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We study the ground state energy of an atom interacting with an oscillating optical field with electric dipole
and quadrupole coupling. Under the rotating wave approximation, we derive the effective atomic Hamiltonians of the
dipole/quadrupole coupling term within the perturbation theory up to the second order. Based on the effective Hamiltoni-
ans, we analyze the atomic ground-state energy corrections of these two processes in detail. As an application, we find that
for alkali-like atoms, the energy correction from the quadrupole coupling is negligible small in comparison with that from
the dipole coupling, which justifies the so-called dipole approximation used in literatures. Some special cases where the
quadrupole interaction may have considerable energy corrections are also discussed. Our results would be beneficial for
the study of atom–light interaction beyond dipole approximation.
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1. Introduction
The research on the interactions between electromagnetic

field and matter plays a centre role in the progress of con-
temporary physics. A fundamental startpoint is to consider
the coupling between atom and light, which is responsible for
many physical phenomena. For example, the light emission
and absorption of atoms and molecules are powerful sources
to detect the underlying atomic structures and dynamic pro-
cesses. It also enables us to manipulate the atomic inter-
nal and external degrees of freedom with the atom–light cou-
pling, to realize states near or far from the thermodynamic
equilibrium.[1–4]

The physics of ultracold atoms focuses on coherent quan-
tum motion of atoms in the ultra-low temperature and many-
body effects in these quantum gases due to the interaction be-
tween atoms.[5–8] Interaction between atoms and laser lights
plays an important role in controlling cold atom systems, rang-
ing from matured technologies such as laser cooling, optical
trapping, and optical lattices to the latest developments such
as synthetic gauge field and stimulated Raman adiabatic pas-
sage to achieve the ground state polar molecules.[9–13] In most
of the studies in cold atom physics, the atom–light interaction
is treated in the frame of dipole approximation which refers
to the interaction between atomic electric dipole and the laser
light, while the electric quadrupole interaction effect is usually
neglected. It was shown that the rarely considered atomic elec-
tric quadrupole may lead to fractional frequency shifts in an

optical lattice clock.[14–17] Nevertheless, the corrections there
are estimated in the harmonic oscillator approximation and the
general result brought by the electric quadrupole interaction
is not clear. Especially, in what circumstances the electric
quadrupole interaction may play a critical role and cannot be
neglected is a question. In this paper to address this problem,
we go beyond the harmonic approximation and take into ac-
count the dipole and quadrupole interactions on an equal foot.

The rest of this paper is organized as follows. In Sec-
tion 2, we present the general formalism of atom–light cou-
pling, and derive the effective Hamiltonians for the electric
dipole and quadrupole interaction in a perturbative way, re-
spectively. Then based on the results, we analyze the ground-
state energy corrections for both processes in Section 3. Fi-
nally in Section 4, we give a brief summary.

2. Formalism and effective Hamiltonians

It is well known from a textbook of classical electrody-
namics that, if a localized charge distribution described by
ρ(𝑟) is placed in an external potential Φ(𝑟), the electrostatic
energy of the system is:[18]

H =
∫

ρ(𝑟)Φ(𝑟)d3r. (1)

If the potential Φ is slowly varying over the region where
ρ(𝑟) is noneligible, then it can be expanded as a Taylor series
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around a suitably chosen origin, which is

Φ(𝑟) = Φ(0)+𝑟 ·∇Φ(0)+
1
2 ∑

i
∑

j
rir j

∂ 2Φ

∂ ri∂ r j
(0)+ · · · . (2)

Utilizing the definition of the electric field 𝐸 =−∇Φ and
taking ∇ ·𝐸 = 0, equation (2) can be rewritten as

Φ(𝑟) = Φ(0)−𝑟 ·𝐸(0)

− 1
6 ∑

i
∑

j
(3rir j− r2

δi j)
∂E j

∂ ri
(0)+ · · · . (3)

Substituting Φ(𝑟) into Eq. (1), the energy H becomes

H = qΦ(0)−𝑝 ·𝐸(0)− 1
6 ∑

i
∑

j
Qi j

∂E j

∂ ri
(0)+ · · · , (4)

where q =
∫

ρ(𝑟′)d3r′ is the total charge, 𝑝 =
∫
𝑟′ρ(𝑟′)d3r′

is the dipole moment, and Qi j =
∫
(3r′ir

′
j− r′2δi j)ρ(𝑟

′)d3r′ is
the quadrupole moment. It can be seen that different multi-
poles interact with the external field in different characteristic
ways, e.g., the charge with the potential, the dipole with the
electric field, the quadrupole with the field gradient, and so
on.

