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The 𝒩 = 1 supersymmetric extensions of two integrable systems, a special negative Kadomtsev–Petviashvili (NKP)
system and a (2+1)-dimensional modified Korteweg–de Vries (MKdV) system, are constructed from the Hirota formalism
in the superspace. The integrability of both systems in the sense of possessing infinitely many generalized symmetries
are confirmed by extending the formal series symmetry approach to the supersymmetric framework. It is found that both
systems admit a generalization of W∞ type algebra and a Kac-Moody–Virasoro type subalgebra. Interestingly, the first one of
the positive flow of the supersymmetric NKP system is another 𝒩 = 1 supersymmetric extension of the (2+1)-dimensional
MKdV system. Based on our work, a hypothesis is put forward on a series of (2+1)-dimensional supersymmetric integrable
systems. It is hoped that our work may develop a straightforward way to obtain supersymmetric integrable systems in high
dimensions.
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symmetric MKdV system
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1. Introduction
Supersymmetry is one of the most significant ideas in

theoretical physics, combining bosonic and fermionic fields
in a unified way. The mathematical formulation of this idea
is based on the introduction of the anticommuting fermionic
variables along with the bosonic ones. During the past
decades, studies of supersymmetric integrable systems and
their possible applications in physics have been a subject of
considerable interest, and a number of well-known integrable
systems, such as the sine-Gordon equation,[1] the Korteweg–
de Vries (KdV) equation,[2] and Kadomtsev–Petviashvili (KP)
hierarchies,[3] have been embedded into their supersymmetric
counterparts. It turns out that these supersymmetric integrable
systems possess similar remarkable properties. However, most
studies on the supersymmetric integrable systems are in (1+1)
dimensions. To our knowledge, the KP hierarchy and (2+1)-
dimensional KdV equation (also named as the Boiti–Leon–
Manna–Pempinelli (BLMP) equation)[4,5] are the very few ex-
ceptions that have been extended in the supersymmetric frame-
work. In the viewpoint of physics, the (2+1)-dimensional field
theory is particularly interesting since the theory is simple yet
possesses a rich asymptotic symmetry and provides us with
a deeper insight in general.[6] Consequently, it is within the
scope of the integrable systems higher than (1+1) dimensions,
such as the KP[7] and supersymmetric KP hierarchies,[8] that
the W∞ algebras were identified. Therefore, it is significant

if one can construct supersymmetric extensions of the (2+1)-
dimensional integrable systems, especially those related to the
W∞-type algebra.

In addition, the realizations of the W∞ algebra in
the (2+1)-dimensional supersymmetric integrable system are
mostly based on the extensions of the bosonic Lax pair to super
one. In the classical integrable system context, Lou has estab-
lished the formal series symmetry approach for the realization
of W∞, which has been utilized to demonstrate that some fa-
mous (2+1)-dimensional models, such as the KP hierarchy,[7]

the 3D Toda field theory,[9] and the integrable dispersive long
wave equations,[10] admit one or more sets of infinitely many
generalized symmetries and the corresponding symmetry al-
gebras are the generalizations of the W∞ algebra.

In this paper, we consider the 𝒩 = 1 supersymmetric ex-
tensions of two bilinear integrable systems, the bilinear nega-
tive KP (NKP) system[11,12]

(Dt +D2
x)F ·G = 0, (1a)

Dy(Dt +D2
x)F ·G = 0, (1b)

and the (2+1)-dimensional modified KdV (MKdV) system

(Dt +D3
x)F ·G = 0, (2a)

Dy(Dt +D3
x)F ·G = 0. (2b)

The bilinear NKP system (1) can also be named as
the (2+1)-dimensional (1+1)-component Ablowitz–Kaup–
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Newell–Segur (AKNS) system, the (2+1)-dimensional Broer–
Kaup (BK) system[13] and the (2+1)-dimensional sinh-Gordon
equation.[14] The bilinear MKdV system (2) has been redis-
covered several times by Ito,[15] Hietarinta,[16] Lou and Li,[17]

respectively. Many remarkable properties of the system (2)
have been established. For instance, its N-soliton solutions,
Bäklund transformation, and Lax representation were obtained
in Ref. [18], and its integrability in the sense of possess-
ing infinitely many generalized symmetries was confirmed in
Ref. [17].

