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We study the topological properties of Bogoliubov excitation modes in a Bose-Hubbard model of three-dimensional
(3D) hyperhoneycomb lattices. For the non-interacting case, there exist nodal loop excitations in the Bloch bands. As the
on-site repulsive interaction increases, the system is first driven into the superfluid phase and then into the Mott-insulator
phase. In both phases, the excitation bands exhibit robust nodal-loop structures and bosonic surface states. From a topology
point of view, these nodal-loop excitation modes may be viewed as a permanent fingerprint left in the Bloch bands.

Keywords: hyperhoneycomb lattice, Mott-superfluid transition, Bogoliubov excitations, nodal-loop

PACS: 03.75.Kk, 67.25.dj, 37.10.Jk

1. Introduction

Owing to the existence of emergent Dirac fermions, the
two-dimensional (2D) honeycomb lattice has attracted the
considerable attention of researchers in condensed matter
physics. Recently, the 2D honeycomb lattice was material-
ized in graphene, silicene and other related materials. Natu-
rally, there is a three-dimensional (3D) extension to the hon-
eycomb lattice, it has been addressed in a number of works
in both theory and experiments, such as hyperhoneycomb!!3
and stripyhoneycomb lattices,3! which have been realized in
B-LiyIrO3 and y-LiyIrO3, loop-nodal semimetal 1 and topo-
logical insulators, ! nodal ring,!®7! and Weyl spinons ! of in-
teracting spin systems. In particular, Ezawa proposed a wide
class of 3D honeycomb lattices constructed by two building
blocks [x] and [y],!®) which subsequently facilitated the re-
search.

According to the correspondence between bulk and edge,
the energy bands of excited bosonic modes with topologi-
cal structure always give rise to topologically protected edge
modes. In order to understand these new exotic quantum
states, there are growing efforts in searching for the topology

of bosonic modes in interacting bosons on optical lattices, %]

[11,12] 13,14

magnonic excitations,!!>!% phononic

[18,19]

photonic systems,

[15-17

excitations, ] polaritonic excitations, etc. Accord-

ingly, the topology of magnetic excitations has been widely

studied recently, including magnon Chern insulators, 320!

[21.22] magnon nodal-line semimetals(>3?4 and

Weyl magnons,
Dirac magnons.>! Here, we will focus on the issue of whether
there are excitations with a loop structure in the 3D Bose—

Hubbard extension.

DOI: 10.1088/1674-1056/27/5/050302

In this paper, we study the properties of excitation modes
in the Bose—Hubbard extension of the Hamiltonian on hyper-
honeycomb lattices and offer an insight into a Bose—Einstein
condensate (BEC) on the optical lattice in cold atoms. As
the on-site repulsive interaction increases, the system is first
driven into the superfluid (SF) phase and then into the Mott-
insulator (MI) phase. We find that there exist excitations with
nodal line structures on the hyperhoneycomb lattices in both
SF and MI phases. Therefore, the topological properties of the
excitation modes in the Bose—Hubbard model on the hyper-
honeycomb lattices may be viewed as a permanent fingerprint
in the Bloch bands.

The paper is organized as follows. In Section 2, we intro-
duce the extended Bose—Hubbard model on the 3D hyperhon-
eycomb lattice, and then give the band structure for its non-
interacting case. In Section 3, we present the phase diagram
consisting of superfluid and Mott-insulator phases. In Section
4, the excitation spectra for bosonic superfluids are calculated
by means of the Gross—Pitaevskii (GP) theory. In Section 5,
we show the excitation spectra in the Mott-insulator phase. Fi-
nally, we conclude our discussions in Section 6.

2. Bose—-Hubbard model in the hyperhoneycomb
lattice

We consider bosonic atoms on a simplest 3D lattice, i.e.,
the hyperhoneycomb lattice. See the illustrations in Fig 1. A
hyperhoneycomb lattice is a three-dimensional system. The
unit cell contains two building blocks (four atoms) and each
atom is connected by three coplanar bonds spaced by 120°.
Each unit cell contains four atoms, of which atoms 1-3 are in
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the xz plane, and atoms 2—4 are in the yz plane.'>! The Bose—
Hubbard model on the hyperhoneycomb lattice is then written
as

H = Ozj’)ti,jajaj—%uajai—klzj%ni(n,»—l), @))

where (i, j) represent the nearest neighbor sites, f; j =1, is the
hopping parameter along the z-axis, and f; ; = t,, are other
hopping parameters. In this paper, we set £, , =1, = —1. a;
(a?) is the bosonic annihilation (creation) operator at the lat-
tice site i.  is the chemical potential, and U describes the
on-site interaction between the bosons.

