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We first study the Shannon information entropies of constant total length multiple quantum well systems and then
explore the effects of the number of wells and confining potential depth on position and momentum information entropy
density as well as the corresponding Shannon entropy. We find that for small full width at half maximum (FWHM) of the
position entropy density, the FWHM of the momentum entropy density is large and vice versa. By increasing the confined
potential depth, the FWHM of the position entropy density decreases while the FWHM of the momentum entropy density
increases. By increasing the potential depth, the frequency of the position entropy density oscillation within the quantum
barrier decreases while that of the position entropy density oscillation within the quantum well increases. By increasing the
number of wells, the frequency of the position entropy density oscillation decreases inside the barriers while it increases
inside the quantum well. As an example, we might localize the ground state as well as the position entropy densities of the
Ist, 2nd, and 6th excited states for a four-well quantum system. Also, we verify the Bialynicki—Birula—Mycieslki (BBM)

inequality.

Keywords: position and momentum Shannon entropies, multiple quantum well, entropy densities

PACS: 03.65.—w, 03.65.Ge, 03.67.—-a

1. Introduction

Shannon in his classical paper!!! reported the fundamen-
tal limits to signal processing operations such as reliable stor-
ing and communicating data and limits to compressing data.
Thereafter, this theory was found to have other applications
such as cryptography, quantum computing, thermal physics,
This is the so-called
Shannon entropy, which is a measure of a random variable

atomic and molecular structure, etc.

uncertainty and can also become the expected value of the in-
formation existing in a message.

During the last few decades, the Shannon entropies have
been analytically calculated for low-lying states of some quan-
tum systems with potentials such as the Morse potential, %3]
harmonic oscillator,!*3! the Poschl-Teller potential, > mod-
ified Yukawa potential,”! and the Rosen—-Morse potential.®]
On the other hand, the Shannon entropies for other compli-
cated quantum systems such as the position-dependent mass
Schrodinger equation with null potential, ! quantum dots, 1]
double-well potential,'!! finite well,['?! and infinite circular

(131 have also been investigated. Relevant studies about

well
this topic were also conducted in Refs. [14]-{17].

In addition to their intrinsic interest, the entropic un-
certainty relations!® have been widely used to reproduce
the charge and momentum densities of the atomic and

molecular systems!'® and also to investigate the squeez-
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ing localization.['”) The electronic localization properties of
the system can be used for designing low-dimensional elec-
tron nano-devices and also electromagnetic waveguides with
predetermined transport properties. The most widely stud-
ied potential models are one-dimensional (1D) quasi-periodic
systems, such as the slowly varying potential,*"! Harper
model,?! and the complex quasi-periodic potential ones. [*?!
Periodic structures of layers of two or more materials can
construct a superlattice. The thickness of each layer is usu-
ally several nanometers. Different types of building blocks

(231 and Pascal-type!>*! possess some phys-

such as Fibonacci
ical properties that are more appropriate for developing quan-
tum devices. Our approach to the building of a superlattice or
multiple quantum well system is based on retaining the total
length of the structure constant and simultaneously changing
the number of quantum wells. In this way, the smaller nano-
device sizes in addition to better physical properties are acces-
sible. So far, we have studied the optical properties of con-
stant total effective length multiple quantum well systems, 3]
the physical properties of GaN/AIN constant total effective ra-
dius multi-well quantum rings under well number variation

(261 and the optical properties of two-electron!*’! and

effects,
impurity including!*®! GaN/AIN constant total effective radius
multi-shell quantum rings and dots. And we also have studied

the miniband formation scenario in GaN/AIN constant total

*Project supported by the Iranian Nanotechnology Initiative Council (INIC), the 20180677-SIP-IPN, Mexico, and the CONACYT 288856-CB-2016, Mexico.
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effective length multiple quantum dots.>"!

It should be recognized that the above-mentioned stud-
ies of the Shannon entropy focus on the soluble quantum

[2-131 which means that the solutions of those quan-

systems,
tum systems are analytical and consequently the wave function
in momentum space can be calculated by the Fourier trans-
form. In the present work, we study the quantum information
entropies for rectangular multiple quantum well systems with
a constant total length, in which the solution cannot be ob-
tained analytically. We will obtain the position and momentum
information entropy densities and the Shannon entropies for
some constant total effective length multiple quantum wells
through a numerical approach. We discuss the effects of the
numbers of wells (1, 2, 3, 4, 15, and 22) and confined poten-
tial depth on the entropies and entropy densities for the ground
state and the 1st, 2nd, 6th, and 50th states.