This paper is organized as follows. In the next section,
the supersymmetric extension of the bilinear NKP system (1)
and its nonlinear version are proposed. Then, by extending
the formal series symmetry approach to the supersymmetric
framework, it is confirmed that the supersymmetric NKP sys-
tem admits a set of infinitely many generalized symmetries
with an arbitrary function f (t). Finally, symmetry algebras
of the supersymmetric NKP system are presented, including

a limit case f (t) = 1 which implies the commutativity of the
positive flow. In Section 3, similar study is conducted on the
MKdV system (2). The last section gives a short summary and
discussion.

2. Symmetries and symmetry algebras of the su-
persymmetric NKP system

2.1. Supersymmetric extension of the bilinear NKP system
and its nonlinear version

Our candidate for the supersymmetric extension of the bi-
linear NKP system (1) is

(Dt +D2
x)F ·G = 0, (3a)

𝒮y(Dt +D2
x)F ·G = 0, (3b)

where F andG are bosonic functions of the super spacetime
(x,y, t,θ), and θ is a Grassmann odd variable satisfying θ 2 =

0. The superversion of the Hirota derivative is defined as

𝒮yDm
t Dn

xF ·G = (𝒟θ1 −𝒟θ2)

(
∂

∂ t1
− ∂

∂ t2

)m(
∂

∂x1
− ∂

∂x2

)n

F(x1,y1, t1,θ1) ·G(x2,y2, t2,θ2)

∣∣∣∣∣∣∣ θ1=θ2y1=y2x1=x2
t1=t2

,

and 𝒟θ = ∂θ +θ∂y is the usual super derivative.
It is obvious that we extend the bilinear NKP system

to its supersymmetric counterpart only by changing one of
the Hirota operators. However, this seemingly simple ex-
tension is not trivial and worth further considerations, as the
Hirota bilinear method is powerful and effective not only
for finding soliton solutions but also for searching new inte-
grable systems in the classic[16,19–21] and supersymmetric[22]

contexts. The coupled system (3) can also be viewed as a
(2+1)-dimensional generalization of the bilinear supersym-
metric two-boson system,[13,23–26] since it reduces to the su-
persymmetric two-boson system when y = x.

Before proceeding further, let us first introduce the trans-
formations

F = exp
{

1
2
[(v−u)+θ(φ −ψ)]

}
,

G = exp
{

1
2
[(v+u)+θ(φ +ψ)]

}
(4)

with super even (bosonic) functions u and v, and super odd
(fermionic) functions ψ and φ being functions of (x,y, t). Un-
der the transformations (4), equation (3) can be expressed in
the nonlinear version through the direct calculations (a more
convenient way to derive the nonlinear version is given in Ap-
pendix A),

ut −u2
x − vxx = 0, (5a)

ψt −2uxψx −φxx = 0, (5b)

φt −2uxφx −ψxx = 0, (5c)

vyt −2uxvxy −uxxy −2ψxφx = 0. (5d)

In the fermionic limit ψ = φ = 0, equation (5) reduces to a
(2+1)-dimensional coupled Burgers system[27]

ut −u2
x − vxx = 0, (6a)

vyt −2uxvxy −uxxy = 0, (6b)

which can be reformed to the bilinear NKP system (1) under
the bi-logarithmic transformations

u = ln
(

F
G

)
, v = ln(FG). (7)

Thus, the coupled system (5) deserves the name of the super-
symmetric NKP (SNKP) system.