In general, due to the total charge of an atom is zero, the
dipole term becomes the most important one in the atom–light
interaction. In this paper, without loss of generality, we take an
oscillatory light field 𝐸(t) = ∑ j 𝑒 jE j cos(𝑘 ·𝑟−ωt+φ j) with
vector component E j and frequency ω , where 𝑘 is the wave
vector of the light field and φ j is the initial phase. To facili-
tate the following discussions, we turn to the quantization de-
scription by replacing the observable quantities with the corre-
sponding operators, and write the atom–light coupling Hamil-
tonian as Ĥint = Ĥd + Ĥquad + · · · with

Ĥd =−𝑑 ·𝐸(t), (5)

Ĥquad =−
1
6 ∑

i
∑

j
Q̂i j

∂E j(t)
∂ ri

. (6)

Here 𝑑 = −e∑α 𝑟̂α is the electric dipole operator, Q̂i j =

−e∑α(3(r̂α)i(r̂α) j − r̂2
α δi j) is the electron quadrupole oper-

ator, e is the electron’s charge, 𝑟̂α is the position of the α-th
electron within the atom with summation over all electrons and
the origin is chosen to be 𝑅, the position of the nuclei within
the atom. Dipole interaction induces the emission and absorp-
tion of radiation between the atomic ground S electron orbital
state and the excited P orbital state, while quadrupole interac-
tion induces the emission and absorption of radiation between
the atomic ground S electron orbital state and the excited D or-
bital state as illustrated in Fig. 1. As the dipole and quadrupole
transitions correspond to different selection rules, i.e., ∆l =±1
and ∆l =±2, we thus deal with the two transitions separately.

l/

…

l/
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Fig. 1. (color online) Typical atomic energy level structure. ∆e1 and ∆e2 are
the detuning of the electric dipole transition (red arrow) and the quadrupole
transition (blue arrow), respectively. Ee1 and Ee2 are the energy of the ex-
cited P and D orbital states, respectively. h̄ω is the energy of the optical
field.

The atom is described by the Hamiltonian

Ĥat = EeP̂e +
∆FS

h̄2 𝐿̂ · 𝑆̂, (7)

where ∆FS is the fine-structure coupling constant, P̂g,e are the
projectors onto the ground or excited state (the excited state
represents the P state or D state of the dipole or quadrupole
transition, respectively), and 𝐿̂ and 𝑆̂ are the total electronic
orbital and spin angular momentum, respectively. The hyper-
fine splitting ∆HFS is not considered here since Ee � ∆FS �
∆HFS and the atom–light detuning ∆e ≡ Ee− h̄ω from the ex-
cited state is generally much larger than ∆HFS.

In the frame rotating with frequency ω via a unitary
transformation Ûrot(t) = e−iωtP̂e , the atomic Hamiltonian
transforms as Ĥat → Ĥ ′at = Ĥat− ih̄Û†

rot(t)∂tÛrot(t) = ∆eP̂e +

(∆FS/h̄2)𝐿̂ · 𝑆̂, while the dipole Hamiltonian becomes

Ĥ ′d = Û†
rot(t)ĤdÛrot(t)

= −(P̂g + P̂e eiωt)∑
j

d̂ jE j cos(𝑘 ·𝑅+φ j−ωt)

×(P̂g + P̂e e−iωt)

