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Motivated by our recent work, in this work, we present the numerical study of the anchoring effect on the Frederiks
threshold field in a nematic liquid crystal doped with ferroelectric colloidal nanoparticles. Assuming weak anchoring con-
ditions, we employ the relaxation method and Maxwell construction to numerically solve the Euler–Lagrangian differential
equation for the total free energy together the Rapini–Papoular surface energy to take into account anchoring of nematic
liquid crystal molecules at the substrates. In this study, we focus our attention on obtaining the phase diagrams of Frederiks
transition for different values of anchoring strength which have been not computed in our previous work. In this way,
the effect of nanoparticle radius, nanoparticle volume fraction, nanoparticle polarization, and cell thickness on the Fred-
eriks transition for different values of anchoring conditions are summarized in the phase diagrams. The numerical results
show that by increasing the nanoparticles size and nanoparticle volume fraction in the ferronematic system, the Frederiks
threshold field is strongly reduced.

Keywords: anchoring surface effect, ferronematics, Frederiks transition, Maxwell construction
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1. Introduction
During the last few years, liquid crystals (LCs) with ex-

traordinary optical properties are widely used at many optical
devices as the spatial light modulators[1–6] and photorefractive
cells,[7–9] which provide modulation, diffraction, and polariza-
tion of light.[10–12] Because of LCs dielectric and diamagnetic
features, their optical properties will be easily controlled by
applying electric or magnetic field. A suspension of ferroelec-
tric nanoparticles (NPs) embedded in nematic liquid crystal
(NLC) matrix is known as ferronematic system. The ferrone-
matic research field was first opened by a key paper[13] and
the key early theoretical works in this field are provided by
Raikher.[14–17] The application of ferroelectric nanomaterials
in liquid crystals has recently emerged as a promising way for
advanced and tunable electro-optical materials in experimental
work.[18]

Several advantages in combing the NPs and LCs materials
have been appeared through manipulation their fluidity, unique
anisotropic and elastic constants by which its switchable ma-
trix will be promoted. Moreover, NPs which possess both
shape and dielectric anisotropy transfer self-organization in
the LC medium and by this way, modify[19] and/or produce[20]

new features not available by either materials in their intrinsic
form. The small ferroelectric colloidal particles are chosen as
the impurity and have a length scale of nanometer by which
they are not able to disrupt NLC host and also not able to form
periodic array done in photonics application.[21–26] However,

a low concentration of ferroelectric NPs into the NP-NLC hy-
brid systems causes significant properties.[27–32] For example,
the Kerr effect, isotropic-nematic transition temperature and
orientational order parameter will be increased. While, transi-
tion threshold field will be decreased. Mukherjee used Landau
phenomenological theory to study the effects of ferroelectric
nanoparticles on the static dielectric permittivity[33] and Kerr
effect.[34]

Surface alignment play a key impact on determining the
electro–optical properties of LC-based devices.[35] The LC
cell surfaces coated with aligning agent impose a preferred
LC molecular orientation at the wall, refereed to as anchoring.
Here, NP-NLC hybrid system is supposed to possess a ho-
mogeneous anchoring condition by which the NLC molecules
are oriented parallel to the substrate. There are two limit-
ing cases for the surface anchoring: strong and weak anchor-
ing conditions. The weak anchoring of NLC can in prin-
ciple result in lower threshold field. From practical point
of view, there are several surface modification techniques to
achieve weak anchoring configuration at the slab wall such
as Mechanical rubbing,[36,37] photo alignment,[38] surface
polarization,[39] wetting phenomenon,[40,41] self-assembled
monolayers,[42] grafting of polymer brushes,[43] and atomic
force microscope treated surfaces.[44]

In this study, we have numerically investigated the effects
of anchoring energy on the Frederiks threshold field in a ne-
matic liquid crystal doped with ferroelectric colloidal nanopar-
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ticles. A key input to the present work comes from our previ-
ous work,[45] in which NLC director configuration within the
ferronematic cell has been studied through strong anchoring
conditions. At weak anchoring conditions, nanoparticle vol-
ume fraction, nanoparticle size, nanoparticle polarization, and
cell thickness have a key role in the Frederiks transition. How-
ever, these effects have been not discussed in previous work.
In this work, we will obtain a phase diagram for nanoparticle
radius, volume fraction, polarization and also slab thickness
for different values of anchoring strength which have been not
investigated in our previous work. To fulfill this task, we sup-
pose a simplified model to tackle some complexities arisen out
of weak anchoring condition. So, we assume the following
postulates: (i) to avoid fully disruption NLC properties, suffi-
ciently low concentration and sample size of ferroelectric NPs
are chosen; (ii) NPs permanent polarization can be either par-
allel or anti-parallel to the NLC director; (iii) induced electric
field by NP polarization is neglected; and (iv) NP-NP interac-
tions will not taken into account here.