(a)

Fig. 1. (color online) (a) The building blocks of a hyperhoneycomb
with four atoms per unit cell. They are located at r; = (0,0,0),
T2 = (—\/§/2,0, ]/2)7 3= (—\/§/2,0,3/2), T4 = (_\/5/27 \/§/272)
and each atom has three neighbors connected by 120° bonds. Atoms 1
and 2 form the vertical building block, atoms 3 and 4 constitute the hori-
zontal building block. The two blocks are connected by bonds along the
z-direction. (b) The simplest 3D generalization of the hyperhoneycomb
lattice. The four-site unit cell and primitive translation vectors are indi-

cated, i.e., by = (v/3/2,0,0), by = (0,4/3/2,0), b3 = (v/3/2,v/3/2,3).

We first perform a Fourier transformation on the Hamilto-
nian by using a;a = (ﬁ) Y aza e~ 1k7i where N is the number
of sites of the sublattice o, and @ = 1,2,3,4 denote the four
atoms in a unit cell. Then we obtain the Hamiltonian in the
momentum space for the non-interacting case with U =0,

Ho =Y @/ (h(k) — ), 2)
k
where
0 1O, 0 reik
| ey 0 el 0
hk) =t g jemike g 0, |’ )

te= 0 ©F 0

D] = (afy, aiy, aly, aly), and O = 2eke/2 cos(v/3ky /2) with
n = x,y. At zero temperature, the bosons condense into the
lowest energy mode at the momentum point ko = (0,0,0).
The energy line with £ = —3¢ forms a nodal loop with k, =0
and 4cos(v/3ky/2) cos(v/3ky/2) = 1 in the momentum space.
Therefore, this system exhibits nodal-loop excitations in the
Bloch bands.

3. Mott—superfluid transition

As the on-site repulsive interaction increases, the system
will be driven from the SF phase into MI phase. In the strong
coupling limit, i.e., U > ¢, the bosons tend to localize to form
an ML

By the mean-field approach, which is capable of describ-
ing the Mott insulating phase, we introduce the superfluid or-

).126.27 ¥

der parameter as Wiq = ;g ! Then the term a/,aq is

written as
-
ot o = aly Yo + Vatja — VoV, @)
where j denotes the coordinate of lattice site i’s nearest neigh-
bor cell. We assume Y = Y1, V2 = VYi2, Y3 = V3, and
Y = i 4. The effective Hamiltonian is given by H = H 04 H,
where

U
H° = E(n%+n%+n%+nifn)fun

— 4y Y =2y s — Ay — 2y 4, ®)]
H' = (a1+a}) 22+ a) + (a2 +ab) 2y + y3)
+ (a3 +al) 2ys+ y2) + (as+ay) 2ys + y1). (6)

In the occupation-number basis, the odd powers of the ex-
pansion of energy are always zero. Therefore, the zero-order
ground state energy is given by

0 i 0
Eé ) = InlIl(eF{n)1 ;nz;n3§"4})
U

= S (i +n3+n3+ni—n)—pn

—4yiy =2y — 4y —2ysyn, ()

where n = n| 4+ ny +n3 +ny4, and ny—ny4 are the particle num-
bers on sublattices 14, respectively. The second-order pertur-
bation of energy takes the following form:
2
) Wnpsnosnzing [H'|kyskyskss k)l

(
Ey” = ; ®)
EY _EO

where kl =m + 1, k2 = ny, k3 = ns, k4 = N4, Or kl = ny,
k2:n2:|:1,k3 :n3,k4:n4;0rk1 :nl,kzzng,lg :n3:|:1,
k4 = N4, Or k1 =ni, kz =ny, k3 = ns, k4 = n4i 1. We readily
obtain the ground-state energy in terms of the order parameter

%
E =~ ag+anyi +anyi +buys +bny;
Fayiya iy s+ cayr i3
+esya W+ eV Ya+ OV, e, w3, i), (9)

where coefficients ag, a1, axs, ba1, b, c1, ¢, €3, C4, c5, and

Cp are
ap = (M3 +n3+nd+ni—n)U/2—un, (10)
Wy — A-U—-p)
[(n2 = 1)U — p] [=n2U + ]
(=U—-H)