≈ ∑
j

(
1
2

Ẽ jP̂ed̂ jP̂g +
1
2

Ẽ∗j P̂gd̂ jP̂e

)
, (8)

where we have introduced a complex field Ẽ j = E j ei(𝑘·𝑅+φ j)

and applied the rotating-wave approximation (RWA) to drop
terms oscillating at frequencies ω , 2ω , and higher ones in the
last step of Eq. (8). When the energy of the optical field (∼ h̄ω)
is far off-resonant with the transition energy Ee,[19–24] the ex-
cited states can be eliminated adiabatically, and one can obtain
the following effective Hamiltonian to the second order in per-
turbation theory[25]

(Ĥeff)
d =−P̂gĤ ′dĤ ′−1

at Ĥ ′dP̂g. (9)

Dipole interaction is thoroughly discussed in Ref. [19].
In the regime of ∆FS � ∆e1 where ∆e1 is the detuning of the
dipole transition, the effect of the fine-structure splitting can be
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neglected. In ∆FS = 0 case, the explicit form of above Hamil-
tonian takes

(Ĥeff)
d = −

P̂g𝑑
2P̂g

12∆e1
|𝐸̃|2 = us|𝐸̃|2P̂g (10)

with

us =−
|〈l = 0||𝑑||l′ = 1〉|2

12∆e1
.

Here the relations P̂eP̂g = 0, P̂2
e = P̂e, P̂2

g = P̂g, and P̂e + P̂g = 1
are used. Equation (10) suggests that the dipole interaction
yields a scalar light shift which is proportional to the square
of the optical field strength |𝐸̃|2. The pre-factor is propor-
tional to the transition matrix element |〈l = 0||𝑑||l′ = 1〉|2 =

∑m′L=0,±1 |〈l = 0,mL = 0|𝑑|l′ = 1,m′L〉|2.
When the effect of the fine-structure splitting is consid-

ered, the dipole interaction yields a vector light shift in addi-
tion to the scalar light shift of Eq. (10) as

(Ĥeff)
d = us|𝐸̃|2P̂g +

i
h̄

uv(𝐸̃
∗× 𝐸̃) · 𝑆̂P̂g (11)

with

us =−
|〈l = 0||𝑑||l′ = 1〉|2

36∆e1

(
2

1+∆FS/2∆e1
+

1
1−∆FS/∆e1

)
,

uv =
∆FS/∆e1

1−∆FS/2∆e1
us.

Here the Levi–Civita symbol εimlεl jk = εlimεl jk = δi jδmk −
δikδm j and the identity ŜkŜm = (h̄2/4)δkm +(ih̄/2)εkmnŜn are
used. In the regime of ∆FS � ∆e, equation (11) recovers to
Eq. (10).

Let us now turn to the quadrupole transition (see the blue
arrow in Fig. 1.), similar treatment can be applied. After a te-
dious derivation (see Appendix A for detail), the quadrupole
Hamiltonian in the rotating frame under RWA becomes

Ĥ ′quad = Û†
rot(t)ĤquadÛrot(t)

≈ i
12 ∑

i
∑

j
(P̂eQ̂i jP̂gkiẼ j− P̂gQ̂i jP̂ekiẼ∗j ). (12)

When we first consider no fine structure case with ∆FS =

0, the corresponding effective perturbation Hamiltonian gives

(Ĥeff)
quad = −P̂gĤ ′quadĤ ′−1

at Ĥ ′quadP̂g

= −
P̂gQ̂i jP̂eQ̂klP̂g

144∆e2
kikkẼ∗j Ẽl . (13)

From Eq. (13), we can see that the quadrupole interaction
yields a light shift which is proportional to the optical field
component E j and the wave vector component k j, with the
pre-factor being proportional to the transition matrix element
〈l = 0||Q̂i j||l′ = 2〉.

