rameter which decreases (increases) the term |f,¢| leads to an
increase (a decrease) in Landau damping. For instance, the
, therefore

inhomogeneity parameter decreases the term
it increases the Landau damping. On the other hand, stronger

magnetic fields and larger values of / (that increase the term
|Bre|) reduce the Landau damping.

In contrast to the cyclotron mode, the inhomogeneity ef-
fect on Landau damping for the space-charge mode is much
more complicated (Fig. 5). In fact, as the wave number in-
creases, the general behavior of the inhomogeneity effect on
Landau damping in space-charge mode gradually varies. For
given plasma density, magnetic field and thermal motion, there
is a wave number for which the effect of inhomogeneity on
Landau damping of space-charge mode changes drastically
from the positive effect to negative one. We define this point as
the turning point of the inhomogeneity effect on space-charge
mode. This point is actually the result of two different effects
of inhomogeneity on the space-charge mode. The first effect
is related to the decrease of the phase velocity. To be more
precise, as can be seen in Fig. 6, such a decrease in the phase
velocity leads also to a decrease in the term |Byp| and con-
sequently an increase in the corresponding Landau damping.
The second effect occurs when the frequency of the space-
charge mode gets away from the cyclotron frequency due to
the inhomogeneity effect (line @ in Fig. 6). It causes an
increase of the |Bjc| and consequently, reduces the Landau
damping. In general, if | Bpe| < |Bie|, the inhomogeneity effect
on Landau damping of the space-charge mode is augmented.
The first effect is
the same for both space-charge and cyclotron modes while the
We will
explain this point more clearly in the remainder of this sec-

It is reversed for the range |Boe| > |Biel-
second one is entirely different for the two modes.

tion. This argumentation describes all three points observed in
Fig. 5, as stated below.

(I) For the space-charge mode, as the inhomogeneity pa-
rameter increases, the Landau damping is also increased in the
limit of smaller wave number, while it is decreased in larger
wave number limits. From the dispersion diagram (Fig. 6),
by increasing the longitudinal wave number, the frequency of
the space-charge mode approaches the asymptotic limit of cy-
clotron frequency . As a result, for smaller wave numbers,
we have |Boe| < |Bie|, while for larger wave numbers, the re-
lation |Boe| > |Bic| is satisfied. Considering the important re-
marks about f3,. terms, we find that the inhomogeneity param-
eter increases the Landau damping in smaller wave numbers
and decreases it in larger ones.

(II) As the magnetic field is amplified, the inhomogene-
ity effect on Landau damping of the space-charge mode be-
comes more significant (Fig. 5). The parameter |f;.| increases
as the magnetic field increases. Thus, it would satisfy the
|Boe| < |Bie| condition for larger & intervals. Hence, the turn-
ing point of Landau damping is shifted to larger wave num-
bers.

(III) The turning point of Landau damping shifts to
smaller k, as the [ number increases (Fig. 5). As has been
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shown in Figs. 6(a) and 6(b), the frequency of the space-charge
mode follows an increasing trend with wave number for larger
! numbers. Consequently, this frequency approaches to the
asymptotic limit in lower k,. In other words, in smaller wave
numbers, the inequality |Boe| < |Bie| Will be satisfied, so that
it can lead to a decrease in Landau damping due to the inho-
mogeneity effect.

0.3 0.3
. (a) SCy, . (b) SCyy
3 02 1 302 P
~ .. T ~ % — Ly=o0
3 01 - 3 01 - Ly=ay/3
== = Wiy T =6 €V, By=600 G
% 2 4 6 s 10 % 2 71 6 s 10
k.c/wy k.c/wy
0S[e 0B [T
204 — 4 2 o4F-=-=-=
$ 04 $ 04 ~=---_____---_=
~ ~
3 03f _ 3 03
% 2 1 6 s 10 %% 2 4 6 8 10
k.c/wqy k.c/wg

Fig. 6. (color online) Plots of dispersion relation for space-charge SC; (I =
1,4) and cyclotron modes Cy; (I = 1,4) at @e < pe limit (By = 600 G).
The solid and dashed curves represent the warm homogeneous and inho-
mogeneous plasmas at T, = 6 eV, respectively, and the dashed-dotted curve
indicates @y, line.

As mentioned above, for the cyclotron mode, the effect
of inhomogeneity on |B1| is different from that for the space-
charge mode. Actually, due to the decreasing behavior of the
dispersion relation in the cyclotron mode, the inhomogeneity
effect reduces |Be| (Figs. 6(c) and 6(d)). As we noted earlier,
the reduction of |f;.| increases the Landau damping of the cy-
clotron mode. Therefore, the variations of both |Bg| and |Bie|
lead to an increase of the Landau damping. Hence, we do not
observe any turning point in the case of the cyclotron mode
(Fig. 4). We can also conclude from Fig. 4 that the effect of
inhomogeneity on the Landau damping of the cyclotron mode
is less significant for higher magnetic fields.

