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In this paper, we introduce a method of quantitatively evaluating and controlling the space charge effect of a laser-
cooled three-dimensional (3D) ion system in a linear Paul trap. The relationship among cooling efficiency, ion quantity, and
trapping strength is analyzed quantitatively, and the dynamic space distribution and temporal evolution of the 3D ion system
on a secular motion period time scale in the cooling process are obtained. The ion number influences the eigen-micromotion
feature of the ion system. When trapping parameter q is ∼ 0.3, relatively ideal cooling efficiency and equilibrium tempera-
ture can be obtained. The decrease of axial electrostatic potential is helpful in reducing the micromotion heating effect and
the degradation in the total energy. Within a single secular motion period under different cooling conditions, ions transform
from the cloud state (each ion disperses throughout the envelope of the ion system) to the liquid state (each ion is concen-
trated at a specific location in the ion system) and then to the crystal state (each ion is subjected to a fixed motion track).
These results are conducive to long-term storage and precise control, motion effect suppression, high-efficiency cooling,
and increasing the precision of spectroscopy for a 3D ion system.
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1. Introduction

The laser cooling process of a 3D ion system is primar-
ily affected by radio frequency (RF), axial electrostatic poten-
tial trapping force, laser cooling force (when a cooling laser
is red-detuned), Coulomb interaction among ions, residual gas
in a vacuum background, and other random interaction forces
between ions and the environment in a linear Paul trap. The
kinetic equation for a specific ion in the ion system can be
expressed as

Mi
d𝑟2

d2t
= Fi(𝑟1, . . . ,𝑟N ,𝑣1, . . . ,𝑣N , t)

= 𝐹
trap
i +𝐹 Coulomb

i +𝐹 random
i +𝐹 laser

i , (1)

where i = 1, . . . ,N− 1, N, with N being the ion ordinal num-
ber; Mi, 𝑟i, and 𝑣i denote the mass, position vector, and veloc-
ity vector of the i-th ion, respectively.

The i-th ion experiences Coulomb interaction force from
all other ions, which can be expressed as follows:

𝐹 Coulomb
i =

Qi

4πε0
∇

j=N

∑
j=1, j 6=i

Q j𝑟i j

ri j
, (2)

where ri j is the distance between the i-th and j-th ions, 𝑟i j is a
unit vector, and ε0 is the vacuum permittivity. This is the pro-
cess of N-body long-range interaction and a physical source
of the space charge effect.[1] The detailed analyses of the rest
of the forces in the kinetic processes of trapping and cool-
ing in an ion system are shown in Ref. [2]. The range of the
Coulomb interaction force among multiple ions is the Debye
length, λD = (kBT ε0/nQ2)1/2,[3] in a linear Paul trap. When
this length is less than the spatial extent of the ion system, the
space charge effect is the primary interaction in the ion system.
As a result, the equivalent harmonic pseudopotential, spatial
distribution, harmonic frequency, cooling efficiency, heating
efficiency, equilibrium energy, quantum coherence property,
and other characteristics of the ion system change to different
extents.[4,5] Thus, the systematic evaluation and precise con-
trol of the space charge effect are considerably important for
realizing the measurement for approximating the theoretical
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precision limit in a 3D ion system.
The motion of the 3D ion system in a linear Paul trap in-

cludes secular motion and micromotion.[6] The energy, tem-
perature, and other properties of ions can be quantitatively
evaluated based on secular motion and micromotion. The sum
of the kinetic energies of the two motions is referred to as the
total energy of the ions, and the corresponding temperature is
referred to as the total temperature[7,8] of the ions. There is a
correlation effect between the micromotion and secular motion
of the ion system, and the micromotion energy of a cold ion
system is typically transferred to the secular motion[9] of the
ion system through random interactions between ions and be-
tween ions and the environment. The secular energy of ions in-
creases continuously for the irreversibility of random interac-
tions. The space charge effect results in the space distribution
of the 3D ion system beyond the nodal line of a radial RF field.
There is approximately isotropic Coulomb force coupling be-
tween ions, and there is a difference in magnitude of micromo-
tion intensity between the inner ions and the outer ions. The
strong micromotion energy of the outer ions is partly coupled
into the secular motion of ions in the form of chaotic heat-
ing, and the mechanism of RF micromotion heating becomes
the most significant obstacle in realizing the efficient cooling
and ultralow equilibrium temperature of the 3D ion system.
Quantitatively studying the dominant physical parameters of
the space charge effect, evaluating their influences on the dy-
namic characteristics of ion cooling, and exploring a method
of precisely regulating and suppressing the space charge effect
are the keys to realizing the long-term trapping and precision
control of an ultracold 3D ion system.