2. Formalism

We start with a 1D time-independent Schrodinger equa-

n* d?
—— 4V
< 2m dx? +
where the geometrical confining potential V(r) is defined
21-25]

tion

<x>) V() = Ep (). M

as,|

V(r):{vconfizl,?),... i—1

0, i=24,..; INFI<IT

syl @
Here, V.onr is a constant relative conduction band offset and
the notation 7 represents the i-th well or barrier in the studied
system. In this work, we assume that the well width and the
barrier width are equal. The energies E, and the normalized
wave functions ¥, (x) can be calculated through a numerical
discretization technique.?"!

The position and momentum space information entropies
Sy and S, are related to the Shannon information entropy den-

sities ps(x) and py(p) defined as(®%!1]

ps(x) = [y P Iy (x) ),
ps(p) = lo(p)*In(lo(p)I*).

The position and momentum space information Shannon

(3a)
(3b)

entropies S, and S, are written respectively as

se=— [P m(yonar=— [ piar, @

oo oo
Sp== [ low)Pm(o(p)Pydr=— [ " pi(p)dp,@b)

where y(x) is the normalized wave function in position space
and can be obtained through the numerical solution to Eq. (1).
The ¢(p) is the normalized wave function in momentum space
and can be calculated by the Fourier transform as

1 —ipx
o) = 7 [vwera 5)

In this work, however, we calculate it by using the fast Fourier
transform (FFT) method. Note that because of the logarithmic
factors in the integrals, Shannon entropies (4) become rather
difficult to solve analytically even for quantum systems. As
a result, we have to perform the integrals numerically for the
present case. The entropic uncertainty relation obtained by
Beckner, BBM, is given by

Sy+S, >D(1+Inx), 6)

where D denotes the spatial dimension and here we take D = 1.

3. Results and discussion

We investigate the constant total effective length multiple
quantum well systems with equally spaced quantum wells and
barriers. If the total system length in our system is 60 nm,
then the width of each well and barrier in a double quantum
well system with constant 60 nm in total length is given by
60/5 = 12 nm, in which there are two wells and three barriers,
which are equally spaced between each other.

0.08
0.04
& 0
=
—0.04
— ground second
—0.08 — first = third
—2.0 —1.0 0 1.0 2.0

Posiltion /108

Fig. 1. (color online) Normalized wave functions as a function of posi-
tion x for a four-quantum well system.

At the first step, in Fig. 1 we plot some normalized wave
functions as a function of position x for a four-well system.
This figure clearly shows that the curves are consistent with
the node theorem of wave functions, i.e., the 3rd excited state
has three nodes. Then, in order to study the entropy distribu-
tions for the quantum wells and barriers, we plot the position
and momentum space entropy densities for different circum-
stances. In Fig. 2 we present the variations of the position and
momentum entropy densities with position x for a single quan-
tum well. The total system length is assumed to be 60 nm. The
blue solid line, green dashed line, black dotted line, and pur-
ple dash—dotted line represent the position and momentum en-
tropy densities for the normalized ground state, 1st, 2nd, and
6th excited states, respectively. Panels (a)—(f) illustrate dif-
ferent confined potential depths. Note that in all systems the
position entropy densities for the ground state, Ist, and 2nd
excited states are sensible only inside the quantum well. How-
ever, for the systems each with a small depth of the quantum
well, e.g. panel (a), the maximum position entropy densities
occur inside the barriers (see the purple dash-dotted line in

040301-2



Chin. Phys. B Vol. 27, No. 4 (2018) 040301

panel (a)). Also, notice that by increasing the well depth (see
panels (c) and (e)), the position entropy density of the 6th ex-
cited state in the barrier decreases and its value in the quantum
well increases. Comparing the position entropy densities with
the corresponding momentum entropy densities, it is found
that for the smaller FWHM of the position entropy density, the
FWHM of the momentum entropy density becomes larger and
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vice versa. To see this clearly, for the position entropy density
of the ground state, we compare the solid blue lines in panels
(a) and (b) and those in panels (e) and (f). This fact is also true
for the position and momentum entropy densities of other ex-
cited states. In the meantime, by increasing the potential depth
the FWHM of the position entropy density decreases, but the
FWHM of the momentum entropy density increases.
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Fig. 2. (color online) Variations of the position and momentum entropy densities with position x and momentum p for a single-quantum well system.
The total system length is 60 nm. The blue solid line, green dashed line, black dotted line, and purple dash-dotted line denote the position and
momentum entropy densities for the normalized ground state, 1st, 2nd, and 6th excited states, respectively. Panels (a)—(f) are plotted for different