* [(ng — 1)U — ] [—ngU + ]’ (1D
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ay) = 4(_U_:u)
[(m —1U — p] [-mU + p
(=U—u)
i [(n3 — U — pu] [-n3U +pu]’ (12)
b21 = 4(_U_“)
[(na = 1)U — ] [~n4(U + )]
(=U—n)
* [(no — U — ] [-noU + ]’ (13)
by = (7U7ou)
[(m — 1)U — u] [-m U + u]
A(-U—n)
’ [(n3 — U — pu] [-n3U +pu]’ (14)
c1 = ce=—4, (15)
) = 4(_U_nu')
[(n2 = 1)U — ] [=n2U + 4]
A(-U—p)
" [(ng — 1)U — pu] [-ngU +p]’ (16)
G =a=2 (17)
C5 = 4(_U_l'l)
[(n3 — 1)U — ] [—n3U + ]
4=U—p) %)

T —DU = [mU+ )
By means of the usual Landau procedure for second-order
phase transitions, the points corresponding to the secondary
derivative coefficients to superfluid order being zero form
the phase boundary between the superfluid phase and the MI
phase. Therefore, to derive the solutions of phase transition,
we should consider the second-order derivation!?! to determi-
nate D(E), where D = det(D), D; j = dy;d vy, i, j=1,2,3,4.
At the point Eg = E(y; =0, yo =0, y3 =0, y4 = 0), the
derivative is obtained as
26121 C1 2 c3
cl 2a20 ¢4 Ccs5
2 ca 2by co
Cc3 Cs Co 2b22

det 19)

For the case of D(Ep) = 0, the insulating phase is no longer
stable and a phase transition occurs. One can obtain the func-
tion of phase-transition line (we chose n = n| = ny = n3 = ny)

y= %(_3+ (27— 1)U + \/9—6(2ﬁ+ DU +U2), (20)

where the subscripts + denote the two halves of the Mott insu-
lating regions in phase space. Figure 2 shows a plot of Eq. (21)
for n = 1,2,3. Correspondingly, we can find the critical point
of the smallest on-site interaction

U.=3(142n+2Vn+n?). (1)

By applying the Landau theory and the second-order per-
turbation theory of phase transitions, we obtain the phase dia-
gram shown in Fig. 2. It shows that the phase transition occurs
at U, = U /t ~ 17.485 for the MI(1,1,1,1) lobe with the particle
number configuration {n; =1, n =1, n3 =1, ny = 1}.

120 4
901
- SF
T 60
301
A=1 M
0 T T T
0 15 30 45

U/t

Fig. 2. The phase diagram of the Bose—Hubbard model on a 3D hyper-
honeycomb lattice by the second-order perturbation theory. The verti-
cal and horizontal axes represent the dimensionless parameters of the
chemical i/t and the interaction strength U /z.

4. Excitation modes for the superfluid

The excitation spectra are related to the collective modes
of the BEC. In this section, by means of the Gross—Pitaevskii
(GP) theory, we discuss excitations from the condensate
ground state of the Bose—Hubbard model on the hyperhoney-
comb lattice.

For weak interaction strength U < U, the system will
be in the superfluid phase. We use the following mean-field

approximation: [>]

<ar,'0{> = lI/r,'OC . (22)

By replacing (afia,a,ia) by (l//l;.a, Vr.) in the Hamiltonian in
Eq. (1), the following energy function is obtained

. .U
Z t,-,jaj-aj —Z[Jcli a; + EZni(ni — 1)
(inJ) (i) @
EY WLV L v
RiR;
T i i
+W2riwlri + Wer lIllri + WZri ll/3ri
T, Yo VA, VS,
TV Y VL W VL W

H

U
+5 LA, v, (vl v, = D) (23)
@

Here, we consider the homogeneous case that refers to the sit-
uation where the system has the periodicity of the lattice. The
ground state wave function of the BEC can be well described
by the GP equation

oy SE
Yo T Sy

(24)

So we can obtain the equations

)
1% = t(Yo+ Yy + Yu)

