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We study the fractal rhythm in the ionization of Rydberg helium and lithium atoms in an electric field by using the
semiclassical method. The fractal structures present a nested relationship layer by layer in the initial launch angles of the
ionized electrons versus the escape time, which is defined as the rhythm attractor, and exhibit similar rhythm endings. The
gradually enhanced chaotic regions of the escape time plots tend to broaden as the scaled energy increases. In addition,
the fractal rhythm changes synchronously with the oscillations of the kinetic energy spectrum. We note that the intrinsic
quality of the fractal rhythm is closely related to the kinetic energy distribution, that is, the inherent dynamic properties
of the Hamiltonian equations have an impact on the fractal regularities. In addition, different ionizing closed trajectories
exhibit iterate properties and the inherent beauty of symmetry. Our results and analysis can not only reveal new laws in the
ionization of Rydberg atoms, but also promote the establishment of the dynamic mechanism of fractals.
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1. Introduction

In recent years, nonlinear science, especially chaos the-

ory, has revealed the universality of the fractal structure in

physics. Chaotic phenomena exist in many research fields,

such as the escape dynamics of particles in mesoscopic de-

vices, the ionization of high excited atoms, and so on.[1–7] The

interaction between lasers and matter is an important means to

explore new laws of microstructures.[8–13] The emergence and

development of atomic physics in extreme strong field condi-

tions can not only reveal new physical phenomena and effects,

promote the progress of the ultra-fast laser, but also enable

people to truly understand molecules, atoms, and their inter-

nal properties.[14–18]

With the advancement of laser technology and semiclas-

sical theory, considerable attention has been paid to photoion-

ization microscopy and the ionization dynamics of atoms in

external fields.[2,6,7,19–25] The chaotic ionization of hydrogen

in electric and magnetic fields is described by the Poincaré

map.[26–29] Recently, with the development of chaos and frac-

tal theory in physics, consideration has been given to fractal

dynamics in many fields, for example, the fractal dynamics

in quantum and semiclassical transport.[12,30–35] The escape

dynamics of trapped ultracold atoms and Bose–Einstein con-

densates always exhibit fractal features.[36–38] What is more,

diverse attractors exist in nonlinear systems, such as the limit

cycle attractor, torus attractor, Lorenz attractor, strange attrac-
tor, and so on, which all reflect the diversity of the nature and
the flexuosity in the process of evolution. The ionization of
Rydberg atoms is one of the most interesting fields in chaos
and fractal physics. It is notable that, for the ionization of
multi-electron Rydberg atoms in external fields, the intrinsic
quality of fractal remains unrealized. Hence, it is a challenge
to find the correspondence between the fractal mechanism and
the chaotic escape laws of electrons in ionization systems.

In the present paper, we study the intrinsic quality of the
fractal in the ionization of Rydberg helium and lithium atoms
in an electric field and define the rhythm attractor to analyze
the fractal structures within the framework of the semiclassi-
cal closed orbit theory.[8,9] Moreover, we study the influence
of the potential energy distribution on the chaotic extent of
the ionized electrons and calculate the kinetic energy spectra,
which show excellent synchronism to the fractal structures.
The symmetrical and iterative properties of the typical closed
trajectories are discussed to reveal the dynamic mechanism of
fractals within the ionization process of Rydberg atoms.

The paper is organized as follows. In Section 2, we briefly
review the ionization process and the potential energy distri-
bution. In Section 3, we discuss the relationship between the
fractal rhythm of the escape time plots and the kinetic energy
spectra, and the iterative and symmetrical features of the clas-
sical closed trajectories for both helium and lithium atoms.
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Section 4 presents the conclusions of the present paper.

2. Semiclassical closed-orbit theory
2.1. Ionization mechanism and the potential

Due to the fact that Rydberg atoms are very sensitive to
external fields, we consider helium Rydberg atoms (with only
one excited electron) and lithium atoms placed in an electric
field directed along the z-axis, respectively. Within the frame-
work of the closed-orbit theory, the outgoing wave packet
which propagates away from the atomic core can be described
as the evolution of ensemble electron trajectories.[8,9,13] In
cylindrical coordinates (ρ,z), the ionization schematic view of
the Rydberg system is depicted in Fig. 1. When a laser pulse
strikes the atom, the excited electron moves outward from the
nucleus in all directions, following the classical trajectories
and being turned around by the external field, which are shown
by the black solid lines in Fig. 1. Eventually the escaping elec-
trons form a concentric wave packet interference pattern on the
detector plane.