In this paper, we present a method of quantitatively esti-

mating the space charge effect of the ion system. The method
is based on molecular dynamics simulation. First, we quan-
titatively evaluate the influences of the space charge effect on
cooling efficiency and equilibrium temperature for different
ion quantities, RFs, and electrostatic trapping fields. Then,
the dynamic space distribution and temporal evolution of the
3D ion system on a secular motion period scale are analyzed
precisely in different energy states of the cooling process. Fi-
nally, the control method and parameter matching for the space
charge effect of the 3D ion system are discussed.

2. Experimental setup
The linear Paul trap and the corresponding coordinates

used in the experiment are shown in Fig. 1. A detailed descrip-
tion of the experimental setup can be found in Ref. [10]. The
lengths of the trapping part (B) and the remaining parts (A, C)
of each electrode are 2z0 = 5.90 mm and 2ze = 24.00 mm, re-
spectively. The diameter of each electrode rod is d = 8.00 mm,
and the minimum distances between the trap centerline and
electrodes are all r0 = 3.50 mm. The confinement of the ions
in the radial plane is obtained by applying a pair of RF fields
(±(1/2)Urf cos(Ωrft)) with the same frequency and amplitude
and π phase difference to two pairs of diagonal electrode rods
(A1,3, B1,3, C1,3, and A2,4, B2,4, C2,4). The RF is 3.80 MHz,
and the RF amplitude, (1/2)Urf, can be adjusted from 40 V
to 200 V. The confinement of the ions in the axial direction is
obtained by applying direct current voltage to the end parts of
electrodes A and C in a range of 0.010 V–20.000 V. The 40Ca+

ions (mi = 40 a.u.) are trapped in the linear trap, and the ion
simulation parameters are selected based on experiments.

ze=24.00 mm z0=5.90 mm ze=24.00 mm

⇁Urfcos↼Ωrft↽/

↩Urfcos↼Ωrft↽/

x

z
y r0/. mm

d/. mm

D/. mm

Fig. 1. (color online) Sketch of the linear Paul trap and RF potential.

In order to quantitatively describe the dynamic tempo-
ral evolution, the ion dynamic temporal process will be split
into equal time intervals in the numerical calculation, and the
dynamic equations will be established and solved for all ions
at any moment. The time interval of the adjacent moment is
called the time step ∆t of the numerical calculation. When
we solve the equations of position and velocity vectors at the
next moment, the position and velocity vectors at the present

moment and those at the last moment are used as initial val-
ues, and a Taylor expansion with four-order accuracy should
be adopted in the approximation. In this process, half of a time
step (1/2)∆t is the time interval, and the position and velocity
vectors of all ions are calculated alternately at all moments.
In this calculation process, the position and velocity vectors
of all ions will be calculated alternately with a (1/2)∆t time
interval, analogous to two alternately leaping frogs. There-
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fore, this numerical calculation is called the “Leap Frog” al-
gorithm. The “leap frog” algorithm[11–13] is used to solve the
equation of motion of the i-th ion. The calculation time step,
∆t, is selected to be 1/30 of an RF period. To determine the
kinematic and dynamic characteristics of the ion cooling pro-
cess, the simulation is performed in the following manner: the
initial temperature of the ion cloud is set to be 400 K. The
kinematics information is monitored while the cloud is moving
under the influence of the RF trapping field, Coulomb interac-
tion forces, random collision force, and laser light interaction
force. A typical evolution time is 105–107 RF oscillation peri-
ods.