Let us then consider a finite fine-structure coupling. Us-
ing the relation Ĥ ′−1

at = Ĥ−1
0 −Ĥ−1

0 V̂ Ĥ ′−1
at with Ĥ ′at = Ĥ0+V̂ =

∆eP̂e + (∆FS/h̄2)𝐿̂ · 𝑆̂, the corresponding effective perturba-
tion Hamiltonian gives

(Ĥeff)
quad = −P̂gĤ ′quad

(
P̂e

∆e2
− 1

∆e2

∆FS

h̄2 𝐿̂ · 𝑆̂Ĥ ′−1
at

)
Ĥ ′quadP̂g

= − 1
144∆e2

P̂gQ̂i jP̂eQ̂mnP̂gkikmẼ∗j Ẽn

+
i∆FS

144∆e2h̄
Ŝk(P̂gQ̂ilP̂eĤ ′−1

at P̂eQ̂mnP̂gε jkl

+ P̂gQ̂l jP̂eĤ ′−1
at P̂eQ̂mnP̂gεikl)kikmẼ∗j Ẽn. (14)

For the ∆FS� ∆e2 situation, the effective perturbation Hamil-
tonian gives

(Ĥeff)
quad ≈ −

(P̂gQ̂i jP̂eQ̂mnP̂g)

144∆e2
kikmẼ∗j Ẽn

+
i
h̄

∆FS

144∆ 2
e2
(ε jklP̂gQ̂ilP̂eQ̂mnP̂g

+εiklP̂gQ̂l jP̂eQ̂mnP̂g)kikmẼ∗j ẼnŜk, (15)

where the first term is the scalar light shift term and the second
term gives rise to a vector light shift.

3. Results and discussion
We now turn to investigate the effect of the dipole and

quadrupole interaction on the ground state energy. It is shown
that in Eqs. (11) and (15) that the vector light shift is about
∆FS/∆e times smaller than the scalar light shift for both dipole
interaction and quadrupole interaction. To get a glance of
the effects of dipole and quadrupole interaction, here we only
compare the scalar light shifts due to electric dipole interac-
tion and electric quadrupole interaction. From Eqs. (10) and
(13), we can obtain the ground state energy shifts induced by
the dipole and quadrupole transitions, which are given by

δd = 〈g|(Ĥeff)
d |g〉=− e2

12∆e1
ηd|𝐸̃|2 (16)

δquad = 〈g|(Ĥeff)
quad|g〉=− e2

16∆e2
ηquadk2|𝐸̃|2. (17)

Here without loss of generality, we have chosen a specific elec-
tric field 𝐸̃ = Ẽ cos(kx−ωt)𝑒y to show the energy correc-
tions explicitly. ηd = ∑i=1,2,3 ∑m′L=0,±1 |〈l = 0,mL = 0|r̂i|l′ =
1,m′L〉|2 and ηquad = ∑m′L=0,±1,±2 |〈l = 0,mL = 0|x̂ŷ|l′ =
2,m′L〉|2 are the transition matrixes of these two processes, re-
spectively.

The energy corrections are then characterized by the ratio
between two transitions, which is

δquad

δd
=

3∆e1

4∆e2
k2

η (18)

with η = ηquad/ηd. Apparently, it depends on the atom–light
detunings ∆e1, ∆e2 of both transitions, the wave vector k of the
light field, and the transition matrixes ratio η .
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Now we do numerical comparisons for alkali atoms as
examples to get a more intuitive understanding. It is rea-
sonable to use hydrogen atom wave functions ψnlm(r,θ ,φ) =
Rnl(r)Ylm(θ ,φ)

[4,25,26] to perform the integration. Here ∆e1 =

∆e2 = ∆e are set to be 1010 Hz. The magnitude of electric
wave vector k = ω/c and ω are obtained from the energy level
En = −Rhc/(n−δl)

2 where R is the Rydberg constant, h is
Planck’s constant, c is the speed of light, n is the principal
quantum number, and δl is Rydberg’s correction which de-

scribes an angular momentum-dependent quantum defect. Ry-

dberg’s correction δl is independent of n, but it is a function

of the quantum number l and decreases rapidly with l. Here

we consider only the ground state and use the data for δs from

Refs. [4] and [26]. The dipole and quadrupole transition ma-

trix elements, ηd and ηquad, and the ratio of two effects on

ground state energy δquad/δd are listed in Table 1, η are illus-

trated in Fig. 2 and δquad/δd are illustrated in Fig. 3.

Table 1. Electric dipole and quadrupole impacts on the alkali atomic ground state manifold.

