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By means of the modified Darboux transformation we obtain some types of rogue waves in two-coupled nonlinear
Schrödinger equations. Our results show that the two components admits the symmetry and asymmetry rogue wave solu-
tions, which arises from the joint action of self-phase, cross-phase modulation, and coherent coupling term. We also obtain
the analytical transformation from the initial seed solution to unique rogue waves with the bountiful pair structure. In a
special case, the asymmetry rogue wave can own the spatial and temporal symmetry gradually, which is controlled by one
parameter. It is worth pointing out that the rogue wave of two components can share the temporal inversion symmetry.
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1. Introduction
The concept of rogue wave (RW) has been introduced

in the investigation of oceanography,[1,2] (and references
therein), starting with modeling a short-lived large ampli-
tude wave in ocean. Furthermore, the rogue waves have
also been studied in many fields, such as photonic crystal
fibers,[3,4] space plasmas,[5–7] Bose–Einstein condensate,[8]

water tanks,[9–11] and magnetic nanowires[12–14] driven by
the external magnetic field or spin-polarized current. How-
ever, there is no exact definition for RW. In general, an RW
means that the height of a rogue wave is two or more times
those of the surrounding waves. The studies of RW in single-
component system have indicated that the rational solution
of the nonlinear Schrödinger equation can be used to de-
scribe this phenomenon well.[15–23] The lowest-order rational
solutions[18,19] also can be obtained by Hirota technique for
the discrete Ablowitz-Ladik and Hirota equations. Depending
on the parameters chosen for the modulational unstable plane
wave the lowest-order RW in the Sasa–Satsuma equation can
feature a two-hump structure,[24,25] as well as an analog of the
Peregrine soliton.[26–31]

However, many real complex systems usually involve
more than one component, such as Bose–Einstein conden-
sates, nonlinear optical fibers, and so on. Recently, the first-
order rational solutions of a coupled nonlinear Schrödinger

(CNLS) and Maxwell–Bloch equations have been reported
in Refs. [32]– [36]. Some unique properties are obtained
for the multicomponent system.[32,37–39] Dark RWs have been
presented numerically.[39] and analytically.[40] Moreover, the
emergence of two RWs[38,41,42] in the coupled-component
system is quite distinct from the high-order RW in one-
component system.[40,43,44] The interaction between RW and
other nonlinear waves of the two-component coupled systems
is also a hot topic of great interest.[37,38,40] Nonlinearly cou-
pled dynamic systems with two or more degrees of freedom
have attracted considerable interest for many years.[45,46] The
localized waves and all kinds of soliton and soliton–soliton in-
teraction solutions[42,47,48] have been observed in CNLS equa-
tion. It is well known that the CNLS equations has a wide
range of physical backgrounds. It is a general equation de-
scribing wave propagation in weakly nonlinear media, widely
used in plasma physics and nonlinear optics, condensed mat-
ter physics, biophysics, and other fields.[49–51] Therefore, the
exploration of exact solutions in CNLS equations is an inter-
esting subject both in mathematics and physics.

In this paper, we investigate some types of exact rogue
wave solutions in the CNLS equations in terms of the devel-
oped Darboux transformation. As an example, we obtain the
exact symmetry and asymmetry rogue waves. From these re-
sults we also find the two components share the temporal in-
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version symmetry owing to the joint action of self-phase and
cross-phase modulation, as well as the coherent coupling term.

2. Exact symmetry and asymmetry rogue waves
The CNLS equations with negative coherent coupling can

describe the propagation of the orthogonally polarized optical
waves in an isotropic medium. In the paraxial approximation
the CNLS equations takes the form[52,53]

iq1t +q1xx +2
(
|q1|2 +2 |q2|2

)
q1−2q∗1q2

2 = 0,

iq2t +q2xx +2
(
|q2|2 +2 |q1|2

)
q2−2q∗2q2

1 = 0, (1)

where q1 and q2 are the slowly varying envelopes of two in-
teracting optical modes with the asterisk being the complex
conjugate. The variables x and t correspond to the normal-
ized distance and retarded time, respectively. In Eq. (1) the
coefficients of the self-phase modulation and the cross-phase
modulation are different, and the last terms in left hand are
known as the coherent coupling term. In fact, equation (1) is
integrable and its solutions can be obtained by the effective
Darboux transformation and Hirota bilinear method. The Lax
pair of Eq. (1) takes the form