F ↼B↽

laser

detector

Fig. 1. Schematic of some classical trajectories in the process of the
ionization of a Rydberg atom which is placed in an electric field F (or
magnetic field B) that is oriented along the z axis and perpendicular to
the detector plane. If the ionized electron absorbs a photon, the electron
moves away from the nucleus with its initial outgoing angle, and the
waves propagate outward in all directions. Some trajectories head di-
rectly downhill, other trajectories head uphill initially and then return to
the nucleus. Thus, the outgoing wave can be described as an ensemble
of classical trajectories.

The Hamiltonian of highly excited electrons in helium
atoms with an electric field oriented along the z-axis can be
written as

H
(
ρ,z, pρ , pz

)
=

1
2
(

pρ
2 + pz

2)+V (ρ,z)+Fz, (1)

where F is the electric field strength, and the z component
of the angular momentum is taken to be zero. V (r,z) is the
Hüpper model potential written as[4,19]

V (ρ,z) = VCoulomb(ρ,z)+Vcore(ρ,z)

= − 1
(ρ2 + z2)1/2−

Z−1
(ρ2+z2)1/2

×

(
1+

(ρ2 + z2)1/2

a

)
exp

[
−(ρ2 + z2)1/2

a

]
, (2)

where Z = 2 is the nuclear charge, and a = 1/3 is the param-
eter of the model potential determined by the range of the ion
core for the helium Rydberg atom.[19]

By the scaling law r̃ = rF1/2, P̃ = PF−1/4, ε̃ = EF−1/2,
and t̃ = tF3/4, the transformed Hamiltonian can be written as

H̃ =
1
2
(P̃2

ρ+ p̃2
z )−

1

P̃2
ρ + p̃2

z
− Z−1

(P̃2
ρ+ p̃2

z )
1/2

×

(
1+

(ρ̃2 + z̃2)1/2

a

)
exp

[
−(ρ̃2 + z̃2)1/2

a

]
+ z̃. (3)

The Coulomb singularity of the above Hamiltonian can be
eliminated through adopting semiparabolic coordinates (u,v)

and conjugate momenta (pu, pv) which are respectively given
by

u = (r̃+ z̃)1/2, v = (r̃− z̃)1/2,

pu = p̃ρ v+ p̃zu, pv = p̃ρ u− p̃zz. (4)

The new scaled time variable is dt = (u2 + z2)dt̃, and the reg-
ularized Hamiltonian can be given by introducing an effective
form h = 2r̃(H̃− ε)

h(u,v, pu, pv) =
1
2
(pu

2 + pv
2)+V (u,v)−2,

Vuv =−ε(u2 + v2)+
1
2
(u4− v4)

−2
(

1+
u2 + v2

2a

)
exp
(
−u2 + v2

2a

)
+2. (5)

Atomic units h̄= |e|=meff = 1 are used here and in the follow-
ing. Clearly, the model potential is controlled by the scaled en-
ergy ε . By using analogous scaling laws[27–29], for the lithium
Rydberg atom in electric fields, the regularized Hamiltonian
of the electron has a similar form.[19]

In order to show how the electrons escape in the ioniza-
tion process, we depict the potential energy distribution of the
Rydberg helium and lithium atoms at the same scaled energy
ε = −1.3 in Figs. 2(a) and 2(b), respectively. The atoms are
located at the center of the potential u = v = 0, the potential
fields at the same coordinate range exhibit different structures.
There are two obvious saddle points on the left and right sides
of the counter plot of helium in Fig. 2(a), while the saddle
points of lithium are not so obvious, which indicates that the
potential well of lithium is relatively deeper and the core scat-
tering effect is stronger than that of helium. Therefore, the ion-
ized electrons escaping from the potentials will show different
dynamical and chaotic features. The form of the Hamiltonian
given in Eq. (5) is symmetric with respect to the coordinates u
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and v, which denotes that the electronic dynamics for the Ryd-
berg atoms in the external fields will present unique properties,
as discussed in the following.