Lithium Sodium Potassium Rubidium Caesium Francium

Atom number 3 11 19 37 55 87
Electron configuration 2S1 3S1 4S1 5S1 6S1 7S1

δs 0.41 1.37 2.23 3.19 4.13 ∼ 5.10
ηd(a2

0 ) 9.39 29.9 72.5 149.18 274.19 464.53
ηquad(a4

0 ) 184.68 2591.71 17496.8 79834.8 283056 839901
∆e/Hz 1010 1010 1010 1010 1010 1010

ω/Hz 8.11×1014 7.63×1014 6.21×1014 5.88×1014 5.41×1014 5.20×1014

δquad/δd 3.02×10−7 1.18×10−6 2.18×10−6 6.59×10−6 1.54×10−5 3.37×10−5

2 3 4 5 6 7
0

0.5

1.0

1.5

2.0
Fr

Cs

Rb

K
NaLi

n

η
/

(1
0
3
 a
2
)
0

Fig. 2. (color online) The transition matrix element ration η in terms of
principle quantum number n. η is in unit of a2

0 , where a0 is the Bohr
radius.

2 3 4 5 6 7
0
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Fr

Cs

Rb
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n

↼δ
q
u
a
d
/
δ d
ip
↽/


-
5

Fig. 3. (color online) The comparison of the impacts of the electric
dipole and quadrupole coupling terms on the atomic ground state man-
ifold to second order in perturbation theory, δquad/δd, in terms of prin-
ciple quantum number n.

Figure 2 shows that the ratio η is increasing with the
principle quantum number n which means ηquad is increasing

much more rapidly than ηd. Figure 3. shows that for all alkali
atoms the ground state energy shift by electric quadrupole in-
teraction is about 10−7 ∼ 10−5 times smaller than that by elec-
tric dipole interaction. This behavior can be understood from
Eq. (18). Taking Bohr radius a0 = 0.53×10−10 m and ω about
1014 Hz, k2a2

0 = (ωa0/c)2 is then about 10−8 which makes the
effect by electric quadrupole interaction much less than that by
electric dipole interaction even the quadrupole transition ele-
ment is 102∼ 103 times larger than the dipole transition matrix
element in units of a2

0 . Physically, ka0� 1 means that the op-
tical wave length is much larger than the size of the atom. And
in this regime, the atom sees a spatially almost constant elec-
tric field and therefore the quadrupole effect which couples to
the electric field gradient can be negligible, suggesting that the
electric dipole approximation used in previous literature works
well for alkali-like atoms.

Despite of the validity of the dipole approximation for al-
kali atoms, there may exist the situations where the quadrupole
effect is considerable and one needs to go beyond the dipole
approximation. First, we notice that, we have used a plane
wave light field in above discussions, which naturally falls
into the electric dipole approximation regime with ka0 � 1.
If we consider a short pulse laser with much larger electric
field gradient, it may lead to a much larger electric quadrupole
contribution. Second, for a Rydberg atom, which is an excited
atom with one or more electrons that have a very high principal
quantum number, it has a very large atom size which is compa-
rable to the light field wave length. Under this condition, the
electric quadrupole interaction might become important and
cannot be ignored. Third, in this paper, we mainly consider the
alkali-like atoms which have large electric dipole moments.
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While for the molecule with a relative large quadrupole mo-
ment such as the carbon dioxide, the effect of the quadrupole
interaction may become significant.

4. Summary
In this paper, we have studied the dipole and quadrupole

coupling between an atom and a light field. In the far off-
resonance case, we derive the effective Hamiltonians to de-
scribe the effects on the ground state manifold brought by the
dipole and quadrupole transitions. We find that, for the alkali-
like atoms, the energy correction from dipole transition is
dominant and the dipole approximation can be applied. While
for other cases like the Rydberg atom with a very large size,
the molecular with large quadrupole moment, the correction
induced by the quadrupole interaction may become consider-
able and one needs to go beyond the dipole approximation.

Future studies would include Rydberg atoms, a gaussian-like
light field, a many-electron atom, and so on.