3.2. Effect of thermal motion on Landau damping

As can be seen in the dispersion relation curves shown in
Figs. 7 and 8, the effect of thermal motion increases smoothly
the frequency of the space-charge and cyclotron modes. In
fact, the frequency of both modes is a smooth function of tem-
perature. On the other hand, note that the denominator of 3,
includes Vr.. In fact, although any increase in the frequency
can lead to an increase of S, it is much less than the reduction
of B, due to the increasing of Vq. Consequently, the thermal
motion decreases f3, in total and leads to an increase in the
Landau damping of both modes for any given magnetic field
(Figs. 9 and 10).

Figures 9 and 10 present the logarithmic Landau damping
diagrams of cyclotron and space-charge modes, respectively,
for three different temperatures 7. = 0.6 eV, 2 eV, 6 eV at two
limits Mce < Wpe (Bo = 600 G) and @ee > Wpe (Bo = 1600 G).
Note that the plasma is considered to be homogeneous for all

cases. According to Fig. 9, it can be concluded that the in-
fluence of thermal motion on Landau damping is more sig-
nificant at @ < @Wpe. In other words, increasing the mag-
netic field leads to a decrease in the thermal motion effect on
Landau damping in cyclotron mode. However, according to
Fig. 10, we have a different situation for the case of space-
charge mode. Actually, the effect of thermal motion on the in-
creasing of Landau damping is absolutely more considerable
at Wee > Ope (higher magnetic fields). In addition, it can be
concluded from Figs. 9 and 10 that by increasing the / number,
the effect of thermal motion on increasing the Landau damp-
ing of the cyclotron mode is augmented, while it has different
effect for the space-charge mode.

0.20 0.3
0.15 (a) SCy; == (b) SCq,4
> = ~ 0.2
3010 3
30.05t ZL1=0ev IR A
o —- Ti=6 eV, Ly=00, By=600 G o= T, =6 eV, Ly=00, By=600 G
0 2 4 6 8 10 0 2 4 6 8 10
k.c/wy k.c/wq
0.4 0.6
0.3 (c) SCp, _ === (d) SCoq
=N .= 304 e
30 3 02
~ 0.1 T,=0eV 20 [~ T,=0eV
o ~ T'=6 eV, Ly=o0, By=1800 G| oV m T=6 eV, =00, By =1800 G
0 2 4 6 8 10 0 2 4 6 8 10
k.c/wo k.c/w,

Fig. 7. (color online) The dispersion relation of SCy; (I = 1,4) space-charge
mode plots atwee < Wpe (Bo = 600 G) and @ce > Wpe (By = 1800 G). The
solid and dashed curves represent cold and warm homogeneous plasmas
with T, = 6 eV, respectively.
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Fig. 8. (color online) The dispersion relation of Cy; (I =1,4) cyclotron
mode plots at @ce < Wpe (Bo = 600 G) and (e > Wpe (Bg = 1800 G). The
solid and dashed curves represent cold and warm homogeneous plasmas
with T, = 6 eV, respectively.
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Fig. 9. (color online) Landau damping logarithm of Cy; (! = 1,4) cyclotron
mode plots in terms of normalized wave number in two limits of @ee < Wpe
(Bo =600 G) and wce > 0pe (Bo = 1600 G). The solid, dashed and dashed-
dotted curves correspond to three different temperatures 7. = 0.6 eV, 2 eV,
6 eV, respectively.
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Fig. 10. (color online) Landau damping logarithm of SCy; (I = 1 —4) space-
charge mode plots in terms of normalized wave number in limit of @ce < Wpe
(Bop =600 G) and @ce > @pe (Bo = 1600 G). The solid, dashed and dashed-
dotted curves correspond to three different temperatures 7, = 0.6 eV, 2 eV,
6 eV, respectively.

3.3. Effect of magnetic field on Landau damping

In order to analyze the effect of the magnetic field on Lan-
dau damping of space-charge and cyclotron modes, the fre-
quency and logarithmic Landau damping versus normalized
cyclotron frequency are plotted in the top and bottom panels of
Fig. 11, respectively. As can be seen in Fig. 11(c), by increas-
ing the magnetic field, the Landau damping of the cyclotron
mode is increased while the opposite effect has occurred for
the space-charge mode in Fig. 11(d). The main reasons for
this phenomenon are shown in Figs. 11(a) and 11(b), which
correspond to the cyclotron and space-charge modes, respec-
tively. Here, by increasing the magnetic field, the frequency of
both modes is increased. But, it should be noted that, for the
space-charge mode, the frequency increases at first and then
approaches to a steady state for a certain cyclotron frequency.
In other words, the frequency curve for the cyclotron mode
is a fast function of the magnetic field, while for the space-
charge mode, it is rather mild. Hence, for the cyclotron mode,
the difference between @ and . is decreased. This fact con-
sequently decreases Buin. As mentioned before, decreasing
Bmin leads to an increase in Landau damping. Note that a con-
trary effect occurs for the case of the space-charge mode. In
addition, it is found that the increasing / number leads to a de-
crease in the magnetic field effect on the Landau damping for
both modes.