3. Space charge effect of ions in cooling process
The space charge effect is a dynamic spatial distribution

effect of ions, dominated by the long-range Coulomb inter-
action between multiple ions. It varies significantly with ion
number and the parameters of the trapping field. The cooling
characteristics of ions under different ion numbers and trap-
ping field parameters are examined in detail to systematically
analyze the influence of the space charge effect on the cooling
dynamic characteristics of the 3D ion system. The dynamic
space distribution and temporal evolution characteristics of the
3D ion system in the cooling process are studied quantitatively.
In our linear Paul trap, one 40Ca+ ion to a few thousand 40Ca+

ions can be trapped steadily. We select the number of 40Ca+

ions as 320, which can represent the characteristics of the 3D
ion system and is not too complicated for calculation.

3.1. Influences of number of trapped ions on cooling effi-
ciency and equilibrium temperature of ions

Tens of millions of ions can be trapped steadily in a linear
Paul trap.[14] When a single ion is trapped, it remains close to
the nodal line of pseudopotential, obeying a simple motion law
that can be described by the harmonic oscillator model. When
a few ions are trapped, they are located along the axis of the
liner Paul trap in a chain-like manner, and the interaction be-
tween the ions is primarily in the axial direction. When a large
number of ions are trapped, the ion system is distributed in
three dimensions, and the model of harmonic pseudopotential
must be corrected by considering the influence of the space
charge effect. Different ion numbers result in different space
distributions, interaction methods and intensities, and cooling
factors of the ion system. This affects the cooling efficiency
and equilibrium temperature characteristics of the ion system.

Figure 2 shows the temporal evolution characteristics of
the secular and total energies of a single ion and the 3D ion
system in the cooling process, with the same experimental pa-
rameters and the same initial secular temperature of 400 K. In
the cooling process, the evolution trend of the secular energy
of a single ion is similar to that of the total energy. When the

ion is cooled to the equilibrium state, it remains at the nodal
line of harmonic pseudopotential, the heating rate is extremely
low, the secular and total temperatures can reach as low as a
few milliKelvins, and the stochastic force in the environment
is a leading factor that restricts the further decrease in the equi-
librium secular temperature of the ion to the Doppler cooling
limit. For the 3D ion system, the space charge effect leads to
the space distribution in the radial RF field, and completely
different evolution trends of secular energy and total energy
are observed in the cooling process. For the equilibrium ion
system, the secular temperature can be reduced to a few mil-
liKelvins, while the total temperature is considerably higher
(2–3 orders of magnitude higher than the secular temperature).
It appears that ion number does not restrict the realization of
the milliKelvins magnitude of the secular temperature of the
ion system. The micromotion characteristic is affected be-
cause of the space charge effect. When the 3D ion system
reaches the equilibrium state, the micromotion energy of the
outer ions is several orders of magnitude higher than that of
the inner ions.
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Fig. 2. (color online) Temporal evolutions of secular energy and total energy
in laser-cooled single ion and 3D ion system under the same experimental
parameters.

From Fig. 2, it can be observed that the secular temper-
ature of the 3D ion system decreases more rapidly and the
fluctuation in its secular temperature in the equilibrium state
is smaller than that for the single ion. The reason for this is
that the 3D ion system exhibits a random energy coupling ef-
fect between different ions on a 3D space scale, and the space
charge effect of the ion system is helpful in increasing this ef-
fect and accelerating cooling to a certain extent. Moreover,
the thermal energy in different dimensions is more easily re-
moved by random photons during laser cooling. However, it
is difficult for a single ion to realize 3D synchronous cooling
because it exhibits a relatively small energy coupling effect.
The equilibrium temperature of the 3D ion system is statisti-
cally averaged over the ion number, which reflects the overall
energy characteristics of the ion system.
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3.2. Influences of trapping potential on cooling efficiency
and equilibrium temperature of ions

The 3D ion system achieves the radial confinement
through dynamic RF potential and the axial confinement
through the axial electrostatic potential in the linear Paul trap.
Different radial and axial confinement strengths affect the
space distribution and interaction characteristics of the ion
system.[15,16] In addition, the cooling efficiency, equilibrium
temperature, and other relevant characteristics of the ion sys-
tem are influenced.