(a)

1

1

0

0

-4.000

0.2232

4.4460

8.2600

-4.000

0.2232

4.4460

8.2600

-1

1

0

-1

-1
v

10-1
v

u
u

(b)

Fig. 2. Contour plots of the potential energy distribution of Rydberg
(a) helium and (b) lithium atoms. The ionized electrons begin at the nu-
cleus located at u = v = 0, and eventually pass over the saddle region,
and escape from the well.

2.2. Fractal and chaotic attractors

Three successive magnifications of the escape time plots
(icicle map) for the helium atom are shown in Figs. 3(a)–3(c).
Figure 3(b) is the magnification of the angle interval between
1.4865 and 1.51737 of Fig. 3(a). Figure 3(c) is the magni-
fication between 1.4946 and 1.50175 of Fig. 3(b). By ana-
lyzing the three different colored lines, the nested relationship
layer by layer from Fig. 3(a) to Fig. 3(c) depicts the rhythm
properties in the escape time plots. The fractal dimension
Df = lim

R→∞

lgN(R)
lgR of the self-similarity structure can reflect the

chaotic properties of the ionized electrons, which is calculated

(a)

(b)

(c) rhythm attactor

θ/radT
im

e
/
sc

a
le

d
 u

n
it
s

Fig. 3. Fractal self-similarity structures in the process of the ioniza-
tion of a Rydberg helium atom placed in an electric field F = 19 V/cm.
Three successive magnifications of the escape time plots: panel (b) is
the magnification of the assigned angle interval of the fractal structures
in panel (a), and panel (c) is the magnification of the assigned angle
interval of the fractal structures in panel (b).

within the framework of the box-counting method.[20] We de-
fine the phenomena in the ionization systems as the rhythm at-
tractor with the fractal dimension Df = 0.467 which expresses
the irregularity of the rhythm structures. These curves exhibit
the same rhythm at the endings of the plots, which are called
“rhythm endings” denoting the universality in the ionization
process.

3. Results and discussion
3.1. Fractal and chaotic structures of the escape time plots

In order to identify the rhythm properties in the ionization
process, we compute the Hamiltonian motion of the Rydberg
helium and lithium atoms based on the canonical equations,
which are written as

q̇ j =−
∂H
∂ p j

, ṗ j =−
∂H
∂q j

. (6)

With the initial conditions u(t = 0) = 0, v(t = 0) = 0, pu =

3.464cos(θ/2), and pv = 3.464sin(θ/2) of the lithium atom,
we perform iterative calculations, obtain

u̇ = pu, v̇ = pv,

ṗu = 2εu−2u3−4
u
a

exp
(
−u2 + v2

2a

)
,

ṗv = 2εv+2v3−4
v
a

exp
(
−u2 + v2

2a

)
, (7)

and search the ionization trajectories in any outgoing angles.
The iterative calculation has been widely used in research-
ing the transport and ionization problems in the semiclassical
field.

In Fig. 4, we compare the escape times and the initial
launch angle ranges at different scaled energies −1.7 ≤ ε ≤
−1.3 for the lithium atom.
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Fig. 4. Escape time plots for different energies (−1.7 ≤ ε ≤ −1.3) of
lithium atoms in an electric field F = 19 V/cm. The ionization process
shows chaotic characteristics and the dotted rectangles exhibit the same
rhythm endings. The chaotic complexity regions become narrower with
the decrease of the scaled energy.

We use the escape time curve, which is called the icicle
map,[27–29] to provide more detailed insight into the connec-
tion between the fractal structure and the escape processes of
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the ionized electrons. As shown in Figs. 4(a)–4(e), with the de-
crease of the scaled energy, the fractal icicle distribution shifts
toward larger initial launch angles with the maximum escape
time 50, and the chaotic complexity regions become narrower
at the same time. This implies that the ionized probability de-
creases when the scaled energy decreases, and the electrons of
larger ejection angles will be easier to reach the detector plane
exhibiting more chaotic escape properties. These escape time
plots contain the rhythm attractors and the dotted rectangles
exhibit the same rhythm endings. Moreover, there are fractal
self-similarity structures in the various scale ranges.