Ψx = (λU0 +U1)Ψ ,

Ψt =
(
λ

2V0 +λV1 +V2
)
Ψ , (2)

in which the compatibility condition Ψxt = Ψtx yields the
CNLS equations (1), here

U0 = i
(
−I2×2 O

O I2×2

)
, U1 =

(
O Q
−Q† O

)
,

Q =

(
q1 q2
−q2 q1

)
, V0 = diag(−2i,−2i,2i,2i) ,

V1 = 2
(

O Q
−Q† O

)
, V2 = i

(
QQ† Qx
Q†

x −Q†Q

)
,

I2×2 = diag(1,1) , Ψ =

(
ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)T

.

Here the superscript T signifies the matrix transpose, Ψ is the
matrix eigenfunction, ϕi (i = 1,2,3,4) are the function of x
and t, I2×2 is the 2×2 unit matrix, O is the 2×2 zero matrix,
† denotes the conjugate transpose, and λ is the eigenvalue pa-
rameter. If one assume that

Ψ =

(
ϕ1 ϕ2 ϕ3 ϕ4
−ϕ2 ϕ1 −ϕ4 ϕ3

)T

is a solution of Eqs. (2) corresponding to λ , and then(
−ϕ∗3 ϕ∗4 ϕ∗1 −ϕ∗2
ϕ∗4 ϕ∗3 −ϕ∗2 −ϕ∗1

)T

is also a solution of Eqs. (2) corresponding to the eigenvalue
λ ∗.

In this paper, we adopt the Darboux transformation
method and mainly investigate the symmetry and asymmet-
ric rogue waves. To this purpose we choose the initial seed
solutions of Eq. (1) as

q(0)1 = q(0)2 = e4it . (3)

Substituting Eq. (3) into Eq. (2) and employing the normal
process of Darboux transformation, we obtain the eigenvalue
λ = i

√
2, and the corresponding eigenfunctions takes the form

ϕ1 = Γ1 e2it , ϕ2 = Γ2 e2it ,

ϕ3 =−
1√
2
(Γ1−Γ2) e−2it − 1

2
(C4−C2) e−2it ,

ϕ4 =−
1√
2
(Γ1 +Γ2) e−2it +

1
2
(C2 +C4) e−2it , (4)

where Γ1 = i2
√

2C2t +C2x +C1, Γ2 = i2
√

2C4t +C4x +C3

with Ci (i = 1,2,3,4) being complex. With the help of eigen-
functions in Eq. (4) the rogue waves of Eq. (1) take the form

q1 = q(0)1 −4
√

2
f1

g1
, q2 = q(0)2 −4

√
2

d1

g1
, (5)

where

f1 = (ϕ1ϕ3 +ϕ2ϕ4)
(
(ϕ∗3 )

2 +(ϕ∗4 )
2
)

+ (ϕ∗1 ϕ
∗
3 +ϕ

∗
2 ϕ
∗
4 )
(
ϕ

2
1 +ϕ

2
2
)
,

d1 = (ϕ1ϕ4−ϕ2ϕ3)
(
(ϕ∗3 )

2 +(ϕ∗4 )
2
)

+ (ϕ∗1 ϕ
∗
4 −ϕ

∗
2 ϕ
∗
3 )
(
ϕ

2
1 +ϕ

2
2
)
,

g1 = −(ϕ1ϕ
∗
1 +ϕ2ϕ

∗
2 +ϕ3ϕ

∗
3 +ϕ4ϕ

∗
4 )

2

− (ϕ1ϕ
∗
2 −ϕ2ϕ

∗
1 +ϕ3ϕ

∗
4 −ϕ4ϕ

∗
3 )

2 .

Equation (4) indicates the rogue wave solution in Eq. (5) is
combined by the rational polynomial dependence with tempo-
ral and spatial coordinates. Furthermore, we see that the ratio-
nal polynomial form can be determined by the parameters Ci,
i = 1,2,3,4, which ultimately affect the types of rogue wave
solutions, as shown in the following section.