2. Physical model

We consider a suspension of ferroelectric colloidal NP
embedded in NLC medium, refereed to as ferronematic sys-
tem. This cell is confined between two parallel substrates fixed
at z = 0 and z = L. We also suppose homogeneous alignment
layers coated on the substrates. Therefore, NLC molecules at
the interface are oriented parallel to the substrate. Cell geom-
etry is schematically depicted in Fig. 1. As shown in Fig. 1,
an external electric field 𝐸 = (0,0,E) is applied along the z

axis, perpendicular to the substrates. Angle θ is defined be-
tween x axis and 𝑛̂ direction. Polarization of ferroelectric NPs
causes drastic effects in comparison to the pure NLC medium
and hence results in interesting features. For simplicity, we
only suppose ferroelectric NP has a spherical shape, perma-
nent polarization, d, and totally occupies, f , fraction of the
total volume.

z

z

L

x

x

E

n

θ

Fig. 1. (color online) Shematic representation of a ferronematic cell con-
sisting of nematic liquid crystal (NLC) doped with ferroelectric NPs. In
field-off state, homogeneous alignment layers at the substrates cause NLC
molecules to be directed parallel to the interfaces and NPs electrostatic
dipole moments are randomly distributed. θ is defined as the angle between
nematic director and x axis, 𝑛= (cosθ (z) ,0,sinθ (z)).

A bulk free energy function to describe the suspension of
ferroelectric NPs embedded in NLC system was first provided
by Raikher.[14–17] The bulk free energy density based on the
continuum theory can be written in terms of elastic, electric,
entropy, and surface energies:

f = fel + fE + fentr + fsurf, (1)

where

fel =
1
2

{
K1(∇ ·𝑛)2 +K2(𝑛 · (∇×𝑛))2 +K3(𝑛× (∇×𝑛))2

}
,

fE =−1
2
𝐷0 ·𝐸−𝑃 ·𝐸0, fentr = f

kBT
ν

(ρ+ lnρ++ρ− lnρ−) , (2)

where K1, K2, and K3 are splay, twist, and bend Frank elastic
modules of NLC, respectively. ρ+ and ρ− stand for fraction
of ferroelectric NP oriented parallel or antiparallel to the local
director field, 𝑃 is the permanent polarization of the colloidal
NP per unit volume, 𝐷0 is the electric displacement arisen out
of only NLC characterization, and 𝐸0 = λ𝐸 is electric field
inside the cell.

In this paper, we use the anchoring of the molecules to
the bounding surfaces, which is quantified by Rapini–Papoular

free energy density[46]

fs =
1
2

Asin2
θ0, (3)

where A is the anchoring strength, θ0 is the angle between
easy direction and the nematic director at the nematic-wall in-
terfaces, θ(z = 0) = θ(z = L) = θ0. Thus, the total density
free energy of nematic liquid crystal doped with ferroelectric
nanoparticles reads as follows:[45]

f =
1
2
(
K1cos2

θ +K3sin2
θ
)( dθ(z)

dz

)2

− 1
2

ε0
(
ε⊥+ εasin2

θ
)

E2
z (θ)

− f
βν

ln [exp(λdνβEz(θ)sinθ)+ exp(−λdνβEz(θ)sinθ)]+
1
2

Asin2
θ0, (4)
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where ν is the nanoparticle volume, β = 1/kBT, and εa = ε‖− ε⊥ is an anisotropy of dielectric susceptibility.
Variation in the total free energy in order to determine the equilibrium orientation θ(z) that minimizes the total free energy

leads to the following Euler–Lagrange differential equation:

d2θ(z)
dz2 =

[
(K1−K3)θ ′2− ε0εaE2

z (θ)
]

sinθ cosθ − f λdEz(θ)cosθ tanh(λdνβEz(θ)sinθ)

K1 cosθ
+K3 sin2

θ , (5)

together with two boundary conditions at the interfaces,

θ(z = 0) = θ(z = L) = θ0 (6)

and
dθ

dz

∣∣∣∣
z=0,L

=± (1/2A)sin(2θ0)

K1 cos2 θ0 +K3 sin2
θ0

, (7)

where plus and minus signs refer to the boundary conditions
at z = 0 and z = L, respectively.