confined potential depths.
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Fig. 3. The same as Fig. 2. The black solid line denotes the normalized 50th excited state.
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On the other hand, to observe the effects of the confined
potential on the position and momentum entropy density of a
high excited state for a single quantum well, we plot the vari-
ations of the position and momentum entropy densities with
position x for a single quantum well in Fig. 3. The total sys-
tem length is again assumed to be 60 nm. The black solid
line shows the position and momentum entropy densities of
the 50th excited state. Figures 3(a)-3(f) show the cases of
different confined potential depths. It is interesting to find
that in Fig. 3(a), where the confined potential depth is small
(20 meV), the position entropy density of the 50th state is dis-
tributed uniformly inside the total length of the system. How-
ever, by increasing the potential depth (see Figs. 3(c) and 3(e)),
this uniform distribution shall be broken and gradually the
position entropy density inside the well decreases. A com-
parison between the position and corresponding momentum
entropy densities shows that if the position entropy density
is distributed inside a wide position space interval, the cor-
responding momentum entropy density will be localized in a
narrow interval of the momentum space. However, for an in-
termediate confined potential depth (see Figs. 3(c) and 3(d)),
the momentum space entropy density has the widest interval
of distribution. Finally, we see that by increasing the confined
potential depth, the frequency of the position entropy density
oscillation inside the quantum barriers decreases, while the
frequency of the position entropy density oscillation inside the

0 = > ™ )
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g g
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< 01t ON
2 o0t
2
45 -0.03
° omf b
2 ’ Veont = 200
005 . ,
= 3 2 3 4
&
0
001+ (e) |
-0.02f
-0.08f
-0.041 1
Veont = 1000
-0.05 . .
3 2 3 4

Position/10-8

quantum wells increases.

Now, we increase the number of wells to 2 and obtain the
results as shown in Figs. 4 and 5. In our double quantum well
system we keep the 60 nm total length constant (60 nm). Un-
like the scenario in Fig. 2, in this system the position entropy
densities for all the ground state, 1st, 2nd, and other excited
states are localized inside the quantum wells. For double well
systems with small confined potential depth panel (Fig. 5(a)),
the distributions of the position entropy densities inside the
quantum wells are identical. Notice the different lines inside
the two wells. However, by increasing the confined potential
depth to 200 meV (Fig. 5(c)), these identical distributions be-
tween quantum wells are destroyed. In Fig. 5(c), the maximum
position entropy density of the 1st excited state occurs in the
left quantum well, maximum position entropy density of the
2nd excited state occurs in the right quantum well and maxi-
mum position entropy density of the 6th excited state occurs in
the left well. This scenario is also true for Fig. 5(e) with larger
confined potential depth (1000 meV). In the meantime, for the
corresponding momentum information entropies we find that
although a position entropy density may be asymmetric with
respect to the origin (one quantum well may have larger posi-
tion entropy density, e.g., the one represented with the black
dotted line in the panel (¢)), the corresponding momentum in-

formation entropy is symmetric with respect to the origin.
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Fig. 4. (color online) The same as Fig. 2, but for a double-quantum-well system with 60 nm in total length.

We now study the effects of the confined potential on the
position and momentum entropy densities of the 50th excited
state for the double quantum well system. Unlike the scenario
in Fig. 3(a), the distributions of the position entropy of small
confined potential depth (20 meV) of the 50th excited state
for a double quantum well system in Fig. 5(a) are not com-

pletely uniform. However, the value of the position informa-
tion entropy inside the quantum wells is smaller than inside
the quantum barriers. But by increasing the confined potential
depth up to an intermediate value (200 meV, Fig. 5(c)), we find
that the value of the position entropy density is uniform inside
the whole system except inside the central quantum barrier in
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which its value is larger. Our previously mentioned issue about
the frequency of position entropy density oscillation for a sin-
gle quantum well system is still true for the double quantum
well system. Here, however, there is another fact. By increas-
ing the number of wells (comparing Fig. 3(e) with Fig. 5(e)),

Veont = 20

%3 2 - 0 1 2 3 4
Veont = 200

-0.02 : - - - - :
8 2 0 1 2 3 4
Veont = 1000

Position entropy density

-0.005

-0.01

-0.015

002 T
-3 -2 -1 0 1 2 3 4
Position/10-8

the frequency of position entropy density oscillation decreases
inside the barriers and increases inside the quantum wells. Fi-
nally, we note that in Figs. 5(a), 5(c), and 5(e) the amplitude of
the position entropy density inside the central quantum barrier
increases with confined potential depth increasing.
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Fig. 5. The same as Fig. 3, but for a double-quantum-well system with 60 nm in total length.
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Fig. 6. (color online) The same as Fig. 2, but for a triple-quantum-well system with 60 nm in total length.

For more illustrations, we increase the number of wells
up to 3 and 4. Then, we repeat the Figs. 2 and 3. The results
are displayed in Figs. 6, 7, 8, and 9. Unlike the scenarios in
Figs. 3 and 5, in Fig. 7, the maximum amplitude of the posi-

tion entropy density is not related to the central quantum bar-

rier. Here, there are two maxima due to the quantum barrier,
which are localized at the two ends of the system. The sit-
uation for a 4-well system (see Fig. 9) is again different and
two other quantum barriers have the maximum amplitudes.