2.2. Infinitely many generalized symmetries of the SNKP
system

A symmetry σ = (U,ξ ,η ,V )T of the SNKP system is de-
fined as a solution of its linearized equations by assuming that
Eq. (5) is form-invariant under the infinitesimal transforma-
tions

u → u+ εU, ψ → ψ + εξ ,

φ → φ + εη , v → v+ εV, (8)

where ε is an infinitesimal parameter, ξ and η are fermionic
functions of (t,x,y,ψ,φ ,u,v), while U and V are bosonic func-
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tions of (t,x,y,ψ,φ ,u,v). Inserting the infinitesimal transfor-
mations (8) into Eq. (5) and picking up the coefficients of ε , we
directly obtain the linearized system that the symmetry should
satisfy

Ut −2uxUx −Vxx = 0, (9a)

ξt −2uxξx −2ψxUx −ηxx = 0, (9b)

ηt −2uxηx −2φxUx −ξxx = 0, (9c)

Vyt −2vxyUx −2uxVxy −Uxxy −2ξxφx −2ψxηx = 0. (9d)

Extending the formal series symmetry approach[7,9,10] to
the supersymmetric framework, the components of the sym-
metry should be reformed as

U =
∞

∑
k=0

f (n−k+1)Un[k], V =
∞

∑
k=0

f (n−k+2)Vn[k], (10a)

η =
∞

∑
k=0

f (n−k+1)
ηn[k], ξ =

∞

∑
k=0

f (n−k+1)
ξn[k], (10b)

where f is an arbitrary function of t, f (n−k) denotes the (n−k)-
th derivative of f with respect to t, Un[k], ξn[k], ηn[k], and Vn[k]
are functions of (x,y,u,ψ,φ ,v) and their arbitrary derivatives,
but not t-dependent explicitly, Un[k] and Vn[k] are bosonic
functions, while ξn[k] and ηn[k] are fermionic functions.

Substituting Eq. (10) into the symmetry definition equa-
tion (9) and collecting the terms of the same derivative order
of f yield

∞

∑
k=0

f (n−k+2)(Un[k]−Vnxx[k])+ f (n−k+1)(Unt [k]−2uxUnx[k]) = 0, (11a)

∞

∑
k=0

f (n−k+2)
ξn[k]+ f (n−k+1)(ξnt [k]−2uxξnx[k]−2ψxUn[k]−ηnxx[k]) = 0, (11b)

∞

∑
k=0

f (n−k+2)
ηn[k]+ f (n−k+1)(ηnt [k]−2uxηnx[k]−2φxUn[k]−ξnxx[k]) = 0, (11c)

∞

∑
k=0

f (n−k+3)Vny[k]+ f (n−k+2)(Vnyt [k]−2uxVnxy[k])− f (n−k+1)(2vxyUnx[k]+Unxxy[k]+2ξnx[k]φx +2ψxηnx[k]) = 0. (11d)

Since f is an arbitrary function of t, equation (11) must hold
at any derivative order of f . Therefore, by setting to zero all
of the coefficients of the different derivative orders of f , we
obtain the following overdetermined system

Vny[0] = 0, Vn[0] = g(x) = g, (12a)

Un[0] =Vnxx[0], Vn[1] = ξn[0] = ηn[0] = 0, (12b)

Un[k−1] =−Unt [k−2]+2uxUnx[k−2]+Vnxx[k−1], (12c)

ξn[k−1] =−ξnt [k−2]+2uxξnx[k−2]

+ 2ψxUnx[k−2]+ηnxx[k−2], (12d)

ηn[k−1] =−ηnt [k−2]+2uxηnx[k−2]

+ 2φxUnx[k−2]+ξnxx[k−2], (12e)

Vny[k] =−Vnyt [k−1]+2uxVnxy[k−1]

+ 2vxyUnx[k−2]+Unxxy[k−2]

+ 2ξnx[k−2]φx +2ψxηnx[k−2] (12f)

for k = 2,3, . . . ,n + 1, where we have defined ∂y∂−1
y =

∂−1
y ∂y = 1.