U
Jr5(2|‘I/1\21I/1 — Y1) — 1y,
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with @ = ZCos(gkn)ei%Z ,M=x,y,and Ey = —3t+Un. The
energy spectrum can be obtained by calculating the eigenval-

e, 2 3 - kg .
1% = t(yi+ v +vs) wC = 2tcos ({h) e 1T A+ 1Eek
u 2
+2 @l v ) —pw, +2UnC+UnD—(U2n+u>C, (29)
12 = t(ya+ vy +yn) V3
= / - kg .
ot U wD = —2tcos <2kx> e 7B —tFeik
+§(2\1I/3|2V/3—1I/3)—ﬂ1l/3, Un
v —2UnD —UnC + (2 —|—,U.>D, (30)
17 = t(ys+yy+vyi) 3
- kg .
U OFE = 2tcos | ~—k, |e'2G+1Ce ik
+§(2\Wzlzw—w)—uw. (25) ( 2 ’>
After considering the quantum fluctuations of the condensate, +2nE +UnF — (Un + ,LL) E, 31
the order parameters become[*"! /3 2
3 s kg :
v = Vn+Aeikimon) 4 pre-ilkrimon oF = —2tcos (2ky> e'TH—tDe 'k
— n_’_cei(kr,«fa)z) _,'_D*efi(kr,-fa)t), U
V2 = VntCe! . —oUnF—UnE+ (224 u)F, 32)
W = \/rfl_’_Eel(krifa)t) +F*efl(kr,-fa)l)’ 2
Ya = Vn+ Ge'! (kim0 4 freilkrimen, (26) oG = 2tcos (\égky) e’ikizE +tAe'k
where A, B, C, D, E, F, G, H are small complex parameters, r; Un
is the position of the lattice site, and k is the reciprocal lattice +2UnG+UnH — <2 + H) G, (33)
vector. After plugging these wave functions into the GP func- V3 .
tion, and keeping the linear terms of A, B, C, D, E, F, G, H, wH = —2tcos <2ky) e 17 F —tBelk
we obtain U
n
3 ke , —2UnH—UnG+<+u>H. (34)
WA = 2tcos <\2ka) el%C+tGe_1kZ 2
U +UnB — (Un N ,u>A, 27 Tl.le chemical potential is u = 3¢ + Un— Un/2 Next, we sim-
2 plify Egs. (27)—(34) to an algebraic equation of the form
V3 ik —ik,
wB = —2tcos (zkx) e’ 2D—tHe '** Hyp¥ = 0¥, 35)
Un
—2UnB—UnA + (2 +y>B, (28)  where
|
Y=(A B, C D,E, F G, H), (36)
Ey Un 10 0 0 e’k 0
-Un —-Ey 0 -0, 0 0 0 —te ik
@ 0 Ey Un tetk 0 0 0
| 0 —t®f -Un —-Ey 0 —telk 0 0
o =1 0 reik Ey Un 10 0 ’ 37
0 0 0 —te’k —un -E, 0 —t0,
tet= 0 0 0 © 0 Ey Un
0 —tef 0 0 0 -0 —Un —E

citation modes of quasiparticles, we calculate the Berry

phases!3!32] for paths in momentum space that encircle the

nodal line![33!

ues of H. The results are shown in Fig. 3. From the figure,
one can see that there is a nodal loop in the excitation bands
when E = Ej. The results indicate that the loop structure has
no significant change as the interaction strength increases in
the SF phase.

In order to study the topological properties of the ex-

Py — —(7{1 <¢,§2> ’quv,?) > dk, (38)

where CDIEZ) is the wave-function. We divide the path into N;
intervals with a;; = 2(j — 1)m/N; as'34
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Voo > da

o )] (39)

PB _ _/02ﬂ1<<pé2)
el
= g [<(paj

After direct numerical calculations, for a closed loop encir-

Q

D

cling the nodal lines, we find the Berry phase Ps = &, which

indicates that the flat surface states exist.!3>!

In addition, we apply the GP theory to study the edge

modes of SF on the hyperhoneycomb lattice, where the sys-
tem is finite along the z direction and the momentum k, and
ky remain good quantum numbers. For certainty, we show the
band structures of surface excitations on the zigzag edge of the
SF in Fig. 4. It shows that there are partial flat bands appearing
in the outer region of the loop structure when both edges are

terminated by the zigzag edge, which is similar to the case of
8]

the fermionic system. !

