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A new achromatic phase retarder based on a metal-multilayer dielectric grating structure is designed using the rigorous
coupled wave analysis method and the genetic algorithm. The optimized phase retarder can maintain phase retardation
around 90∘ from 900 nm to 1200 nm, and the maximum deviation is less than 4.5% while the diffraction efficiencies of
TE and TM waves are both higher than 95%. Numerical analysis shows the designed phase retarder has a high fabrication
tolerance of groove depth, duty cycle and incident angle. This achromatic phase retarder is simple in design and stable in
performance, and can be widely used in optical systems.

Keywords: achromatic phase retarder, metal-multilayer dielectric grating, rigorous coupled wave analysis
(RCWA), genetic algorithm (GA)
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1. Introduction
The phase retarder is one of the most common elements

in an optical system, which can be divided into the quarter-
wave plate, the half-wave plate and the full-wave plate. Con-
ventional phase retarders usually use birefringent material,[1]

multilayer dielectric film[2] and liquid crystal.[3] Traditional
phase retarders generally can be used only at a specific wave-
length, since the phase retardation strongly depends on the
wavelength. However, achromatic phase retarders greatly re-
duce the wavelength dependence of phase retardation, which
can realize the modulation of polarized light in a wide spec-
trum. In recent years, the resonant regime of achromatic phase
retarders has attracted more attention, where the grating pe-
riod is close to the incidence wavelength. Kikuta et al.[4] first
achieved an achromatic quarter-wave plate by utilizing the dis-
persion of effective refractive indices theoretically. Accord-
ing to this method, Nordin and Deguzman[5,6] realized an ele-
ment functioning as an achromatic quarter-wave plate in mid-
infrared wavelength. Bokor et al.[7] designed an achromatic
quarter-wave plate from 470 nm to 630 nm. Yi[8] designed
a sub-wavelength grating achromatic phase retarder on fused
silica at 400–800 nm visible light. Kang et al.[9] proposed a
combination of four sub-wavelength structured gratings used
as an achromatic quarter-wave plate, which was applied to
MWIR (3–5 µm) & LWIR (8–12 µm) bandwidths based on ef-
fective medium theory and optimization algorithms. Yamada
et al.[10] fabricated an achromatic wave plate by forming a
sub-wavelength grating on chalcogenide glass by using direct
imprint lithography, with the phase retardation of the element

reaching around 30∘ at 8.5–10.5 µm wavelength.
In this paper, an achromatic phase retarder based on the

metal-multilayer grating (MMDG)[11–14] is designed. The de-
signed phase retarder can be used at wavelengths ranging from
900 nm to 1200 nm, where its retardation can maintain about
90∘ ± 4∘, while the diffraction efficiencies of TE and TM
waves are higher than 95%. Furthermore, the performance
modulation of the grating parameters on the phase retardation
is analyzed.

2. Theoretical model
As shown in Fig. 1, the structure of the MMDG used for

the achromatic phase retarder is composed of a surface re-
lief structure, a residual layer, a double layer dielectric and a
metal layer. The parameters of the MMDG are denoted as fol-
lows: D, f , Λ , θ and tr represent the groove depth, duty cycle,
the period of grating, incident angle and thickness of residual
layer. t1, t2, t3 refer to the thickness of SiO2 layer, HfO2 layer
and Ag layer, respectively.

Given that the wavelength of incident light is compara-
ble to the grating period, the designed phase retarder reflects
the TE and TM waves in the 0th order, thus the scalar anal-
ysis is no longer applicable. Therefore, the rigorous coupled
wave analysis (RCWA) method does not hold true for calcu-
lating the diffraction efficiency of the MMDG structure.[15]

The RCWA method enables the exact solution of the system
of Maxwell equations built by the electromagnetic field from
a grating.[16,17] With the enhanced transmission method to im-
prove the traditional coupled wave analysis, the numerical in-
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stability problem encountered in the process of calculating the
etched grating is well solved.[18,19]
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Fig. 1. Schematic diagram of the metal-multilayer dielectric grating
used as an achromatic phase retarder with surface-relief, double-layer
dielectric and metal-layer gratings.