It is obvious from Eq. (12) that Un[k − 1], ξn[k − 1],
ηn[k − 1], and Vn[k] can be solved recursively for any given
g. We can write the result in a more compact manner

Un[k−1]
ξn[k−1]
ηn[k−1]

Vn[k]

=


a11 0 0 ∂ 2

x
2ψx∂x a22 ∂ 2

x 0
2φx∂x ∂ 2

x a33 0
a41 a42 a43 a44




Un[k−2]
ξn[k−2]
ηn[k−2]
Vn[k−1]



=


a11 0 0 ∂ 2

x
2ψx∂x a22 ∂ 2

x 0
2φx∂x ∂ 2

x a33 0
a41 a42 a43 a44


k−1

gxx
0
0
0

 (13)

with k = 2,3, . . . ,n+2, and the operators in the matrix defined
as

a11 = a22 = a33 =−∂t +2ux∂x, a41 = ∂
2
x +2∂

−1
y vxy∂x,

a42 =−2∂
−1
y φx∂x, a43 = 2∂

−1
y ψx∂x,

a44 =−∂t +2∂
−1
y ux∂x∂y.

Essentially, the recursion formula (13) should be truncated
to guarantee the existence of the formal series symmetries.
For the SNKP system, we find (Un[n + 1],ξn[n + 1],ξn[n +

1],Vn[n+2])T satisfy the truncated condition
a11 0 0 ∂ 2

x

2ψx∂x a22 ∂ 2
x 0

2φx∂x ∂ 2
x a33 0

a41 a42 a43 a44




Un[n+1]
ξn[n+1]
ηn[n+1]
Vn[n+2]

= 0.

In other words, (Un[n+1],ξn[n+1],ξn[n+1],Vn[n+2])T also
satisfies the symmetry definition equation (9).

It is noted from Eq. (13) that one can deduce the explicit
generalized symmetries by inserting the exact expression of
g. Here, we present the first four generalized symmetries in
detail, obtained by choosing g = x3/12, x4/96, x5/960, and
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x6/11520, respectively,

σ0( f ) =



1
2

ftx+ f ux

f ψx

f φx

1
12

fttx3 + f vx

 , (14)

σ1( f ) =



1
8

fttx2 +
1
2

ftxux + f ut

1
2

ftxψx + f ψt

1
2

ftxφx + f φt

1
96

ftttx4 + 1
2 ftxvx + f vt


, (15)

σ2( f ) =


U2
ξ2
η2
V2

 (16)

with

U2 =
1
48

ftttx3 +
1
8

fttx2ux +
1
4
[2x(u2

x + vxx)+ vx]

+ f
[
uxxx +

3
2

uxvxx +u3
x +

3
2

∂
−1
y (uxvxy +ψxφx)x

]
,

ξ2 =
1
8

fttx2
ψx +

1
4
[2x(2uxψx +φxx)+φx]

+ f
[
ψxxx +

3
2
(2u2

x + vxx)ψx +3uxφxx +
3
2

uxxφx

]
,

η2 =
1
8

fttx2
φx +

1
4
[2x(2uxφx +ψxx)+ψx]

+ f
[
φxxx +

3
2
(2u2

x + vxx)φx +3uxψxx +
3
2

uxxψx

]
,

V2 =
1

960
fttttx5 +

1
8

fttx2vx

+
1
4
{2x[2∂

−1
y (uxvxy +ψxφx)+uxx]+ux}

+ f
[
vxxx +

3
2

∂
−1
y (2u2

xvxy +2uxuxxy + vxxvxy

+uxxuxy +4uxψxφx +ψxψxx −φxφxx)
]
,

and

σ3( f ) =


U3
ξ3
η3
V3

 (17)