Fig. 3. (color online) (a) The energy spectra of excitations with fixed k; = 0 and Un/t = 5. (b) The contour plot of the energy spectra
of the third band from the bottom up of the quasiparticle-excitation modes with fixed k;, = 0 and Un/r = 5, the nodal loop structure is

presented by the blue loop.

Fig. 4. (color online) (a) Band structures of a slab with finite width along the z-direction. Here we set Un/t = 0.6. In particular,
the edge states are partial flat bands. (b) Band structures of a slab with finite width along the z-direction and ky, = 0. Here we set

Un/t = 0.6. The edge states are indicated by the red lines.
5. Excitation modes for the MI phase

In this section, we calculate the quasiparticle and quasi-
hole dispersions using a functional integral formalism.>®1 We
first define complex functions a;(7) and a} (7). The partition
function of the system is written as a function integral

Z = Tre Bl = / Da*Daexp{~S[a*,a] i},  (40)

with B = kBLT, where kg is the Boltzman constant. The action
Sla*,a] is given by

Sla*,a] = 7dr[2a§‘(r) (h%—u)ai(r)+Ho(1)
) B

+%vzaﬂr)az‘(ﬂai(r)ai(ﬂ}~

To decouple the hopping terms, we rewrite the ac-
tion by using the Hubbard—Stratonovich transformation as in

Ref. [26]. Then the effective action is explicitly expressed as

Sla*,a, ",y
H 2 I

= /d’c [;af (h% — [.L) a;+ iU;a?a?‘a,-ai
0

_Ztij(af‘l’j+‘lfi*aj)+Ztij‘lfi*llfj], (4D
ij ij
where y* and y are the order parameter fields. After integrat-
ing out the complex fields a;(7) and a} (), we can obtain the
effective action up to the second order as

Sy, y] ~ 8O 453 (42)
with

S [y, vl
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np 1 npnp
= /dTZl//i*l‘ijl[/j— ﬁ//deT/Z Lijty jr
o Y 00 iy
x ¥ (7) (T [bi(7)b; ()] ) g0 Wy (T). (43)

The zero-order action S(©

goes to zero near the phase trans-
formation point. So we can readily obtain the effective action
near the phase transformation point in momentum space by the

Fourier transformation

STy w] = Y (B (1) (H — H fo,) Pu(7))

k,m

= Y (D (1) (G (k,iw)) Pi(1)), (44)
k.m

with

0 C1 0 d 1
[6) 0 d2 0
0 d
da 0 w 0

(45)

where ‘Pk(f) = (¢k1(T>7¢k2(T)7¢k3 (T)7¢k4(r))’ a = C; =
2reike/2cos(v/3ky/2), wi = wi = 2rel*/2cos(v/3k,/2), and
d) = d; =te ik,

By substituting iw,, — ®@,, we can obtain a function of
real energies 7@

det[G™'] =0. (46)

The quasiparticle and quasihole dispersions are given by

1 1
h@; gp.ph = 3 —2u+Q2n—1)U—-—=£AE; |, (47)
Fon
with
dn+2)U 1
NGy = Jop - B2V L (48)
fwm,— [0
cicy+2dydyr +wiwy \/E
==+ +— 49
fon, \/ 24 w @
where
A = did; — cidiwi —cadiwa +cicowiwa,  (50)
B = C%C% +4dcicadidy +4c1d§w1 +46‘2d%W2
—2ci1cowiwa +4d1drywiwa —|—W%w§. Sh

We present the energy spectra of excitation modes in the
MI phase in Fig. 5. It shows that there also exists a nodal-loop
structure in the excitation spectra in the MI phase, and the Mott
gap becomes large as the interaction strength increases, which
is similar to the case in conventional Bose—Hubbard models.

o
d "
o3 0.5

Fig. 5. (color online) (a) The energy spectra of quasiparticle and quasi-
hole excitations with fixed k, = 0 and Un/t = 17.485 at the MI-SF
transition point. (b) The energy spectra of quasiparticle and quasihole
excitations with fixed k; = 0 and Un/t = 18.0 in the MI(1,1,1,1) phase.