2.1. Symmetry rogue waves

It is interesting to point out that the difference of the self-
phase modulation and cross-phase modulation, and the coher-
ent coupling term in Eq. (1) determines the types of rogue
wave solution. Under their joint action two components q1

and q2 can take the symmetry rogue wave, i.e., q1 and q2 of
Eq. (1) respectively shares the same expression which also has
the spatial and temporal symmetry. These types of rogue wave
solutions can be obtained by choosing the different values of
the parameters Ci, i = 1,2,3,4.

Firstly, we consider the case Ci = 0, i = 1,2,3, i.e., only
C4 6= 0. Substituting Eq. (4) into Eq. (5) we find that rogue
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wave q1 and q2 share the same form

q1 = q2 = e4it
(
−1+

1+8it
∆1

)
, (6)

where ∆1 = 16t2 +1/4+2
(
x−
√

2/4
)2.

↩     ↩                   ↩     ↩                   

x x

↩







↩

(a) (b)

t t

Fig. 1. (color online) The illustration of vector rogue wave envelope distri-
bution for two component: (a) |q1|, (b) |q2| in Eq. (6).

The solution in Eq. (6) has the normal form of rogue wave

in the standard nonlinear Schrödinger equation, which has one
hump and two valleys located at x =

√
2/4, x =

√
2/4±

√
6/4,

respectively. Its illustration is shown in Fig. 1, which has the
spatial and temporal symmetry.

Secondly, we consider the case C3 =C4 = 0, and C2/C1≡
γ1 e iφ . By a tedious calculation we get the rogue wave

q1 = q2 = e4it

√2γ1

(
1− e2iφ

)
+(1+8it)γ2

1 e iφ(
∆1γ2

1 +2
)

e iφ + iγ1
(
E∗ e2iφ −E

) −1

 ,

(7)
where E =

(
4
√

2t +2ix− i
√

2/2
)

. Equation (7) shows that
this rogue wave also has the property of spatial and tempo-
ral symmetry, and the spatial and temporal location of rogue
wave can be controlled by the parameters γ1 and φ , as shown
in Fig. 2. With the different parameters φ = 0, π/2, π , 3π/2,
we give the illustration in Fig. 2 for the rogue wave in Eq. (7).
It is obvious that the rogue wave also has one hump and two
valleys located at x =

√
2/4− (cosφ)/γ1, x =

√
2/4±

√
6/4,

and t =
√

2(sinφ)/4γ1, respectively. When γ1→∞, the rogue
wave solution in Eq. (7) reduces into Eq. (6).

↩                                                         

x x

x x

↩





↩





↩



 



↩

t t

t t

(a) (b)

(c) (d)

↩                                                         

↩                                                         ↩                                                         

Fig. 2. (color online) The vector rogue wave envelope distribution for different φ with q1 = q2 in Eq. (7) with the parameter γ = 1, (a) φ = 0; (b) φ = π/2;
(c) φ = π; (d) φ = 3π/2.

2.2. Asymmetry rogue waves

The very interesting phenomenon is that equation (1) ad-
mits the asymmetry rogue waves q1 6= q2 owing the joint ac-
tion of the self-phase and cross-phase modulation, as well as
the coherent coupling term in Eq. (1). In order to obtain the

asymmetry rogue waves we can consider the case C1 =C4 = 0
and C2/C3 ≡ γ2 e iφ . With this condition the asymmetry rogue
wave solution takes the following form

q1 = e4it
(

1+
F +N

G

)
,
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q2 = e4it
(

1+
F−N

G

)
, (8)

where

F =−γ
4
2 MB∗∆1−8+2γ

2
2

(
E∗B∗ e2iφ +EM e−2iφ

)
,

N =

√
2

2
γ2

[
4
(

e iφ + e−iφ
)
− γ

2
2

(
B∗2 e iφ +M2 e−iφ

)]
,

G = γ
2
2

(
1+(γ2∆1)

2
)
− γ

2
2

(
E2 e−2iφ +E∗2 e2iφ

)
+4

with
B = E + i

√
2/2, M = E− i

√
2/2.