Roughly speaking, there is not a general statement about the

040301-5



Chin. Phys. B Vol. 27, No. 4 (2018) 040301

barrier which has a maximum position entropy density. Each
desired quantum system has to be analyzed individually. Fig-

densities of different four states (ground state, the 1st, 2nd, and
6th excited states) each are localized inside a distinct quantum

ure 8(e) is also interesting. In this figure, the position entropy  well.
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Fig. 7. The same as Fig. 3, but for a triple-quantum-well system.
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Fig. 8. (color online) The same as Fig. 2, but for a four-quantum-well system with 60 nm in total length.
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Fig. 9. The same as Fig. 3, but for a four-quantum-well system with 60 nm in total length.
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Fig. 10. (color online) The same as Fig. 2, but for a 15-quantum-well system with 60 nm in total length.

In addition, we explore two extra systems with larger
numbers of wells i.e., 15 and 22. The results are shown in
Figs. 10, 11, 12, and 13, respectively. At this stage, the number
of wells is so large that the over system exhibits a behavior like
a single quantum well with a length of 60 nm. But, there are
additional oscillations in the position entropy densities as indi-
cated with the blue solid line in Figs. 10 and 12. This behavior
is very similar to that of the ground state position entropy den-
sity (blue solid line) in Fig. 2(a), in which the position entropy
density is in the Gaussian form inside the quantum well. To
see this similarity more clearly, one may compare the position

entropy densities associated with other excited states as shown
with dashed, dotted, and dash-dotted lines in Figs. 2(a), 10(a),
and 12(a). In the meantime, it is clear from Figs. 10(a), 10(c),
10(e), 12(a), 12(c), and 12(e) that by increasing the confined
potential depth the value of the position entropy density inside
the barriers vanishes. This is because the probability of the
particle staying in the barriers with infinite height is infinitesi-
mal. Finally, we note that because the position entropy density
is widely distributed inside the total position effective length,
the momentum entropy density is localized in a narrow inter-
val of the momentum in the momentum space.
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Fig. 12. (color online) The same as Fig. 2, but for a 22-quantum-well system with 60 nm in total length.

Finally, in order to study the behaviors of the position and
momentum entropies and also to explore whether the BBM
inequality is satisfied, we plot the variations of the position
entropies with confined potential depth ‘V.on¢” as is shown in
Fig. 14. Figure 14(b) is the same as Fig. 14(a) except the
plot of momentum entropy. Figure 14(c) also shows the sum
of the momentum and position entropies as a function of the
confined potential depth “Vonf”. As can be seen clearly from
Figs. 14(a) and 14(b), as V,onf increases the position entropies

decrease and at the same time the momentum entropies in-
crease. However, the single well system has much smaller po-
sition and momentum entropies. To check the BBM inequal-
ity, we examine Fig. 14(c). From Figs. 14(a) and 14(b) we see
that when one entropy increases the other entropy decreases.
However, their sum stays above a lower bound with a value
(1+1In(xm)) = 2.1447. Thus, the BBM inequality is shown to
be satisfied.
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potential depth ‘Vopns’, respectively.

4. Conclusions

In this work we investigate the position and momen-
tum information entropy densities in addition to position and
momentum information entropies of constant total effective
length multiple quantum well systems. We find that in single
quantum wells, for all well depths the ground state, 1st and 2nd

excited state, the position entropy densities are sensible only
within the well, while for the 6th excited state, by increas-
ing the well depth, the position entropy density in the barriers
decreases and its value in the quantum well increases. For
the small FWHM of the position entropy density, we have in-

creased the FWHM of the momentum entropy density and vice
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versa. For the single quantum well, by increasing the potential
depth, the 50th state position entropy density within the well
gradually decreases. Here, by increasing the potential depth,
the FWHM of the position entropy density decreases and the
FWHM of the momentum entropy density increases. For an
intermediate confined potential depth of 200 meV, the momen-
tum space entropy density has the widest interval of distribu-
tion. By increasing the potential depth, the frequency of the
position entropy density oscillation inside the quantum barri-
ers decreases and the frequency of the position entropy density
oscillation inside the quantum wells increases. By increasing
the number of wells, the frequency of position entropy den-
sity oscillation decreases within the barriers and it increases
inside the quantum wells. In a four-well quantum system we
are able to localize the ground state, 1st, 2nd, and 6th excited
state position entropy densities inside a distinct quantum well.
Finally, we find that the BBM inequality is satisfied. Thus, by
modifying the number of wells and the potential depth we can
describe the localization positions and values of the position
and momentum information entropies.
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