with

U3 =
1

384
fttttx4 +

1
48

x3ux +
1
8

ftt [x2(u2
x + vxx)+ xvx]+

1
4
{x[2uxxx +3∂

−1
y (uxvxy +ψxφx)x +3uxvxx +2u3

x ]+2uxx +uxvx

+2∂
−1
y (uxvxy +ψxφx)}+ f{ux[4uxxx +2∂

−1
y (uxvxy +ψxφx)x]+∂

−1
y [4(uxψxφx)x +ψxψxxx −φxφxxx + vxxxvxy −uxxxuxy

−4ux(uxxvxy − vxxuxy)]+u4
x +4u2

xvxx +2u2
xx + v2

xx + vxxxx},

ξ3 =
1
48

ftttx3
ψx +

1
8

ftt [x2(2uxψx +φxx)+ xφx]+
1
4

ft{x[3uxxφx +2ψxxx +6u2
xψx +6uxφxx +3vxxψx]+3uxφx + vxψx +2ψxx}

+ f{ψx[2∂
−1
y (uxvxy +ψxφx)x +4ux(u2

x + vxx)+3uxxx]+4(uxψxx)x + 2vxxφxx + vxxxφx +6ux(uxφx)x +φxxxx},

η3 =
1
48

ftttx3
φx +

1
8

ftt [x2(2uxφx +ψxx)+ xψx]+
1
4

ft{x[3uxxψx +2φxxx + 6u2
xφx +6uxψxx +3vxxφx]+3uxψx + vxφx +2φxx}

+ f{φx[2∂
−1
y (uxvxy +ψxφx)x +4ux(u2

x + vxx)+3uxxx]+4(uxφxx)x + 2vxxψxx + vxxxψx +6ux(uxψx)x +ψxxxx},

V3 =
1

11520
ftttttx6 +

1
48

ftttx3vx +
1
8

ftt{x2[uxx +2∂
−1
y (uxvxy +ψxφx)]+ xux}

+
1
4

ft
{[

3x(uxxuxy + vxxvxy +2uxuxxy+2u2
xvxy +ψxψxx

−ψxψxx +4uxψxφx)
]
+2xvxxx +

1
2

v2
x +

3
2

u2
x +2vxx

}
+ f{2vx∂

−1
y (uxvxy +ψxφx)x +∂

−1
y [4(uxvxxy)x

+4(3u2
x + vxx)ψxφx +4uxvxy(u2

x + vxx)+6ux(ψxψxx −φxφxx −uxuxxuxy)+3(ψxφxxx +ψxxxφx +uxxxvxy)

−2vx(uxvxy +ψxφx)x +2ψxxφxx +2uxxyvxx + uxyvxxx]+6u2
xuxx +uxxxx}.

In the derivation of the symmetries (14)–(17), we have

used two tips to avoid the confusion caused by the anti-

commuting fermionic functions. First, the x-derivatives of

ψ should be placed in front of the x-derivatives of φ , for in-

stances, the term φxψxxx should be reformed as −ψxxxφx. Sec-

ond, the lower order of the x-derivatives of ψ or φ should be

placed in front of their higher orders, for instances, the term
φxxxφx should be rewritten as −φxφxxx.

Actually, the arbitrary function g in the general symmetry
formula can be further determined with the help of the dimen-
sional analysis. Due to the linearity of the symmetry definition
equation, the arbitrary function g can be expanded as a Lau-
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rent series. Assume the variable x has the dimension [L]1, then
from Eq. (5), we find that y, t, u, v, ψ , and φ have the dimen-
sions [L]0, [L]2, [L]0, [L]0, [L]0, and [L]0, respectively. There-
after, we know from Eqs. (14)–(17) that V0( f )/ f , V1( f )/ f ,
V2( f )/ f , . . ., Vn( f )/ f have the dimensions [L]−1, [L]−2, [L]−3,
. . ., [L]−(n+1), correspondingly. That is to say, f (n+2)g/ f , one
term of Vn( f )/ f , must have the dimension [L]−(n+1), which
means g must have the dimension [L]n+3. Consequently, g can
be determined as

g =
xn+3

2n+1(n+3)!
. (18)

Substituting Eq. (18) into Eq. (10), the symmetries of the
SNKP system can be summarized as

σn( f ) =



f (n+1)xn+1

2n+1(n+1)!
+

n+1

∑
k=1

f n−k+1Un[k]

n+1

∑
k=1

f n−k+1
ξn[k]

n+1

∑
k=1

f n−k+1
ηn[k]

f (n+2)xn+3

2n+1(n+3)!
+

n+2

∑
k=2

f n−k+2Vn[k]


(19)

for n = 0,1,2, . . ., with
Un[k−1]
ξn[k−1]
ηn[k−1]

Vn[k]

=
1

2n+1(n+1)!


a11 0 0 ∂ 2

x

2ψx∂x a22 ∂ 2
x 0

2φx∂x ∂ 2
x a33 0

a41 a42 a43 a44


k−1

·


xn+1

0
0
0

 , k = 1,2, . . . ,n+2.