In a linear trap, trapping parameter q is related to the fre-
quency and amplitude of the RF field and the structure charac-
teristics of the ion trap.[17] Figure 3 shows the characteristics
of cooling efficiency, ion temperature, and spatial configura-
tion of the 3D ion system in the cooling process for differ-
ent RF trapping potentials. Figures 3(a)–3(c) show the spatial
distribution of the ion system (0.1 ms of delayed imaging) af-

ter cooling to the equilibrium state when q = 0.14, 0.3, and
0.45. The i and ii show the projective spatial distributions of
the ion system in the radial (x–y) central plane and axial (y–z)
central plane, respectively. As q increases, the radial confine-
ment strength of ions increases gradually, their radial space
distribution is compressed constantly, and the axial space dis-
tribution is extended continuously. When q = 0.14 and 0.3,
the equilibrium ion system may maintain the crystal charac-
teristics, where the track of micromotion in the direction 𝑟 is
relatively fixed and the behavior of secular motion around the
axis center is confined to a respective lattice scale. However,
when q = 0.45, the equilibrium temperature of the ion system
increases, appearing in the liquid form, where the spatial dis-
tribution dispersion outline of the ion system is relatively fixed
and the secular motion around the axis center is weakened to
the position exchange of neighboring ions.
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Fig. 3. (color online) Spatial distributions of the ion system (0.1 ms of delayed imaging) after cooling into the equilibrium state under different
stable trapping parameters: (a) q = 0.14, (b) q = 0.3, and (c) q = 0.45. Temporal evolution characteristics of (d) secular energy and (e) total
energy in the cooling process.

Figures 3(d) and 3(e) show the temporal evolutions of the

secular and total energies of the ion system, respectively. The

secular energy (Fig. 3(d)) and total energy (Fig. 3(e)) of the ion

system can reach their respective values in equilibrium states

at three trapping intensities. When q increases from 0.14 to

0.45, the cooling rates of the secular energy (Fig. 3(d)) of the

ion system decrease. When q = 0.14 and 0.3, the secular tem-

peratures of the ion system in the equilibrium state can reach
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the same value. However, when q = 0.45, the secular tem-
perature of the ion system in the equilibrium state increases.
This shows that there is a critical trapping parameter, qc, be-
tween the equilibrium energy characteristics and RF trapping
strength of the ion system. When q is smaller than qc, the en-
ergy coupling effect between the ion system and RF field is
low, the ion system approximately satisfies the condition of
quasi-adiabatic interaction, and the final temperature of ions
primarily depends on the balance between the cooling effect
and the random interaction heating effect. When q is higher
than qc, the coupling effect between the ion system and po-
tential field is too large to be negligible, RF energy is coupled
into the ion system to different extents, the ion system does not
satisfy the condition of quasi-adiabatic interaction, the final
temperature of ions depends on the balance among the cooling
effect, RF heating effect, and random interaction, and the equi-
librium temperature increases with trapping intensity increas-
ing. As shown in Fig. 3(e), the total equilibrium energy of the
ion system is the lowest when q = 0.3. This shows that select-
ing an appropriate RF trapping potential conduces to lowering
the total equilibrium energy of ions and suppressing the ion
micromotion effect and ion loss rate. However, it is necessary
to prevent excessive RF trapping potential as it damages the
quasi-adiabatic evolution characteristic of ions, which leads to
the cooling failure of the ion system.

Figure 4 shows the influences of axial electrostatic trap-
ping potential on the characteristics of cooling efficiency, equi-
librium energy, and spatial configurations in the equilibrium
state of the 3D ion system under constant experimental condi-
tions. Figures 4(a) and 4(b) show the space distributions of the
ion system (0.1 ms of delayed imaging) when it is cooled to the
equilibrium state at Uend = 3.500 V and 10.500 V, respectively.
The i and ii show the projections of the space distributions of
the ion system in the radial (x–y) plane and the axial (y–z)
central plane, respectively. As the axial electrostatic poten-
tial increases, the axial distribution is compressed constantly,
the radial space distribution is extended continuously, and the
equilibrium ion system always maintains crystal characteris-
tics at low temperature. Figure 4(c) shows the temporal evolu-
tions of the secular energy and total energy of the ion system
in the cooling process at Uend = 3.500 V and 10.500 V, respec-
tively. The secular energy and total energy of the ion system
can reach the values in the equilibrium state eventually, and
the evolution characteristics and equilibrium characteristics of
the secular energy of the ion system do not change with the
axial potential field. However, the space distribution of the ion
system is extended in the radial direction as the axial poten-
tial field increases. The micromotion and total energies of the
outer ions increase, and the total temperature of the ion system
is high. Therefore, reducing the axial electrostatic potential as
much as possible is conducive to suppressing the RF micro-