As depicted in Fig. 1, the grating lies in the xz plane. A
grating can be divided into four regions. Regions 1 and 4 are
the input region and output region, respectively; region 2 is the
rectangle grating region; and region 3 is the multilayer film re-
gion. Here, a TE polarization plane wave is considered as in-
cident light. In the grating region: 0 < Z < D, the normalized
electric field and the magnetic field can be given as follows:

El,gy = ∑
i

Sl,yi(z)exp(−jkxix),

Hl,gx =−j(ε∘/µ∘)
1/2

∑
i

Ul,xi(z)exp(−jkxix). (1)

Meanwhile, the general solution of differential equation can
be expressed as follows:

Sl,y(z) =
n

∑
m=1

wl,i,m{c+l,m exp[−k0ql,m(z−Dl +dl)]

+c−l,m exp[k0ql,m(z−Dl)]},

Ul,x(z) =
n

∑
m=1

vl,i,m{−c+l,m exp(z−Dl +dl)

+c−l,m exp[k0ql,m(z−Dl)]}. (2)

By substituting the above solution into each layer of electro-
magnetic field tangential continuity conditions recursively, the
amplitude coefficient of the reflected diffraction wave 𝑅𝑖 is
obtained. Then the diffraction efficiency of reflection is ex-
pressed as

DEri = RiR*
i Re(kI,zi/k0nI cosθ), (3)

where 𝑘I,zi, 𝑘0 and nI are the z component of the wavevector
of the diffracted light in the incident area, the wave vector of
the incident light wave and the refraction index of the incident
area, respectively.

Then the phases of TE and TM waves are obtained with
the diffraction amplitude coefficient as follows:

ϕTE = arg(𝑅TE), ϕTM = arg(𝑅TM), (4)

where 𝑅TE and 𝑅TM are the 0th reflected diffraction wave am-
plitude coefficient of the TE and TM waves, respectively.

Thus, the phase retardation of TE and TM waves is ob-
tained as follows:

∆ϕ = ϕTE −ϕTM. (5)

3. Design and optimization
Here, a certain layer below the surface relief structure

was not etched in the fabrication process. The residual layer
was regarded as a waveguide exerting significant influence on
diffraction efficiency.[20] Therefore, TiO2 (n = 2.3) was cho-
sen as the surface relief and residual layer material because of
its high refractive index over a broad bandwidth. Meanwhile,
the substrate was made of fused silica.

As can be seen in Fig. 1, SiO2 (n1 = 1.46) and HfO2

(n2 = 1.96) layers make a simple double layer structure which
makes fabrication more feasible.[21] Ag layer (n3 = 0.2309–
7.1452i at 1053 nm) performs as a highly reflective mirror,
and thus it can be used as a metal layer to achieve broadband
because of its low absorption ratio.

With the metal layer made of Ag, the number of dielec-
tric layers in the MMDG is reduced to only two, meanwhile
providing a high reflection efficiency.[22] The MMDG struc-
ture also presents a high laser-induced damage threshold over
a broad wavelength.[23] Moreover, the fabricated MMDG can
efficiently separate the incident waves through polarization.
Due to the sub-wavelength structure of the MMDG and the
different boundary conditions of the electromagnetic wave, the
TE and TM waves exhibit phase displacement while propagat-
ing in the MMDG. This observation implies that the TE and
TM waves are separated during MMDG modulation.

In order to obtain a smaller deviation of phase retardation
as well as higher diffraction efficiency by optimizing MMDG
parameters, here a merit function (MF) is defined as

MF = mean[abs(90∘−∆ϕ)], (6)

where MF represents the best merit. By this definition, the
smaller the value, the smaller the deviation of phase retarda-
tion is and the better the performance of designed phase re-
tarder.

In this design, a genetic algorithm (GA)[24] is used to op-
timize the parameters of the given MMDG structure. To obtain
the optimal structure of the achromatic phase retarder, param-
eters such as {D, f , Λ , θ , tr, t1, t2, t3} are considered. The
minimum and maximum values of these parameters are set to
be {200, 0.1, 50, 0, 0, 50, 50, 50} and {400, 0.5, 350, 60,
50, 150, 150, 150}, respectively. In the GA, a set of values
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is randomly selected as the initial population of individual so-
lutions, then the GA works by iteratively using three genetic
operators (i.e., select, crossover, and mutation) to change the
population based on the merit function. Therefore, by maxi-
mizing the merit function, one can find optimal parameters for
the achromatic phase retarder.

4. Simulation results and discussion
4.1. Parameters of the MMDG

We optimize the given structure by using the merit func-
tion over the range of 900–1200 nm. The corresponding pa-
rameters of the designed phase retarder are listed in Table 1.

Table 1. Optimized parameters of the MMDG.

D/nm f Λ /nm θ/(∘) tr/nm t1, t2, t3/nm
347 0.3 248 30 18 92,145,87

According to the parameters in Table 1, the characteristics
spectrum of the designed phase retarder is plotted in Fig. 2, in
a wavelength range from 900 nm to 1200 nm, which shows
the curves of phase retardation and diffraction efficiency ver-
sus wavelength, respectively.
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Fig. 2. (color online) Designed MMDG characteristics spectrum with
TE and TM waves, showing wavelength-dependent (a) phase retarda-
tion and (b) diffraction efficiency.

