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The head on collision between two opposite propagating solitary waves is studied in the present paper both numerically
and analytically. The interesting result is that no phase shift is observed which is different from that found in other branches
of physics. It is found that the maximum amplitude in the process of the head on collision is close to the linear sum of two

colliding solitary waves.
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1. Introduction

The solitary waves were found by Scott Rusell in 1834.
Later, the KdV equation was obtained in 1895.['1 An extraor-
dinary series of events happened around 1965 when Kruskal
and Zabusky discovered a pulse-like solitary wave solution
of the KdV equation,?! for which the name “soliton” was
proposed. However, the presence of solitary waves in the
bead chain was first discovered and studied by Nesterenko
et al.Bl in 1984.
spheres obeyed the Hertzian law, and the interaction forces

It indicated that the interaction between

with a form of solitary waves propagated in the bead chain.
Later, Coste et al.!*l experimentally studied the relationship
between the propagation velocity of the isolated wave and
the maximum amplitude and static force. In the pioneering

work of Nesterenko, 330

wave propagation in a 1D assem-
bly of beads has a rich content in physics due to the non-
linear nature of the interaction between spheres. The most
commonly used method of the study of this nonlinear wave
is the Poincare-Lighthill-Kuo (PLK) method,!”"! which has
been extensively used in many branches of physics, such as

10,111 1 Boes—Einstein condensates,®12] in

in plasma physics,!
nonlinear lattice dynamics,[!>14 etc.

The excitation, propagation, and interaction of solitary
waves are important issues in theoretical studies. Recently
several studies have reported, both experimentally and numer-
ically, a large number of phenomena associated with this type
of wave in Hertzian linear chains, ranging from solitary wave

interaction with boundaries!*15-17

!'and wave mitigation in ta-
pered chains[!'®-2! to energy localization in chains with mass

defects'?>*1 and pulse reflection and transmission due to im-

DOI: 10.1088/1674-1056/27/4/044501

purities in a granular chain.>>-?7! With the further reports on
solitary wave correlation studies, the problem of interaction
between solitary waves has attracted rapidly growing interest
because of the significance of understanding the dynamics of
granular matter. For instance, the authors in Ref. [28] studied
the interaction between the solitary waves in the Toda lattice.
It shows that the Toda lattice enables capturing both copropa-
gating and counterpropagating soliton collisions and the exis-
tence of phase shift after collision. The interaction between the
solitary waves in the plasmal>®=* has been widely reported,
it is the well-known feature of the presence of phase shifts as
a result of the solitonic collisions in the plasma. However,
the interaction of solitary waves in granular chains is little
understood. Francisco Santibanez er al.!’! studied only ex-
perimentally the interaction between two solitary waves that
approach one another in a linear chain of spheres interacting
via the Hertz potential. When these counterpropagating waves
collide, they cross each other and a phase shift in respect to the
noninteracting waves is introduced as a result of the nonlinear
interaction potential. As a result, in the literature, one refers to
these waves as solitary waves. Two opposite propagating soli-
tary waves can pass through each other without suffering any
interaction except for a slight shift in their positions compared
to where they would have been had they not passed through
one another. In this letter, by using the reductive perturba-
tion method, we obtain a pair of KdV solitary waves described
by uncoupled KdV equations, one moving rightward and the
other moving leftward, to capture the evolution of general ini-
tial data, it is used to study the interaction of solitary waves
in a 1D granular medium. The head on collision between two

*Project supported by the National Magnetic Confinement Fusion Science Program of China (Grant No. 2014GB104002), the National Natural Science Foun-
dation of China (Grant No. 11647313), the Youth Science and Technology Foundation of Gansu Province, China (Grant No. 1606RJYA263), and the Institutes
of Higher Education Institutions of Gansu Province, China (Grant No. 2015B-022).
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opposite propagating solitary waves is studied in the present
study. The interesting result is that no phase shift is observed.
It is found that the maximum amplitude in the process of the
head on collision is close to the linear sum of two colliding
solitary waves.

This paper is organized as follows. In Section 2 we set up
the model. In Section 3 we give the numerical results. Finally,
in Section 4 the conclusion is given in the last section.