motion heating effect of the ion system and reducing the total
energy of the ion system.

Time/ms

Esec per ion of 320 ions system when Uend=3.5 V
Etotal per ion of 320 ions system when Uend=3.5 V
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Etotal per ion of 320 ions system when Uend=10.5 V
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Fig. 4. (color online) Spatial distributions of the ion system (0.1 ms
of delayed imaging) after cooling to equilibrium state under two axial
electrostatic potentials: (a) Uend = 3.500 V and (b) 10.500 V. (c) Tem-
poral evolution characteristics of secular energy and total energy in the
cooling process.

3.3. Dynamic spatial distribution and temporal evolution
of 3D ion system in cooling process

Because of the space charge effect, random photon recoil
effect, etc., with the decrease of mean kinetic energy, the 3D
ion system experiences a transformation among the different
phases of gas, liquid, and solid (crystal) and eventually reaches
the dynamic balance between cooling and heating.[18,19] In the
cooling process, the motion models of all ions are coupled, and
coupling strength depends on the temperature characteristic of
the ion system. When ions are present in the cloud phase, their
kinetic energy is considerably higher than the Coulomb inter-
action energy between ions and cooling efficiency is primarily
determined by laser cooling force. With the decrease of the
temperature of ions, when the kinetic energy of ions is com-
parable to the Coulomb interaction energy between ions, the
ion system is in the liquid state. When the coupling strength
of Coulomb force increases, the micromotion heating rate of
ions increases and the cooling efficiency decreases gradually.
When the kinetic energy of ions decreases to a value extremely
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less than the Coulomb interaction energy between ions, the
ion system lies in the range of strong Coulomb force cou-
pling and the relative position between ions tends to be steady.
In addition, the random interaction of Coulomb force is re-
strained gradually, and micromotion heating efficiency tends
to be steady. Finally, the entire cooling efficiency tends to
zero, in which case the ion system is in the equilibrium state.

Figure 5 shows the spatial distributions of 320 40Ca+ ions
under different temperature conditions when the initial secular
temperature is 400 K (delayed exposure time is approximately
1 secular motion period). The i and ii show the projections of
the ion system in the (x–y) plane and the (y–z) central plane,
respectively.

Figure 5(a) shows the transient spatial distribution (within
a single secular motion period) when the secular temperature
of the ion system is 239 K. The sizes of ions moving in the z
and y directions are approximately 840.0 (26.4) µm and 480.0
(42.0) µm respectively, and each ion moves through the entire
axial envelope of the ion system in the axial (z) direction. The
motion distribution dispersion of the ion system is not clear
in the radial cross section (x–y plane). The motion track is an
overlap between rapid large-magnitude (radial) micromotion
and slow large-magnitude (tangential) secular motion. The
temporal evolution of the position vector of a specific ion can
be dispersed in the entire 3D ion system envelope. The interac-
tion between ions exhibits a global characteristic, the Coulomb
force coupling is isotropic and lower in strength, and the ion
system is characterized by the cloud state.

Figure 5(b) shows the transient spatial distribution (within
a single secular motion period) when the secular temperature
of the ion system decreases to 213 mK. The sizes of ions mov-
ing in the z and y direction are approximately 316.8 (4.2) µm
and 168.0 (4.8) µm respectively, and the axial (z direction) mo-
tion of the ion presents frequent position exchange between
neighboring ions. The spatial distribution dispersion outline
of the ion system in the radial cross section (x–y plane) is rel-
atively fixed. On one hand, the motion track is subjected to
a relatively fixed radial micromotion track, and on the other
hand, it is subjected to the relatively fixed secular motion be-
havior of tangential rotation position exchange. The temporal
evolution of the position vector of a specific ion in the system
is primarily distributed in a specific local space of the 3D sys-
tem. The interaction between ions exhibits the local feature,
the strength of Coulomb force coupling is improved, and the
ion system is characterized by the liquid state.