Appendix A: Quadrupole interaction
In this section we focus on the next order light–atom cou-

pling term — the electric quadrupole term — that gives the
Hamiltonian

Ĥquad =−
1
6 ∑

i
∑

j
Q̂i j

∂E j(t)
∂ ri

(𝑅), (A1)

where Q̂i j = −e∑α(3(r̂α)i(r̂α) j − r̂2
α δi j) is the electron

quadrupole operator, α sums over all electrons, e is the elec-
tron’s charge, r̂α is the position of the α-th electron within the
atom, and 𝑅 is the position of the nuclei within the atom. For
alkali atoms there is only one valance electron to be consid-
ered, therefore

Q̂i j =−e(3r̂ir̂ j− r̂2
δi j)

=−e

 2x̂2− ŷ2− ẑ2 3x̂ŷ 3x̂ẑ
3ŷx̂ 2ŷ2− x̂2− ẑ2 3ŷẑ
3ẑx̂ 3ẑŷ 2ẑ2− ŷ2− x̂2

 . (A2)

The electric quadrupole couples to the optical electric field gradient E j cos(𝑘 ·𝑟−ωt +φ j)

∇E =

 −Exkx sin(𝑘 ·𝑟−ωt +φx) −Eykx sin(𝑘 ·𝑟−ωt +φy) −Ezkx sin(𝑘 ·𝑟−ωt +φz)
−Exky sin(𝑘 ·𝑟−ωt +φx) −Eyky sin(𝑘 ·𝑟−ωt +φy) −Ezky sin(𝑘 ·𝑟−ωt +φz)
−Exkz sin(𝑘 ·𝑟−ωt +φx) −Eykz sin(𝑘 ·𝑟−ωt +φy) −Ezkz sin(𝑘 ·𝑟−ωt +φz)

 . (A3)

The electric quadrupole Hamiltonian term is therefore

Ĥquad =−
e
6
[(2x̂2− ŷ2− ẑ2)kxEx sin(𝑘 ·𝑅+φx−ωt)+3x̂ŷkyEx sin(𝑘 ·𝑅+φx−ωt)

+3x̂ẑkzEx sin(𝑘 ·𝑅+φx−ωt)+3ŷx̂kxEy sin(𝑘 ·𝑅+φy−ωt)

+(2ŷ2− x̂2− ẑ2)kyEy sin(𝑘 ·𝑅+φy−ωt)+3ŷẑkzEy sin(𝑘 ·𝑅+φy−ωt)

+3ẑx̂kxEz sin(𝑘 ·𝑅+φz−ωt)+3ẑŷkyEz sin(𝑘 ·𝑅+φz−ωt)

+(2ẑ2− x̂2− ŷ2)kzEz sin(𝑘 ·𝑅+φz−ωt)]. (A4)

Apply rotating wave approximation

Ĥ ′quad = Û†
rot(t)ĤquadÛrot(t)

=− e
6
(P̂g + P̂e eiωt)

[
(2x̂2− ŷ2− ẑ2)kxEx

ei(𝑘·𝑅+φx−ωt)− e−i(𝑘·𝑅+φx−ωt)

2i

+3x̂ŷkyEx
ei(𝑘·𝑅+φx−ωt)− e−i(𝑘·𝑅+φx−ωt)

2i

+3x̂ẑkzEx
ei(𝑘·𝑅+φx−ωt)− e−i(𝑘·𝑅+φx−ωt)

2i
+3ŷx̂kxEy

ei(𝑘·𝑅+φy−ωt)− e−i(𝑘·𝑅+φy−ωt)

2i

+(2ŷ2− x̂2− ẑ2)kyEy
ei(𝑘·𝑅+φy−ωt)− e−i(𝑘·𝑅+φy−ωt)

2i
+3ŷẑkzEy

ei(𝑘·𝑅+φy−ωt)− e−i(𝑘·𝑅+φy−ωt)

2i

+3ẑx̂kxEz
ei(𝑘·𝑅+φz−ωt)− e−i(𝑘·𝑅+φz−ωt)

2i
+3ẑŷkyEz

ei(𝑘·𝑅+φz−ωt)− e−i(𝑘·𝑅+φz−ωt)