2. Physical model

We consider an alignment of N identical elastic spheres,
each of mass m and radius R, placed in such a way that they
are barely in contact with each other. There is no grain-grain
interaction when there is no contact, but when an external per-
turbation is applied to the system initially, different pulses may
be evolved into the system. In this process, the elastic de-
formations are accompanied. Under elastic deformation, the
energy stored at the contact between two elastic beads un-
(2/5)k8/2,
where O is the overlap deformation between beads and k =
(R/2)'/2/D(Y,5),D(Y,0) = (3/2)[(1 — 62)/Y], Ris the bead
radius, Y is the Young modulus, and o is the Poisson ratio of

der compression with the Hertz potential is U =

the bead material. The dynamics of the bead chain is described
by the N coupled nonlinear equations,

d?u; _ _
miﬁ:nk[(ZR—Fu,’_l—u,-)" P QR+ uy—ui)" "] (1)
with i = 1,2,...,N, where m; is the bead mass, u; = (2i —

1)R + s; denotes the absolute position of bead i, and s; is the
displacement from its equilibrium position of bead i. In gen-
eral, the magnitude of n depends upon the contact geometry
between the beads and typically varies between n = 5/2 and
3,36:37] and in our work n = 5/2. If there is great enough
R— /2, & is the ini-

tial overlap deformation between two beads.

prestress, the bead radius will be R’ =
In the contin-
uous long-wavelength limit, and 8 > s; — s;11, equation (1)
becomes[27:39-411

dizsz di25+ii4s +B dizs (2)
a2~ '\ T 12d# a2
where
B n(n—1)ké;~ 2
1= m; 5
—1)(n—2)k§"3
B2 _ _l’l(”l )(’:n ) 0 , S,‘([) :S(i,[),

and i is assumed to be a continuous variable.

Now we study the interaction of a pair of uncoupled KdV
solitary waves in a 1D granular chain, as is shown in Fig. 1.
We place a chain of N same beads fromi=1toi=N. We
assume that there are two opposite propagating KdV solitary

waves labeled by L and R, respectively. One is propagating
from the left to the right direction and the other is in the nega-
tive direction. Initially, both KdV solitary waves are far apart.
After some time, they interact, collide, and then depart. In gen-
eral, after the collision, there is a phase shift of both solitary

waves. [28-33
left wave right wave
— —
i=1 i=N

Fig. 1. (color online) Head-on collision of two KdV solitary waves in a
one dimensional bead chain.

According to the reductive perturbation method,!7--3%-38.39]

we introduce the stretched coordinates in the region i > 0:

& = e(kpx— ALt +€2P(n,7) +

n= e(ka ARt + €2 o0&, 1)+,
T=¢%

where & and 1) denote the trajectories of two solitary waves
traveling in two different directions, respectively. A, and Ag
are the two corresponding propagation speeds. € is a small
parameter (& < 1).3%1 The dependent variables are expanded

around the equilibrium values in power of €:

s=esi+es+, s=s(&n,1).

Substituting these expansions into Eq. (2) and collecting terms
in different powers of &, at the lowest order we obtain A =
ki v/B1, AR = kr+/B1. Then we have s; = s“(&,7) +s8(n, 7).
st and s® satisfy the KdV equations respectively.

8s LL&s L83L_
dsk 8 83R
;T Al BT =0, )

where ab = Byk? /2B, B =k} /24, and a® = Bk} /2B,
BR = k% /24, one of the simple solutions of the KdV equation
can be written as

L
—ukt
vb =L sech? 5~ iyt Dzo , )
W= Vi R sech? n- DR , 6)

where v5 = 3ul/at, D& =2,/BL/ul, and V& = 3ul /oR,

DR = 2,/BR/uf, uf and uf are modulational parameters
which can adjust the wave amplitude. All the physical quanti-

ties are dimensionless. The length, the velocity, and the mass
are normalized by the diameter of a bead, the acoustic velocity
of the system, and the mass of a bead. In this dimensionless
system, the unit time is Ty = 3.737 x 107 s, the unit length is
Lo = 0.0002 m, and the unit mass is mg = 1.0472 x 107 kg.
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Then, in the experimental coordinate we can obtain the dis-
placement and the velocity of each bead, which can be de-
scribed as a kink solution and a solitary wave solution in the

system:
6 L
st = sk tanh { e - ugr)], (7)
ki
6 L
Vb =1L sech? {1 / %(% - MIGT)] , ®)
L
6 R
sR = sR tanh [ #(T] - M()RT)] , ©)
kg
6 R
W= v% sech? { %(n — ugf)] , (10)
R

where Si‘n = BH/6uldkL/szL, V}Z = 6Blu]6/32k2, and S}}1 =

By\/6ulkr /Bokg, VR = 6B uf /Brk}. 1t is well known that
the above solutions of the KdV equation are exactly reliable in
a 1D granular system and the relevant numerical results have
already been carried out, as shown in Ref. [27].