Differential equation (5) is solved numerically by using
the relaxation method for arbitrary values of θ0. Once θ(z)

profile for each value of θ0 is obtained, we plot
dθ

dz

∣∣∣
z=0

as a

function of θ0. According to Eq. (7), the possible solutions
of θ0 are intersections with the right side of Eq. (7). Figure 2
shows a graphical solution of Eq. (7). Cross and circle points
are refereed to the right and left sides of Eq. (7), respectively.
There are three periodic solutions at [0,π] interval. Neverthe-
less, from physical point of view, the only acceptable solution
is the one which turns the total free energy to the absolute min-
imum value. The physically acceptable solution is selected by
using well-known Maxwell construction.[45,47]

0                           1                           2                           3 

θ
0
/rad

-1.5

-1.0

-0.5

0

0.5

1.0

1.5

(d
θ/

d
z
↽ z

/

/




 r

a
d

left side of Eq. (11)

right side of Eq. (11)

Fig. 2. (color online) Graphical solution of Eq. (5) with the boundary
conditions of Eq. (7) under the influence of applied electric field E =
3.95× 105 N ·C−1, anchoring strength A = 2× 10−5 J ·m−2, NP volume
fraction f = 0.3%, NPs’ permanent polarization d = 0.06 C ·m−2. Cross
points and circle points are related to the right and left sides of Eq. (7).
Right and left sides of Eq. (7) intersect at three places in the interval [0,π].
The striking feature is that x2 always locates in π/2 radians and provides the
maximum total free energy. While, x1 and x3 are 0.7486 and 2.3930 in our
considered parameters for this ferronematic system, respectively. Increasing
applied electric field strength results in gradually shifting the current value of
x1 to its final value π/2 radians which means all molecules will be directed
along the applied field. However, x1 and x3 differ π/2 from each other. This
feature comes from the fact that 𝑛 and −𝑛 are equivalent in NLC systems.
Since area 1 is larger than area 2, x1 is the only acceptable physical solution
here and gives the absolute minimum of the total free energy.

To find the Frederiks threshold field, we increase the ap-
plied electric field strength from zero. Below Frederiks tran-
sition, orientation of NLC molecules or director 𝑛̂ does not
change. However, as the applied electric field strength reaches
to the Frederiks field, director 𝑛̂ and thus θ0 starts to tilt from
its initial orientation. Finally, at much larger applied electric
field strength refereed to saturation field, all molecules orients
along external electric field direction. Therefore, through tran-
sition from Frederiks to the saturation field.

3. Results and discussion
In this section, results obtained with our numerical proce-

dure will be discussed. Then, we will compare our results with
previous works. We suppose our ferronematic system contains
5CB NLC which has been doped with Sn2P2S6 NPs. We use
experimental data listed in Table 1.

Table 1. Experimental data used for 5CB NLC and Sn2P2S6 nanoparti-
cles.[48,49]

Parameter Value Description

K1 10.5×10−12 N splay elastic module
K2 5.4×10−12 N twist elastic module
K3 13.8×10−12 N bend elastic module
εa 11.5 nematic dielectric anisotropy
ε⊥ 7 normal component of NLC electric

permittivity

By using our numerical technique we compute Frederiks
threshold field for different concentration of volume fractions
under various anchoring strengths to present the effects of an-
choring condition on different volume fractions. Finding re-
sults are illustrated in Fig. 3. It shows that increasing the
percent of doped ferroelectric NPs results in decreasing the
threshold field in all of various anchoring strength. An inter-
esting thing is that rate of decreasing is equal to all of these
anchoring strength. Ferroelectric NPs due to their polarization
induce an electric field which interacts with NLC molecules
and results in lower Frederiks threshold. As it is shown in
Fig. 3, under stronger anchoring condition, molecules are kept
a tight hold on the substrates and hence, the Frederiks transi-
tion happens in larger values. The phase diagram of NP per-
manent polarization as a function of electric Frederiks thresh-
old field is illustrated in Fig. 4. It is obvious to see that thresh-
old field decreases when the NP polarization is increased. A
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similar results are seen in Fig. 3. However, a striking feature of
Fig. 3 is to happen saturation when permanent polarization, d
is reduced. There is nothing happened in the assumed ferrone-
matic system below Frederiks transition. Nevertheless, above
Frederiks transition, all molecules rotate to the applied electric
field direction. As the external 𝐸 is larger, molecules will be
more aligned.