6. Discussion and conclusion

In this paper, starting from the Bose—Hubbard extension
of the Hamiltonian on hyperhoneycomb lattices, we study the
properties of the excitation modes. In particular, we find that
there exist excitations with nodal loop structures on hyperhon-
eycomb lattices in both SF and MI phases. Therefore, the
topological properties of the excitation modes in the Bose—
Hubbard model on hyperhoneycomb lattices may be viewed
as a permanent fingerprint in the Bloch bands.

Finally, we discuss its possible realization in cold atoms.
The Hamiltonian of the hyperhoneycomb lattice in Eq. (2) on
3D optical lattices has been proposed by using laser-assisted
tunneling in Ref. [36]. By using the Feshbach resonance
technique, the interaction between the particles can be tuned
readily. As a result, this work may provide us with a possi-
ble scheme to realize Bogoliubov excitations with nodal loop
structures in a bosonic system.

References

[1] Takayama T, Kato A, Dinnebier R, Nuss J, Kono H, Veiga L S I, Fab-
bris G, Haskel D and Takagi H 2015 Phys. Rev. Lett. 114 077202

[2] Biffin A, Johnson R D, Choi S, Freund F, Manni S, Bombardi A,
Manuel P, Gegenwart P and Coldea R 2014 Phys. Rev. B 90 205116

050302-6


http://dx.doi.org/10.1103/PhysRevLett.114.077202
http://dx.doi.org/10.1103/PhysRevB.90.205116

Chin. Phys. B  Vol. 27, No. 5 (2018) 050302

(3]

(4]
(3]

(6]
(71

(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

[18]

Modic K A, Smidt T E, Kimchi I, Breznay N P, Biffin A, Choi S, John-
son R D, Coldea R, Watkins-Curry P, McCandless G T, Gandara F,
Islam Z, Vishwanath A, Chan J Y, Shekhter A, McDonald R D and
Analytis J G 2014 Nat. Commun. § 4203

Lee E K, Bhattacharjee S, Hwang K, Kim H, Jin H and Kim Y 2014
Phys. Rev. B 89 205132

Mullen K, Uchoa B and Glatzhofer D T 2015 Phys. Rev. Lett. 115
026403

Hermanns M, O’Brien K and Trebst S 2015 Phys. Rev. Lett. 114 157202
Schaffer R, Lee E K, Lu Y M and Kim Y B 2015 Phys. Rev. Lett. 114
116803

Ezawa M 2016 Phys. Rev. Lett. 116 127202

Furukawa S and Ueda M 2015 New J. Phys. 17 115014

Wu Y J, Zhou W Y and Kou S P 2017 Phys. Rev. A 95 023620

Peano V, Houde M, Brendel C, Marquardt F and Clerk A A 2016 Nat.
Commun. 7 10779

Peano V, Houde M, Marquardt F and Clerk A A 2016 Phys. Rev. X 6
041026

Prodan E and Prodan C 2009 Phys. Rev. Lett. 103 248101

Siisstrunk R and Huber S D 2015 Science 349 6243

Shindou R, Matsumoto R, Murakami S and Ohe J 2013 Phys. Rev. B
87 174427

Shindou R, Ohe J, Matsumoto R, Murakami S and Saitoh E 2013 Phys.
Rev. B 87 174402

Li Y, Zhong W X, Wang D Q, Feng Q R, Liu Z X, Zhou J F, JiaC Y,
Hu F, Zeng J W, Guo Q C, Fu L and Luo M M 2016 Nat. Commun. 7
10503

Bardyn C E, Karzig T, Refael G and Liew T C 2015 Phys. Rev. B 91
161413

[19]

[20]
[21]

[22]

[23]
[24]
[25]

[26]

(271

(28]
[29]
[30]
(31]
[32]
[33]

[34]
[35]

[36]

050302-7

Karzig T, Bardyn C E, Lindner N H and Refael G 2015 Phys. Rev. X §
031001

Zhang L F, Ren J, Wang J S and Li B W 2013 Phys. Rev. B 87 144101

Zhang C L, Xu S Y, Belopolski I, Yuan Z J, Lin Z Q, Tong B B, Ali-
doust N, Lee C C, Huang S M and Lin H 2016 Nat. Commun. 7 10735

Kim S K, Ochoa H, Zarzuela R and Tserkovnyak Y 2016 Phys. Rev.
Lett. 117 227201

Mook A, Henk J and Mertig 1 2017 Phys. Rev. B 95 014418
Li KK, LiCY, HuJ P and Fang C 2017 Phys. Rev. Lett. 119 247202