The rogue wave solution in Eq. (8) seems very complicated.
However, there exists the natural intrinsic symmetry proper-
ties of rogue wave. Comparing the rogue wave solution for q1

and q2 in Eq. (8) carefully we find that q1 (φ = 0) takes the
same expression of q2 (φ = π), as well as the same case for
q1 (φ = π/2) and q2 (φ = 3π/2). It implies that the evolution
of q1 in fact has a π phase difference with q2 in the φ -space,
while the two components share the same illustration. This re-
sult comes from the action of the coherent coupling terms, that
is, the last terms on the left-hand side of Eq. (1). It should be

noted that when γ2 = 0, the solution in Eq. (8) reduces to the
initial seed solutions of Eq. (1), while with the phase differ-
ence π . This result implies that the variation of the parameter
γ2 can denote the transformation from the initial seed solu-
tion to the unique rogue wave solutions with the bountiful pair
structure.

In order to discuss the detail illustration of rogue wave
solutions in Eq. (8), we firstly consider the parameter φ = 0.
In this case, the solution in Eq. (8) represents a pair struc-
ture of rogue wave, which is determined by the parameter γ2

shown in Fig. 3. When γ2 is small each component has two
peaks and four valleys, denoted in Figs. 3(a) and 3(e). From
Figs. 3(a)–3(h) we find that the distance of peaks (valleys) for
q1 and q2 will decreases with the increasing value γ2. When
γ2 → ∞, and equation (8) reduces to the rogue wave solution
in Eq. (6), which implies that the pair structure of two peaks
and four valleys vanishes and reduces to the structure with one
peak and two valleys. Especially, the shape of q1 in Fig. 3(a)
likes the two anti-eye-shaped structure[54,55] of rogue wave so-
lution. The solution of q1 and q2 in Eq. (8) also has the spatial
and temporal symmetry, respectively.

↩                   ↩                   ↩                   ↩                   

x x x x

↩                   ↩                   ↩                   ↩                   

x x x x

(a) (b) (c) (d)

(e) (f) (g) (h)

-2

0

2 2 2 2

0 0 0

-2 -2 -2

t t t t

   

   

↩ ↩ ↩ ↩

t t t t

Fig. 3. (color online) Vector rogue wave envelope distributions for |q1| in panels (a)–(d) and |q2| in panels (e)–(h) in Eq. (8) with φ = 0: (a) and (e) γ = 0.5;
(b) and (f) γ = 2; (c) and (g) γ = 8; (d) and (h) γ = 100.

Secondly, we consider the case φ = π/2. Similar the above discussion the rogue wave solution in Eq. (8) with φ = π/2 also
has the pair structure with the number changes of peak and valley, as shown in Fig. 4. From Figs. 4(a)–4(h) we find that a pair
is formed by the combination of one peak and valley, and the distance of such pair decreases with the increasing value γ2. When
γ2→ ∞, equation (8) also reduces to the standard rogue wave solution in Eq. (6). It should be noted that the solution of q1 and
q2 in Eq. (8) also loss the spatial and temporal symmetry when γ2 is small. With γ2 approach ∞ the solution for q1 and q2 own
the spatial and temporal symmetry gradually. In terms of careful comparison we find that the rogue solution q1 (t) = q∗2 (−t), i.e.,
|q1 (t)|= |q2 (−t)|. It is to say that the two components q1 and q2 share the temporal inversion symmetry.
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↩                   ↩                   ↩                   ↩                   

↩                             ↩                            ↩                            ↩                   

x x x x

x x x x

   

  


↩ ↩ ↩ ↩

t t t

t

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 4. (color online) Vector rogue wave envelope distributions for |q1| in panels (a)–(d) and |q2| in panels (e)–(h) in Eq. (8) with φ = π/2: (a) and (e)
γ = 0.5; (b) and (f) γ = 2; (c) and (g) γ = 8; (d) and (h) γ = 100.

3. Conclusion
In this paper, in terms of the developed the Darboux trans-

formation we give some types of exact rogue wave solutions
in the CNLS equations, which can be used to describe transi-
tion dynamics of a one-dimensional or two-component Bose–
Einstein condensate system with particle transition in strong
interaction regimes and other nonlinear systems. Under the
affection of coherent coupling terms, the CNLS equations ad-
mits the symmetry and asymmetry rogue waves. We also give
the different pair structure of rogue wave which can be ad-
justed by one parameter. In the special case, we find that the
rogue wave solution q1 and q2 can share the temporal inversion
symmetry.
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