0          1          2           3          4          5 

Nanoparticle volume fraction f/%


















strong coupling
A/Τ10−4 J⋅m-2

A/Τ10−5 J⋅m-2

A/Τ10−6 J⋅m-2

above Frederiks transition

below Frederiks transition

E
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/
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0

4
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⋅C
-

1

Fig. 3. (color online) Phase diagram for NPs volume fraction as a function
of Frederiks threshold field and permanent polarization d = 0.06 C ·m−2,
volume size ν = 1×10−25 m3, and cell thickness L= 10 µm. As the anchor-
ing strength decreases, Frederiks transition takes place in lower values and
molecules weakly anchored to the substrates rotate more easily. The reduc-
tion in the Frederiks threshold field is linear for various anchoring condition
(see the text for details).

strong coupling

A/Τ10−4 J⋅m-2

A/Τ10−5 J⋅m-2
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above Frederiks transition

below Frederiks transition
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Fig. 4. (color online) Phase diagram for NPs permanent polarization as a
function of Frederiks threshold field and NP volume fraction f = 0.3%, vol-
ume size ν = 1×10−25 m3, and cell thickness L = 10 µm. NPs polarization
induce an electric field which interacts with the system and reduces thresh-
old field. Stronger anchoring conditions lead to the larger threshold field.
However, as the permanent polarization decreases, increasing in the thresh-
old field leads to the saturation for all of anchoring conditions (see the text
for details).

There are other parameters which can be manipulated to
get more optimized Frederiks threshold field, for example, NP
size and cell thickness. Figure 5 presents the influence of
radius on the transition threshold field in different anchoring
condition. It is clear that the effect of NP size is more or less
similar to its permanent polarization. When smaller NP radius

is used, this leads the Frederiks threshold field to the satura-
tion, which we have seen before in Fig. 4 through investigating
the effects of NP permanent polarization. On the other hand,
there is smaller applied electric field is need to take place the
Frederiks transition with larger NPs size. It means that larger
NP radius can affect and cover more area and thus interact with
more NLC molecules. Nevertheless, too large NP radius can
totally disturb the NLC properties. Generally, it will be rea-
sonable to expect that the effects of colloidal size is the same
as its permanent polarization in a suspension containing many
colloidal particles.

strong coupling

A/Τ10−4 J⋅m-2

A/Τ10−5 J⋅m-2

A/Τ10−6 J⋅m-2

above Frederiks transition

below Frederiks transition
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Fig. 5. (color online) The influence of colloidal radius on the Frederiks
threshold field in different anchoring conditions. There is not a linear de-
pendency on the Frederiks threshold field and NP radius. Decreasing the NP
radius leads the threshold field to the saturation. While, colloids with larger
radius induce electric field which covers more NLC molecules and hence re-
sults in lower threshold field. Numerical data: d = 0.06 C ·m−2, f = 0.3%,
and L = 10 µm.

strong coupling
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Fig. 6. (color online) Effects of cell thickness on the Frederiks transition
in different anchoring condition. Frederiks transition can be sophisticated
controlled by adjusting the cell thickness because of its high impact in
comparison to the other control parameters. As cell thickness gets much
thicker, falling in threshold field becomes more steep. On the other hand,
there is larger applied electric field is needed For the Frederiks transition in
thin ferronematic cells. Numerical data: d = 0.06 C ·m−2, f = 0.3%, and
ν = 1×10−25 m3.

Figure 6 illustrates phase diagram of electric Frederiks
transition as a function of cell thickness. Thinner ferronematic
cells need larger applied electric field to reach to the Frederiks
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transition. For thicker cells, falling in threshold field becomes
more steep. However, anchoring strength will be less impor-
tant as the cell thickness gets thicker. It is obviously clear that
the cell thickness parameter has higher impact on the Frederiks
transition threshold in comparison to the anchoring condition.

Anchoring strength determines how NLC molecules
tightly bind into the substrates. Adjusting the anchoring
strength can be done technically by adding the surfactant to
the system. Different anchoring strengths cause different val-
ues of pre-tilt angles, θ0, and behavior of NLC molecules at the
nematic–wall interfaces. In the case no anchoring condition,
A = 0, equation (7) yields dθ/dz = 0 and thus it is revealed
from graphical solution of Fig. 2 that θ is π/2 at the boundary
surfaces. Namely, under the condition of A = 0, current homo-
geneous anchoring condition changes to the homeotropic ones
under the influence of external electric field in the z direction.
Moreover, the transition from Frederiks to the saturation re-
gion occurs sharply and by the way all molecules within the
cell are rapidly aligned to 𝐸 under the influence of electric
threshold field (see Fig. 7). This sharp transition is so-called
the spontaneous Frederiks transition.[50]

                                                             

A/10-4 J⋅m-2













θ 0
/
(°
)

Fig. 7. (color online) Dependency of anchoring strength as a function of
θ at the boundary surfaces, θ0. Numerical data: E = 4× 105 N · C−1,
d = 0.06 C ·m−2, f = 0.3%, ν = 1×10−25 m3, and L = 10 µm.