2i

+(2ẑ2− x̂2− ŷ2)kzEz
ei(𝑘·𝑅+φz−ωt)− e−i(𝑘·𝑅+φz−ωt)

2i

]
(P̂g + P̂e e−iωt)
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≈− e
12i
{P̂e
[
(2x̂2− ŷ2− ẑ2)kxẼx +3x̂ŷkyẼx +3x̂ẑkzẼx +3ŷx̂kxẼy +(2ŷ2− x̂2− ẑ2)kyẼy

+3ŷẑkzẼy +3ẑx̂kxẼz +3ẑŷkyẼz +(2ẑ2− x̂2− ŷ2)kzẼz
]
P̂g

− P̂g[(2x̂2− ŷ2− ẑ2)kxẼ∗x +3x̂ŷkyẼ∗x +3x̂ẑkzẼ∗x +3ŷx̂kxẼ∗y +(2ŷ2− x̂2− ẑ2)kyẼ∗y
+3ŷẑkzẼ∗y +3ẑx̂kxẼ∗z +3ẑŷkyẼ∗z +(2ẑ2− x̂2− ŷ2)kzẼ∗z ]P̂e}, (A5)

where Ẽi = Ei ei(𝑘·𝑅+φi).
We study the impact of this coupling term on the atomic

ground state manifold to second order in perturbation theory.
We analyze the lowest energy electric quadrupole transition in
an alkali atom, between the ground (n)S electron orbital and
the excited (n)D orbital with excitation Ee = Ee2, as pictured
in Fig. 1.

First we consider the special case with ∆FS = 0, the effec-
tive Hamiltonian is given by

(Ĥeff)
quad =−P̂gĤ ′quadĤ ′−1

at Ĥ ′quadP̂g

=−
P̂gQ̂i jP̂eQ̂klP̂g

144∆e2
kikkẼ∗j Ẽl

=− e2

144∆e2
P̂g[(2x̂2− ŷ2− ẑ2)kxẼ∗x

+3x̂ŷkyẼ∗x +3x̂ẑkzẼ∗x +3ŷx̂kxẼ∗y
+(2ŷ2− x̂2− ẑ2)kyẼ∗y +3ŷẑkzẼ∗y +3ẑx̂kxẼ∗z
+3ẑŷkyẼ∗z +(2ẑ2− x̂2− ŷ2)kzẼ∗z ]P̂e

× [(2x̂2− ŷ2− ẑ2)kxẼx +3x̂ŷkyẼx

+3x̂ẑkzẼx +3ŷx̂kxẼy +(2ŷ2− x̂2− ẑ2)kyẼy

+3ŷẑkzẼy +3ẑx̂kxẼz +3ẑŷkyẼz

+(2ẑ2− x̂2− ŷ2)kzẼz]P̂g

=−
P̂g(er̂ir̂ j)P̂e(er̂k r̂l)P̂g

16∆e2
kikkẼ∗j Ẽl . (A6)

Without loss of generality we choose a particular electric
field 𝐸̃ = Ẽ cos(kx−ωt)𝑒y and thus

(Ĥeff)
quad =− e2

16∆e2
P̂gx̂ŷP̂ex̂ŷP̂gk2Ẽ∗Ẽ. (A7)

The ground state energy shift can be obtained from the effec-
tive hamiltonian as follows:

δquad = 〈g|(Ĥeff)
quad|g〉

=− e2

16∆e2
|𝐸̃|2k2〈g|(P̂gx̂ŷP̂ex̂ŷP̂g)〉

=− e2k2

16∆e2
|𝐸̃|2 ∑

m′L=0,±1,±2

|〈l = 0,mL = 0|x̂ŷ|l′ = 2,m′L〉|2

=− e2

16∆e2
ηquadk2|𝐸̃|2, (A8)

where |l,mL〉 is the atomic wave function and ηquad =

∑m′L=0,±1,±2 |〈l = 0,mL = 0|x̂ŷ|l′ = 2,m′L〉|2 is the quadrupole
transition matrix element.