The phase retardation and diffraction efficiency calcu-
lated by RCWA are shown in Fig. 2. As can be seen in

Fig. 2(a), the phase retardation of the MMDG, in the case of
TE and TM waves in the 0th order, is about 90∘, in which the
deviation is less than 4∘. Figure 2(b) shows that the diffrac-
tion efficiencies of TE and TM waves in the 0th order are
both higher than 95%, given that the wavelength ranges from
900 nm to 1200 nm. These plots suggest that our designed
phase retarder has a favorable performance over the given
wavelength range.

4.2. Fabrication tolerance analysis of the MMDG

The fabricated grating normally has a minor difference
from the designed structure because of the complexity of the
production. It is especially necessary that the fabrication devi-
ation should not substantively influence the characteristics of
the grating. Thus, favorable fabrication tolerance is extraordi-
narily necessary for grating fabrication.[25] To show how the
deviation of groove depth, duty cycle and incident angle affect
phase retardation intuitively, the three-dimensional graphs of
the phase retardation with TE and TM waves in the 0th order
are depicted in Fig. 3.

Figure 3 represents the dependence of fabrication tol-
erance on wavelength and grating parameters. It shows a
smoothly curved plane of phase retardation in a wavelength
range from 900 nm to 1200 nm. With the groove depth chang-
ing from 330 nm to 360 nm, the duty cycle changing from
0.26 to 0.34 and the incident angle varying from 25∘ to 35∘,
the phase retardations of TE and TM waves are maintained at
90∘, while its deviation is about 10∘.

Figure 4 shows how the deviations of groove depth, duty
cycle and incident angle affect the phase retardations of the TE
and TM waves, respectively. The error analysis of the effect
on the MMDG is as follows.

According to the current fabrication techniques, control-
ling the grating groove depth is very difficult, where the error
is usually controlled at ∆D =±10 nm,[26] so we calculate the
errors at D1 = D−∆D = 337 nm and D2 = D+∆D = 357 nm.
The effects of deviation of groove depth on phase retardation
are given in Fig. 4(a), showing that the phase retardations of
the TE and TM waves can be maintained in a range from 85∘

to 98∘.

Figure 4(b) shows the deviations of duty cycle effected
on phase retardations of TE and TM waves in the 0th order,
with the error controlled at ±10 nm.[27] The duty cycle is
f = 0.3± 0.04, for a grating with a period of 248 nm. The
calculated minimum and maximum values of the phase retar-
dation are 83∘ and 104∘, respectively. It means that the duty
cycle is a very sensitive factor for the phase delay.
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Fig. 3. (color online) Dependence of fabrication tolerance on (a) groove
depth, (b) duty cycle, (c) incident angle in a wavelength range of 900–
1200 nm.

Furthermore, when the device is employed, the installa-
tion deviation will cause the incident angle to deviate from
30∘ to the grating surface (θ ̸= 30∘). Given ∆θ = ±5∘, we
calculate the deviations at θ1 = 25∘ and θ2 = 35∘, the effects
of deviation of incident angle on phase retardations of the TE
and TM waves in the 0th order are given in Fig. 4(c), showing
that the phase retardation deviation is kept at 10∘.

As can be seen in Fig. 4, the deviations of the groove
depth, duty cycle and incident angle do not change the perfor-
mance of the optimized phase retarder much. Meanwhile, the
optimized groove depth and duty cycle are achievable by the
current fabrication techniques. A large incident angle range

can fulfill bandwidth of more than 300 nm with phase retarda-
tion maintained around 90∘ and diffraction efficiency exceed-
ing 95% for TE and TM waves in the 0th order. The analysis
shows that the designed phase retarder has a larger fabrication
tolerance for groove depth, duty cycle and incident angle in a
wavelength range from 900 nm to 1200 nm.
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Fig. 4. (color online) Effects of deviation of (a) groove depth, (b) duty
cycle, and (c) incident angle on phase retardations of TE and TM waves.

According to the previous analysis, the considerable fab-
rication tolerance has provided a perfect guarantee for the grat-
ing fabrication and fine characteristics in an optical system.

5. Conclusions
In this paper, a new achromatic phase retarder based on

MMDG is designed theoretically by RCWA and optimized by
GA. Numerical results show that the designed phase retarder
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at 900–1200 nm exhibits high reflected diffraction efficiency
and a small deviation of phase retardation, with diffraction ef-
ficiency higher than 95% for TE and TM waves in the 0th order
over 300 nm bandwidth, while phase retardation deviation is
less than 4∘. Fabrication deviation analysis indicates that the
designed MMDG has favorable tolerance and can be easily
fabricated. The results suggest that the optimized MMDG has
potential applications as the phase retarder in optical fibers,
laser systems and optical elements.
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[22] Bonod N and Neáuport J 2006 Opt. Commun. 260 649
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