0.006 - - - -

0.0041t=0 ]
0.002 1 ]
0 oog T T T T -
_ 0004 t=0.0093 A 1
0.002 4 ]
0.008 T T T T
0.004 ] t=0.0146 ]
0.002 ]
0 = = = =
0 1 2 3 4 5

Bead number/104

Fig. 2. (color online) Simulation results of the evolution of a KdV soli-
tary wave at different times.

0.006 1 I I Isimulatilon result
- - —analytical one
0.005 -1 t=0.0093 1
e =0.001
0.004 |
> 0.003
0.002 1
0.001 - J k .
0
0 1 2 3 4 5

Bead number/104

Fig. 3. (color online) The comparisons between simulation results and
the analytical ones with the same initial conditions at # = 0.0093. In the
figure, the red dotted line represents the analytical solution and the blue
solid line represents the simulated results.

3. Numerical results and discussion

We choose a 1D chain consisting of the same 5 x 10*
beads. The relevant parameters of the beads are as follows:
Young’s modulus Y = 2 x 10" Pa, Poisson’s ratio 6 = 0.3,

the density p = 7.78 x 103 kg/m?, radius R = 0.001 m, and
the initial overlap 8 = 0.0003 m. The initial conditions of the
displacements from their equilibrium positions and the corre-
sponding velocities of all beads are chosen from the analytical
results, Egs. (7), (8) and Egs. (9), (10), where uj = uff =1,
ky, = kr = 1. In simulation, the starting point i = 1 and the
ending point i = 5 x 10* are fixed and the periodic boundary
condition is given. All the physical quantities are the interna-
tional system of unit. The bead displacement is solved by a
series of equations of motion of Eq. (1) and the corresponding
velocity is obtained as well.

In the following, we will study two kinds of collision
between two solitary waves. One is for two same amplitude
waves, the other is for two different amplitude waves.

(i) Collision between two same amplitude waves

First, according to Egs. (7) and (8), the left solitary wave
L with the initial data g, = 0.001, at the point of the 10%-th
bead, propagates freely from left to right, as shown in Fig. 2.
It is observed that the waveform and the propagation velocity
remain unchanged during the collision process with the right
solitary wave. We compare our numerical results with the an-
alytical one of Eq. (8) and obtain a good agreement between
them, as shown in Fig. 3. It indicates that the KdV solitary
waves can propagate steadily in the 1D bead chain. Then ac-
cording to Egs. (9) and (10), the right solitary wave R with
the same initial condition eg = & = 0.001, at the point of the
4 x 10*-th bead, propagates freely from right to left. Initially,
both solitary waves are far apart. After some time, they in-
teract, collide, and then depart. There are four different cases
of colliding: (a) AL & AR, (b) AL & AR, (c) AL & AR, and
(d) AL & AR, where “+” and “—
tion direction of solitary wave, *?! shown in Fig. 4. It is clear

” represent the propaga-

that after collision, their wave forms still remain unchanged.
However, there is an interesting phenomenon that there is no
phase shift for both solitary waves compared with those with-
out the collision, as shown in Fig. 5. Figures 5(a)-5(d) show
the comparisons between the solitary waves with and without
collisions corresponding to Figs. 4(a)-4(d), respectively. The
black solid lines stand for solitary waves after collision and the
red solid lines are the same solitary waves propagating without
collisions. Figure 6 shows the corresponding collision profiles
to Fig. 5 for the bead displacements. It is found that there is no
phase shift after any collision. This result is interesting since
it is different from that found in the nonlinear lattice, in the
water waves, in the Bose—Einstein condensations.