Considering the core scattering effect on the chaotic es-
cape of electrons for the lithium atom, we further study the
ionization of the helium Rydberg atom in a pure electric field
at the scaled energy ε =−1.3. As shown in Figs. 5(a) and 5(b),
the escape time plots display the same fractal self-similarity
characteristics. Some electron trajectories head directly down-
hill to the detector plane within a short time, while other trajec-
tories are turned around by the influence of the electric field.
However, the chaotic regions in Fig. 5(b) show more sophisti-
cated structures than those in Fig. 5(a), which suggests that the
core scattering effect causes the enhancement of the ionization
probability for the lithium atom under the same external con-
ditions. The position of the fractal self-similarity region A in
Fig. 5(a) is located in a finite interval 1.49693≤ θ ≤ 1.50412
and region B in 1.52405 ≤ θ ≤ 1.53304 as shown by the
dashed line regions, respectively.

(a)

(b)

B

A

He

Li

20

15

10

5
20

1.45 1.50 1.55 1.60 1.65

15

10

5

T
im

e
/
sc

a
le

d
 u

n
it
s

θ/rad

Fig. 5. For Rydberg atoms in an electric field F = 19 V/cm, the escape
time that electrons take to strike the detector is plotted as a function
of the initial launch angle at the same scaled energy ε =−1.3. (a) The
escape time plot of the helium atom, chaotic region A is the typical frac-
tal self-similarity region. (b) The escape time plot of the lithium atom,
chaotic region B is the typical fractal self-similarity region. The dotted
rectangles exhibit the same rhythm endings.

We next calculate the kinetic energy spectrum of families
of ionizing trajectories. Figures 6(a) and 6(b) correspond to re-
gion A of Fig. 5(a). Figures 6(c) and 6(d) correspond to region
B of Fig. 5(b). Clearly, the fractal rhythm in Figs. 6(a) and 6(c)
and the kinetic energy oscillations in Figs. 6(b) and 6(d) ex-
hibit excellent synchronous variations, respectively. The re-

gions marked by the red lines from a1 to e1 in Fig. 6(a) corre-
spond exactly to the chaotic positions of the escape time plot,
the non-chaotic region between a1 and b1 corresponds to the
non-chaotic kinetic energy oscillation. The regions marked
by the blue lines from a2 to g2 in Fig. 6(c) show that the
oscillations of the kinetic energy spectrum of Fig. 6(d) are
changing synchronously with the fractal rhythm of different
ionized electrons of Fig. 6(d). The intrinsic quality of the frac-
tal rhythm is closely related to the energy distribution, that is,
the inherent dynamical properties of the Hamiltonian affect the
fractal regularities.

40

20

30

27

24

27

a

a b c d e

b dc f g

24

21

40

20

30

1.498 1.500

(a)

(c)

(d)

(b)

1.502 1.504

1.526 1.528 1.530 1.532

T
im

e
/
sc

a
le

d
 u

n
it
s

1
/
2
(p

2
+
p

2
)

u
v

1
/
2
(p

2
+
p

2
)

u
v

T
im

e
/
sc

a
le

d
 u

n
it
s

θ/rad

θ/rad

Fig. 6. (a) The fractal structures and (b) the kinetic energy spectra
of the helium atoms; the kinetic energy oscillations exhibit excellent
synchronous variations with the fractal rhythm as shown in the regions
marked by red lines from a1 to e1. (c) The fractal structures and (d) the
kinetic energy spectra for the lithium atoms; the kinetic energy oscil-
lations exhibit excellent synchronous variations with the fractal rhythm
as shown in the regions marked by red lines from a2 to g2.

Moreover, figures 6(c) and 6(d) of the lithium atom il-
lustrate enhanced chaotic properties compared to those of the
helium atom shown in Figs. 6(a) and 6(b), implying that the
electronic dynamics is more complex, which is caused by the
deeper ionization potential well than that of the helium atom.
Since one point presents one classical trajectory in the escape
time plots, and the plots show fractal regularity structures re-
lated to the kinetic energy spectrum, we shall see that classi-
cal trajectories in this system must contain certain properties,
which will be discussed next.
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3.2. Symmetry analysis of classical ionizing electron tra-
jectories

To get a deeper insight into the fractal and the classical
trajectories, we calculate the closed trajectories of the ionized
electrons of the helium and lithium atoms.