From Fig. 7, under the condition of huge anchoring
strength, A→∞, θ0 reaches to zero and homogeneous anchor-
ing condition does not changed here. By this way, Frederiks
transition occurs at higher values of applied electric field when
there are larger anchoring strengths are established. Generally,
electric Frederiks threshold field has a dependency on the an-
choring strength, NP permanent polarization, NP volume frac-
tion, NP radius and cell thickness. It is also interesting to ex-
amine how the Frederiks threshold field changes under the in-
fluence of different anchoring strength. Figure 8 presents an-
choring strength as a function of electric threshold field. From
low anchoring strength to A= 0.1×10−3 J ·m−2, increasing in

Ec becomes more steep. Nevertheless, we will reach a plateau
after this value.

          .          .         .         .         . 
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/
1
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4
 J
⋅m

-
2

above Frederiks transition

below Frederiks transition

Fig. 8. (color online) Phase diagram of anchoring strength as a function of
electric threshold field (see the text for details). d = 0.06 C ·m−2, f = 0.3%,
ν = 1×10−25 m3, and L = 10 µm.

3.1. Validation

Here, we validate our numerical results by comparing
them with previous works. In this work, we have investigated
the influence of different parameters on the electric Frederiks
threshold field, for example, NP radius, polarization, volume
fraction, anchoring strength and cell thickness. At large NP
polarization, radius or volume fraction, the results may not
be accurate due to the aggregation phenomenon. Aggrega-
tion is more probable to happen in the center of slab since
the NLC director is most free to rotate toward the external
field.[51] In this case NLC properties are locally perturbed,
electric filed is not uniform within the cell and order parame-
ter is needed to be taken into account. Our findings are consis-
tent with Podoliak[18] whose studying reports that reduction in
Frederiks threshold field is proportional to the NP concentra-
tion and polarization. They have also predicted that different
shapes of NP have discernible Frederiks transition. Napoli[52]

established Euler–Lagrangian equation for the total free en-
ergy and used a regular perturbation method to find the equilib-
rium solution. He has categorized the solution into two distinct
regions, Frederiks and saturation regions. It has been reported
the effects of two different anchoring energies at critical field
and high applied voltages. Burylov and Raikher[17] have gov-
erned initial continuum theory[13] to study anchoring energy
of NLC molecules at the ferroparticles. Anchoring of NLC
molecules at the substrates and also at the ferroparticles sur-
faces have taken into account by Zadorozhnii[51] to investigate
the magnetic Frederiks transition in the ferronematic systems.
In the current work, However, we have used Euler-Lagrangian
equation together with relaxation method and Maxwell con-
struction to tackle with the difficulties arisen out of difficult
boundary condition and select the physically acceptable solu-
tions.
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4. Conclusions
The effect of anchoring strength, nanoparticle volume

fraction, nanoparticle size, permanent polarization, and cell
thickness on the Frederiks threshold field in a nematic liq-
uid crystal doped with ferroelectric colloidal nanoparticles in
weak anchoring condition have been numerically studied. A
low concentration of ferroelectric nanoparticles were assumed
to avoid totally disturbance the system. A phenomenolog-
ical formula provided by Rapini–Papoular was used to ex-
plain the NLC anchoring at the substrates. Using the relax-
ation method and Maxwell construction, we have numerically
solved the Euler–Lagrangian differential equation for the fer-
ronematic total free energy together with the surface energy to
obtain the equilibrium states of the NLC director within the
slab. We have focused our attention to calculate the phase
diagrams for nanoparticle volume fraction, nanopaticles size,
permanent polarization, and cell thickness as a function of
anchoring strength which have been not investigated in our
previous work. Numerical results indicate that larger NP ra-
dius or larger permanent polarization or volume fraction result
in producing an stronger induced electric field which causes
Frederiks transition to take place at lower threshold field. The
behavior of permanent polarization and NP radius are nearly
similar and both of them lead the Frederiks field to the sat-
uration as a result of decreasing in these parameters. How-
ever, this situation does not happen for nanoparticle volume
fraction. Dependency of cell thickness on the threshold field
reveals that Frederiks transition takes place at larger external
electric fields for more compact cells. However, the thresh-
old field falls into lower values as a result of increasing in cell
thickness and thus anchoring strength gradually looses its im-
pact on the threshold field. Moreover, when the cell thick-
ness is fixed, there is also a plateau region for the anchoring
strength reaching 6×104 J ·m−2 and molecules rapidly orient
to the applied electric field.
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