(i) Collisions between two solitary waves with differ-
ent amplitude

It is found from the above section that the waveform and
the propagation velocity of two colliding solitary waves re-

main unchanged after collision. In this section, we consider

044501-3
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the collision between two solitary waves with different ampli-  tively. There are four cases. No phase shift is observed for
tudes. The initial condition of the solitary wave R is given by  a solitary wave after collision, as shown in Fig. 8. We can
a small parameter eg = 0.001, but the solitary wave L is given  also obtain from Fig. 9 corresponding to Fig. 8 that the head-
by & = 0.0015. The results are shown in Fig. 7. It is noted  on collision between two opposite propagating KdV solitary
from Fig. 7 that initial amplitudes of colliding solitary waves  waves can pass through each other as if without suffering any
L and R are about A;, = 0.01309 and Ar = 0.00582, respec- interaction. There is no phase shift between them.

0.005{t=0 A L R/\ (a) 00051=0 AL, (®)
0 — —0.005 RV
0.0121; = 0,0093 0.0005{¢ =0.0093 L
=~ 0.006 R AL. 0 \f\
0 —0.0005 R
0.005 {t = 0.0146 0.005 {t =0.0146 L,
0 — —0.005 R
0 1 2 3 4 5 0 1 2 3 4 5
Bead number /104 Bead number/10*
0 —
i — 0.005]t=0 R
= R © 0 _ LN @
—0.0051; —q ~0.005 VT
0 —\ — 0.00051¢ =0.0093 R
L. —0.006 R L 0 —/\/ _
—0.012{t =0.0093 —0.0005 L
0 — — t=0.0146
R\[ v T 0.0056 R\ -
—0.0051; —0.0146 —0.005 VT
0 1 2 3 4 5 0 1 2 3 4 5
Bead number /104 Bead number /104

Fig. 4. (color online) The interaction process of head on collision between two solitary waves. Panels (a), (b), (c), and (d) correspond to the four
cases. L and R represent the left and right solitary waves, where Ay, = 0.00582 and Ar = 0.00582. The arrows stand for the propagation directions
of waves. The black solid line represents the initial state of the solitary waves of L and R, the blue solid line represents the wave profile at the
critical point when the maximum amplitude is reached during the collision between two solitary waves. The red solid line represents the evolution
of solitary waves L and R after collision. Four different cases are shown in panels (a), (b), (c), and (d). Case (a) is for AI; & AE, case (b) for AL &
AR case (c) for Aﬁ & AR, and case (d) for A & AE. Here A" and AR represent amplitudes of solitary waves L and R, respectively, while “ + and
“—” represent the propagation directions of solitary waves, respectively.

0.008 1
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0.004 - R ] 0
-— «—
—0.004 - RV
0 —0.008 ]

= 0.00817—=0.0146 0.008 1 ¢ =0.0146
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0 ‘ 0 ‘
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Fig. 5. (color online) The definition of the phase lags of solitary waves. The arrows stand for the propagation directions of waves, the red solid line
represents the solitary wave L without collision and the black solid line represents solitary wave L after collision. “A” stands for the phase shift.
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Fig. 6. (color online) Displacement diagram of solitary waves corresponding to Fig. 5. The arrows stand for the propagation directions
of waves. The red solid line represents the kink L without collision and the black solid line represents the kink L after collision.
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Fig. 7. (color online) The interaction process of the head on collision between two solitary waves L and R. There are four cases. Initial
amplitudes of colliding solitary waves L and R are about A, = 0.01309 and Ag = 0.00582, respectively. In the figure, the arrows stand for the
propagation directions of waves. The black solid line represents the initial state of the solitary waves L and R, the blue solid line represents the
collision of solitary waves L and R and the red solid line represents the evolution of solitary wave L and R at the different times after collision.
Four different cases are shown in panels (a), (b), (c), and (d). Case (a) is for A]; & Aﬁ, case (b) for AL & AR, case (c) for A]; & AR, and case
(d) for AL & Ali. Here AL and AR represent amplitudes of solitary waves L and R, respectively, while “ 4 and “ — " represent the propagation
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directions of solitary waves, respectively.
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The maximum amplitude in the process of interaction be-
tween two solitary waves is also studied, as shown in Fig. 10.
Comparisons are given among three results. It should be noted
here that there is no obvious boundary among the numerical
results, the linear result of A = AL + AR where AL = es* and
AR = g5R | and the modified result A" + AR + g5, for the differ-
ent velocity solitary waves. Good agreements among them are

0.014 t=0.0129 |A =0 (a)
L
0.007 1 _L,
R A
0
S
0.0144t=0.0129
0.007 1 L,
0
0 1 2 3 4 5
Bead number/10*
. : : : :
= | (©)
—0.007 1 —
L
—0.014
N t=0.0129
. :
—0.007 1 —
L
—0.01494 —_ g o129 |A =0
0 1 2 3 4 5

Bead number/10%

observed. However, small differences are observed when the
colliding solitary wave is large. For further investigation, fig-
ure 11 also shows the dependence of the maximum amplitude
during the colliding process on the amplitudes of two colliding
solitary waves. It is obviously noted that the maximum ampli-
tude in the colliding process increases as the two amplitudes
of the colliding solitary waves increase.