In principle, all the initial outgoing angles should be ex-
amined, but we find that the Hamiltonian has a symmetry
about z and the ionized electrons escape from the atom in all
directions. Therefore, the trajectories can be obtained to re-
search the fractal rhythm in the ionization process. We calcu-
late the fractal dimensions of the escape time plots at different
scaled energies for both the helium and the lithium atoms to
study the escape behavior of the ionized electrons. For the
helium atom, the fractal dimensions of the escape time plots
are Df = 0.52261,0.51111,0.49659,0.47643,0.43744 at dif-
ferent scaled energies (−1.3 ≤ ε ≤ −1.7), respectively. The
results indicate that the fractal dimensions decrease with the
scaled energy, at the same time, the ionization of the helium
atom shows enhanced chaotic characteristics. A set of ioniz-
ing closed trajectories of the helium and lithium atoms at the
scaled energy ε = −1.3 are shown in Fig. 7. For the helium
atom, from Fig. 7(a) to Fig. 7(c) we find that the three trajecto-
ries have similar iterative rules and present interesting rhythm
properties. Moreover, the evolutional trends in Figs. 7(d)–
7(f) tend to complexity step by step with the increasing num-
ber of crossings of the z-axis. The fractal dimensions of
the escape time plots for the lithium atom in Figs. 4(a)–
4(e) are Df = 0.66299,0.65249,0.63716,0.61537,0.58623,
respectively. The fractal dimensions decrease with the de-
creasing scaled energy, moreover, the ionization of the lithium
atom exhibits enhanced chaotic properties compared with that
of the helium atom. In Fig. 7, the ionizing closed trajecto-
ries show perfect symmetry and iterative characteristics for
the lithium atom, just like those of the helium atom. With
the fractal dimensions calculated above, at the scaled energy
ε = −1.3, Df of the lithium atom is larger than that of the
helium atom, which demonstrates that the trajectories of the
lithium atom are more complex than those of helium. Because
of the stronger core effects of the lithium atom, the dynami-
cal motion of the ionized electrons is iterated numerically in
the regularized coordinates, and iterate more and more times
from Fig. 7(g) to Fig. 7(l). With a small variation of the ini-
tial launch angles, the trajectories show great disparities,[26,27]

implying that the ionization of the Rydberg atom satisfies the
basic rule of the chaotic system: sensitivity to the initial con-
ditions.

Such rules of closed trajectories and fractal structures oc-
cur in many angles, which indicates the scale-free features in
the ionization process. The symmetrical shapes of the closed
trajectories and the rhythm reflect that the Hamiltonian equa-

tions influence the intrinsic dynamics of the ionization sys-
tems.

z
z

z
z

z
z

z
z

z
z

z
z

ρ ρ ρ

ρ ρ ρ

(a) (b) (c)

(g) (h) (i)

(j) (k) (l)

(d) (e) (f)

Fig. 7. Important typical types of closed trajectories of (a)–(f) helium and
(g)–(l) lithium atoms in an electric field. Different trajectories are calcu-
lated for the two atoms, the panels (a)–(l) show the similar iterative rules
and interesting rhythm properties.

4. Conclusion
In summary, we have used the semiclassical closed-orbit

theory to calculate the ionization fractal rhythm of Rydberg
helium and lithium atoms in an electric field. The fractal struc-
tures exhibit the nested relationship layer by layer which is de-
fined as the rhythm attractor and present similar rhythm end-
ings in the initial launch angles versus the escape time. Due
to the energy distributions of the potentials being distinct, the
scattering effects of the helium and lithium atoms show differ-
ent dynamical impacts on the electrons. In addition, the ion-
ization chaotic regions of the escape time plots tend to broaden
as the scaled energy increases for the Rydberg atoms. Oscil-
lations in the kinetic energy spectra of the helium and lithium
atoms show excellent correspondence with the fractal struc-
tures, which illustrates that the intrinsic dynamic properties
of the Hamiltonian equations are closely related to the frac-
tal rhythm. The typical ionizing closed trajectories have been
calculated and show iterate properties and perfect symmetry.
We believe this work will provide more research methods for
revealing new laws in the ionization of Rydberg atoms.
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