0.7 (a) Cy

[N
ST

=
.6

e
®©

log(8/wp)

0 400
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8

Wee/Wo Wee/Wo

Fig. 11. (color online) (a), (b) The dispersion relation and (c), (d) Lan-
dau damping logarithm for cyclotron and space-charge modes in homoge-
neous plasma versus normalized cyclotron frequency at 7. = 6 eV. The solid,
dashed, dashed-dotted and solid-square curves represent the radially num-
bers of [ = 1,2,3,4, respectively.

4. Conclusion

The absorption of plasma waves through the Landau
damping mechanism is considerable when the thermal motion
effect of particles is not negligible. In this work, we performed
a detailed and comprehensive study of this subject. The role
of the effective plasma parameters on Landau damping has
been investigated. The numerical results showed that thermal
motion has a direct effect on the Landau damping of space-
charge and cyclotron modes. As a result, we found that the
Landau damping of these modes increases as the temperature
rises. The intensity of thermal effect for cyclotron and space-
charge modes is different at .. < Wpe and @Wce > Wpe. For
the case of the cyclotron mode, the effect of thermal motion
on Landau damping is increased in low magnetic fields, while
for the space-charge mode, it is increased for high magnetic
fields. Moreover, we concluded that the effect of the magnetic
field on the power absorption rate of Landau damping is also
different for the two modes. To be more precise, increasing
the magnetic field has a positive effect on the Landau damp-
ing rate of the cyclotron mode, while it has a negative effect
in the case of the space-charge mode. Most importantly, the
inhomogeneity affects the Landau damping rate of cyclotron
and space-charge modes in different ways. For the cyclotron
mode, the effect of inhomogeneity increases the Landau damp-
ing, and this effect is more noticeable in the range @ce < Wpe.
For the space-charge mode, the effect of inhomogeneity on
Landau damping rate changes from positive to negative for a

specific wavelength, which is called the turning point.

Appendix A

Retaining only the first order terms of VTZ, considering the
symmetric mode (m = 0) and fixing n = —1,0, 1, we can write

the parameter 1 in Ref. [42] as

ij,mn

1’ 1
I = Co,oon HrrOO =-Cy OOlZOH HrrOl Co 00i
i i 11 i 17
Ilyyo-1= Co 00i» Tyy,00= Co 00ioi» yyo1 = Co,oon
i 1 1l 17
Iy = 5o, OOlZOn sz 00 = Co,00i(1 +Z;),

/ 1 / 1 1
1 1 - 1i
I 0 = ZcooolZON Iy - 1——2C0001[ l<1+220i)}7
o ——clt o L [Z i (1 +2Z”f)}
ry.00=~Co00Z0i> ry01==75C0,00i 0i ) | »
' L i [, { i
Hnl,fr,oq - Eco,om |:Z(I)li +i (1 + ZZ(I)Z,')} s Myp00 = Co 0012017

, 1 .+ - .
Hnl;r,m = —Ecél,om [Z(Z)li —1 (1 +2Z(Z)li)] .

The index i = 1,2 respectively refer to the Bessel-Furrier or-
thonormal set that has been used in obtaining the wave equa-

tion of the electric field and the differential Bessel-Furrier or-
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thonormal set that has been used in calculating the wave equa-

tion

of the magnetic field. The parameters cl'.cll . and

0,mnl> ~0,mn2°

' .
Z,lrlu. are given below:

2
{ (@It Kor) Tt (Xomi )

a
></O rdrge (r) Jn (Puyr) I (Puir)

cll o —

0,mnl

cll :2/ A=), (Xt ) I (Xout)
,mn2 ) m \Aml" ) Im \Aml

ml

a ’ ’
></0 rdrge (r)Jm (Pmlrr) I (Pmlr) ,

w22
~ Qpumi Vi

!
-
‘mi 2
Q;

Here the quantity Q%Mmi is the transverse discrete wave

number*2! which is a function of the / number. It can be seen

from the integral that the factor of density profile (g4 (r)) in

tensor dielectric is coefficient C/

l/

0,mni*
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