Figure 5(c) shows the transient spatial distributions
(within a single secular motion period) when the secular tem-
perature of the ion system decreases to 1.7 mK. The sizes of
the ions moving in the z and y direction are approximately
311.4 (1.2) µm and 153.0 (1.8) µm, respectively. It is impos-
sible to observe the axial motion behavior of ions on a microm-

eter scale and a secular motion period time scale. The spatial
distribution dispersion outline of the ion system in the radial
cross section (x–y plane) is fixed, subjected to a certain radial
micromotion track, and it is impossible to observe the secular
motion behavior of the rotation position exchange of ions on
a single secular motion period time scale. The temporal evo-
lution of the position vector of a specific ion in the system is
subjected to fixed local space coordinates. The strength of the
Coulomb force coupling between ions is extremely high, the
trends in coupling and motion are fixed and predictable, and
the ion system is characterized by the crystal state.

100 mm
ii. yz plane x

y

z
x

y z
i. xy plane

(b) Tsec=213 mK

(c) Tsec=1.70 mK

(a) Tsec=239 K

Fig. 5. (color online) Transient spatial distributions (exposure time is a single
secular motion period) of laser-cooled 3D ion system at different tempera-
tures.

The axial motion of the ion system in a linear Paul trap
is less affected by RF micromotion modulation and primar-
ily characterized by secular motion; it disperses into the entire
ion system envelope at the high-temperature cloud state, and
presents the frequent position exchanges between neighboring
ions in the local space at low temperature liquid state; finally it
is confined to a respective lattice scale at ultralow-temperature
crystal state. The motion of the ion system in the radial plane
is an overlap between secular motion and micromotion under
RF modulation, which is manifested as micromotion with a
relatively larger amplitude in the direction 𝑟 and secular mo-
tion under fast rotation around the axis direction in the high-
temperature cloud state. The amplitude of micromotion in the
direction 𝑟 decreases and the secular motion around the ax-
ial center is weakened to the position exchange of neighbor-
ing ions in the low-temperature liquid state. The micromotion
track in the direction 𝑟 is relatively fixed, and the behavior of
secular motion around the axial center is confined to a respec-
tive lattice scale in the ultralow-temperature crystal state.

4. Conclusions and outlook
We propose a method of quantitatively evaluating the

space charge effect of a 3D ion system and analyzing the space
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charge effects on the cooling efficiency and the equilibrium
temperature. The spatial distribution of an ion system on a
secular motion period scale and the energy coupling feature in
the cooling process are described. The results show that the
space charge effect of the ion system is definitely correlated
with the ion number, radial RF field, and axial electrostatic
field. Among them, although the ion number is not a factor re-
straining the acquisition of the ion system at ultralow secular
temperature, it affects the intrinsic micromotion feature of the
ion system, and there exists an optimum matching relationship
among the RF trap field, cooling efficiency, and equilibrium-
state temperature of the ion system. Comparatively, the ideal
cooling effect can be obtained when the stability trapping pa-
rameter q ∼= 0.3. Axial electrostatic potential does not affect
the evolution feature of the secular energy of ions, and on the
premise of the stable trapping of the ions, the axial electro-
static potential decreasing as much as possible conduces to re-
straining the micromotion heating effect and the degradation
of the total energy of the ion system. In a laser-cooled 3D
ion system, the position vector of the ion will experience the
process from the cloud state that disperses throughout the en-
velope of the ion system to the liquid state that concentrates in
the specific local space of the ion system, and then to the crys-
tal state, subjected to fixed motion track. This work is con-
ducive to the studies of the spatial structure, phase transition,
motional and dynamic properties, etc. in a 3D ion system,
which plays an important role in realizing efficient cooling,
lossless ion quantity, and quantum coherent manipulation of a
3D ion system, and in the improvement of the measurement
precision of the ion spectra.
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