0.007 1 L,
0 Pu—
—0.007 : R V

0.0144 t=0.0129

0.007 - L,

0

0 1 2 3 4 5
Bead number/10*

0.007 - -
LR A (d) |
0
—0.007 1 V —
L
—0.0147, _ 0129
. :
—0.007 1 —
L
—00147, _ 0120 |A =0]
0 1 2 3 4 5

Bead number/10*

Fig. 8. (color online) The definition of the phase lags of both solitary waves. In the figure, the arrows stand for the propagation
directions of waves. The red solid line represents the solitary wave L without collision and the black solid line represents solitary wave

L after collision. “A” stands for the phase.
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Fig. 9. (color online) Displacement diagram of solitary waves corresponding to Fig. 8. The arrows stand for the propagation directions
of waves. The red solid line represents the kink L without collision and the black solid line represents the kink L after collision.

044501-6



Chin. Phys. B Vol. 27, No. 4 (2018) 044501

0124 O an'alytical Isolution,I ALY ARG cg, 0.0404 = analytical solution, AL+ AR+es,
—~ simulation solution, AR = Al | —*— simulation solution, AR =0.00582 |
0.101 —@—linear result, AL+ AR 0.0354 —@— linear result, AL+ AR
0.08 1 (a) 1 0.030- (b) i
<< 0.06
T 0.025- _ | 1
0.04 ] 10292 s I —
oo fE—— |
1  0.020 A 4 1
0.02 1 0.0284]
0 T T T T T 0.015 1= T T 0 .02'92 0 02‘9.4 0.0296 T
0 0.01 0.02 0.03 0.04 0.05 0.06 0.012 0.016 0.020 0.024 0.028 0.032
0.018 1 -O— anelxlytical soiution, Aﬂ-l-AR-i—ssll 0.07 - O anélytical sollution, AL+AR+€SI1
0.015 - —@— simulation solution, A= AR | ’ —/ simulation solution, AR =0.0058 i
' —*— linear result, AL—AR 0.06 7 _o— Jincar result, AL—AR
0.012 A (c) | 0.05 1 () |
< 0.009 - 0.04
0.006 1 0037 1
) | 0.027 / ]
0.003 0.01 1 0.037—
0 4 e e e e : T T T
T T T T T T T T T 0028_8? ?02907 T
0 0.01 0.02 0.03 0.04 0.05 0.06 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08
AL AL

Fig. 10. (color online) The maximum amplitude in the colliding processes as a function of the amplitude of the solitary wave L. Panels (a) and (c)
corresponding to A¥ = AR, but the amplitude of the solitary wave R is fixed in panels (b) and (d). The red dots are from the numerical results, the
black ones are the analytical results by further considering the higher order terms of O(€), AL + AR -+ O(e), the blue ones are the linear results of
AL+ AR where A" and AR are the amplitudes of solitary waves L and R, respectively.
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Fig. 11. (color online) The dependence of the maximum amplitude in
the colliding processes on both amplitudes (A", AR) of the two colliding
solitary waves L and R.

4. Conlusions

In this paper, we have studied the head on collision be-
tween two opposite propagating solitary waves. By using the
PLK method, KdV equations are obtained before and after col-
lisions. At the same time, a numerical investigation is given
for the head on collision between two KdV solitary waves.
The interesting result is that no phase shift is observed which
is different from that found in other branches of physics, such
as in plasma physics, fluid dynamics, Bose—Einstein conden-
sation, solid physics, and optics. The maximum amplitude
during the head on collision between two solitary waves in a
1D bead chain is also studied. It is found that it is almost equal

to the linear sum of the amplitudes of two solitary waves. It is
in good agreement between them when the amplitudes of the
two colliding solitary waves are small enough, while the dif-
ference increases as the amplitudes of both colliding solitary
waves increase.
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