LiKK,LiCY,HulJ P Li Y and Fang C 2017 Chin. Phys. Lett. 34
077501)

Oosten D V, Straten P V D and Stoof H T C 2001 Phys. Rev. A 63
053601

Lim L K, Smith C M and Hemmerich A 2008 PPhys. Rev. Lett. 100
130402

Chen B L, Kou S P, Zhang Y and Chen S 2010 Phys. Rev. A 81 053608
Keles, Ahmet and Oktel and Oktel M 02015 Phys. Rev. A 91 013629
Landau L D and Lifshitz E M 1980 Course of Theoretical Physics 5
Heikkild T T and Volovik G E 2011 Jetp Lett. 93 59

Xiao D, Chang M C and Niu Q 2010 Rev. Mod. Phys. 82 1959

Yu R, Weng H M, Fang Z, Dai X and Hu X 2015 Phys. Rev. Lett. 115
036807

Fukui T, Hatsugai Y and Suzuki H 2005 J. Phys. Soc. Jpn. 74 1674

Huang B B and Yang X S 2018 J. Phys. B: At. Mol. Opt. Phys. 51
015302

Mullen K, Uchoa B, Wang B and Glatzhofer D 2017 arXiv:1603.01647


http://dx.doi.org/10.1038/ncomms5203
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevB.89.205132
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://dx.doi.org/10.1103/PhysRevLett.115.026403
http://dx.doi.org/10.1103/PhysRevLett.114.157202
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevLett.114.116803
http://dx.doi.org/10.1103/PhysRevLett.116.127202
http://dx.doi.org/10.1088/1367-2630/17/11/115014
http://dx.doi.org/10.1103/PhysRevA.95.023620
http://dx.doi.org/10.1038/ncomms10779
http://dx.doi.org/10.1038/ncomms10779
http://dx.doi.org/10.1103/PhysRevX.6.041026
http://dx.doi.org/10.1103/PhysRevX.6.041026
http://dx.doi.org/10.1103/PhysRevLett.103.248101
http://dx.doi.org/10.1126/science.aab0239
http://dx.doi.org/10.1103/PhysRevB.87.174427
http://dx.doi.org/10.1103/PhysRevB.87.174427
http://dx.doi.org/10.1103/PhysRevB.87.174402
http://dx.doi.org/10.1103/PhysRevB.87.174402
http://dx.doi.org/10.1038/ncomms10503
http://dx.doi.org/10.1038/ncomms10503
http://dx.doi.org/10.1103/PhysRevB.91.161413
http://dx.doi.org/10.1103/PhysRevB.91.161413
http://dx.doi.org/10.1103/PhysRevX.5.031001
http://dx.doi.org/10.1103/PhysRevX.5.031001
http://dx.doi.org/10.1103/PhysRevB.87.144101
http://dx.doi.org/10.1038/ncomms10735
http://dx.doi.org/10.1103/PhysRevLett.117.227201
http://dx.doi.org/10.1103/PhysRevLett.117.227201
http://dx.doi.org/10.1103/PhysRevB.95.014418
http://dx.doi.org/10.1103/PhysRevLett.119.247202
http://dx.doi.org/10.1088/0256-307X/34/7/077501
http://dx.doi.org/10.1088/0256-307X/34/7/077501
http://dx.doi.org/10.1103/PhysRevA.63.053601
http://dx.doi.org/10.1103/PhysRevA.63.053601
http://dx.doi.org/10.1103/PhysRevLett.100.130402
http://dx.doi.org/10.1103/PhysRevLett.100.130402
http://dx.doi.org/10.1103/PhysRevA.81.053608
http://dx.doi.org/10.1103/PhysRevA.91.013629
http://dx.doi.org/10.1134/S002136401102007X
http://dx.doi.org/10.1103/RevModPhys.82.1959
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1103/PhysRevLett.115.036807
http://dx.doi.org/10.1143/JPSJ.74.1674
http://dx.doi.org/10.1088/1361-6455/aa9787
http://dx.doi.org/10.1088/1361-6455/aa9787

	1. Introduction
	2. Bose–Hubbard model in the hyperhoneycomb lattice
	3. Mott–superfluid transition
	4. Excitation modes for the superfluid
	5. Excitation modes for the MI phase
	6. Discussion and conclusion
	References