Now let us consider the situation with finite 𝐿 ·𝑆 cou-
pling. Using the relation Ĥ ′−1

at = Ĥ−1
0 − Ĥ−1

0 V̂ Ĥ ′−1
at with

Ĥ ′at = Ĥ0 + V̂ = ∆eP̂e +(∆FS/h̄2)𝐿̂ · 𝑆̂, the corresponding ef-
fective perturbation Hamiltonian gives

(Ĥeff)
quad =−P̂gĤ ′quadĤ ′−1

at Ĥ ′quadP̂g

=−P̂gĤ ′quad(
P̂e

∆e2
− 1

∆e2

∆FS

h̄2 𝐿̂ · 𝑆̂Ĥ ′−1
at )Ĥ ′quadP̂g

=− 1
∆e2

P̂gĤ ′quadP̂eĤ ′quadP̂g

+
1

∆e2

∆FS

h̄2 P̂gĤ ′quad𝐿̂ · 𝑆̂Ĥ ′−1
at Ĥ ′quadP̂g. (A9)

With 𝑘 · 𝐸̃ = 0, the first term in Eq. (A9) gives

− 1
∆e2

P̂gĤ ′quadP̂eĤ ′quadP̂g

=− e2

16∆e2
P̂gr̂ir̂ jP̂er̂mr̂nP̂gkikmẼ∗j Ẽn. (A10)

Using the commutative relation [L̂i, r̂ j] = ih̄εi jk r̂k, we have

[Q̂i j,𝐿̂ · 𝑆̂] = [−e(3r̂ir̂ j− r̂2
δi j), L̂kŜk]

=−3ieh̄(ε jkl r̂ir̂l Ŝk + εikl r̂l r̂ jŜk). (A11)

Noting that the ground state has 𝐿̂P̂g = 0, the second term in
Eq. (A9) gives

1
∆e2

∆FS

h̄2 P̂gĤ ′quad𝐿̂ · 𝑆̂Ĥ ′−1
at Ĥ ′quadP̂g

=
∆FS

144∆e2h̄2 P̂gQ̂i j𝐿̂ · 𝑆̂P̂eĤ ′−1
at P̂eQ̂mnP̂gkiẼ∗j kmẼn

=
∆FS

144∆e2h̄2 P̂g([Q̂i j,𝐿̂ · 𝑆̂]+ 𝐿̂ · 𝑆̂Q̂i j)

× P̂eĤ ′−1
at P̂eQ̂mnP̂gkikmẼ∗j Ẽn

=
∆FS

144∆e2h̄2 P̂g(−3ieh̄)(ε jkl r̂ir̂l Ŝk + εikl r̂l r̂ jŜk)

× P̂eĤ ′−1
at P̂e(−e)(3r̂mr̂n− r̂2

δmn)P̂gkikmẼ∗j Ẽn

=
i∆FSe2

16∆e2h̄
P̂g(ε jkl r̂ir̂l Ŝk + εikl r̂l r̂ jŜk)

× P̂eĤ ′−1
at P̂er̂mr̂nP̂gkikmẼ∗j Ẽn. (A12)

Therefore the whole effective hamiltonian is given by

(Ĥeff)
quad =− e2

16∆e2
P̂gr̂ir̂ jP̂er̂mr̂nP̂gkikmẼ∗j Ẽn

+
i∆FSe2

16∆e2h̄
(ŜkP̂gr̂ir̂lP̂eĤ ′−1

at P̂er̂mr̂nP̂gε jkl

+ ŜkP̂gr̂l r̂ jP̂eĤ ′−1
at P̂er̂mr̂nP̂gεikl)kikmẼ∗j Ẽn
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≈−
e2(P̂gr̂ir̂ jP̂er̂mr̂nP̂g)

16∆e2
kikmẼ∗j Ẽn

+
i
h̄

∆FSe2

16∆ 2
e2
(ε jklP̂gr̂ir̂lP̂er̂mr̂nP̂g

+ εiklP̂gr̂l r̂ jP̂er̂mr̂nP̂g)kikmẼ∗j ẼnŜk, (A13)

where the approximation works for the ∆FS � ∆e2 situation.
The first term in Eq. (A13) is the scalar shift term and the sec-
ond term gives rise to a vector light shift.
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