2.3. Symmetry algebras of the SNKP system

The detailed calculations show that the generalized sym-
metries σn( f ) constitute a closed infinite dimensional Lie al-
gebra due to the presence of the arbitrary function f (t)

[σn( f1),σm( f2)] = −1
2

σn+m−1

·
(
(m+1) ḟ1 f2 − (n+1) f1 ḟ2

)
, (20)

where the dot over a function denotes the derivative of the
function with respect to its variable, and the Lie product [ , ]

is defined as

[A(u),B(u)] = A′B−BA′

=
∂

∂ε
[A(u+ εB(u))−B(u+ εA(u))]

∣∣∣∣
ε=0

.

In the following, we would like to list some interesting
subalgebras of Eq. (20), while skipping the tedious concrete
verifications.

(i) Commutative algebra In the limit case of f1 = f2 =

1, the generalized symmetries given by Eq. (19) degenerate to
the t-independent symmetries

σn =
1

2n+1(n+1)!


a11 0 0 ∂ 2

x
2ψx∂x a22 ∂ 2

x 0
2φx∂x ∂ 2

x a33 0
a41 a42 a43 a44


n

xn+1

0
0
0

 ,

which constitute a commutative algebra

[σn,σm] = 0.

Such an algebra implies the commutativity of the positive flow.
Thus, it is confirmed that the SNKP system is integrable in the
sense of possessing infinitely many generalized symmetries.

(ii) Virasoro algebra Taking f = t, the generalized sym-
metries degenerate to the so-called τ symmetries, σn(t) = τn,
which constitute a centerless Virasoro algebra

[τn,τm] =
(n−m)

2
τn+m−1.

(iii) W∞ algebra It is remarkable that by restricting the
arbitrary function f to be a Laurent polynomial ( f = tr and
σn(tr) = σ r

n , r ̸= 1), the general algebra (20) reduces to the W∞

algebra

[σ r
n ,σ

s
m] =−1

2
[r(m+1)− s(n+1)]σ r+s−1

n+m−1. (21)

Although σ r
n represents a generator of the conformal spin n, it

is still difficult to obtain higher spin generators in other types
of the representations of the W∞ algebra. Fortunately, in our
case, generators for any higher conformal spins can be easily
obtained from Eq. (21).

It is also noted that in addition to the symmetries σn( f )
in Eq. (19), there may be other types of symmetries for the
SNKP system. In a similar way, one can obtain a special sim-
ple symmetry with an arbitrary function p = p(y)

Y0(p) =


puy

pψy +
1
2

pyψ

pφy +
1
2

pyφ

pvy

 . (22)

The commutation relation between σn( f ) and Y0(p) is

[σn( f ), Y0(p)] = 0, n = 0,1,2, . . . .

From Eqs. (14), (15), and (22), it is obvious that the SNKP
admits the following Lie point symmetries

X(h) = σ0(h), T ( f ) = σ1( f ), Y (p) = Y0(−p),

with f ≡ f (t), h ≡ h(t), and p ≡ p(y). The nonzero commu-
tation relations between these symmetries read

[T ( f1), T ( f2)] = T ( f1 ḟ2 − ḟ1 f2), (23a)
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[T ( f ), X(h)] = X
(

f ḣ− 1
2

h ḟ
)
, (23b)

[Y (p1), Y (p2)] = Y (p1 ṗ2 − ṗ1 p2), (23c)

which constitute an infinite dimensional Kac–Moody–
Virasoro-type algebra typical for the integrable systems.

3. Symmetries and symmetry algebras of the
(2+1)-dimensional supersymmetric MKdV
system

3.1. Supersymmetric extension of the bilinear MKdV sys-
tem and its nonlinear version

The supersymmetric extension of the MKdV system can
be taken as

(Dt +D3
x)F ·G = 0, (24a)

𝒮y(Dt +D3
x)F ·G = 0. (24b)

By using the transformations (4), we can write Eq. (24) in its
nonlinear version

ut +u3
x +uxxx +3uxvxx = 0, (25a)

ψt +ψxxx +3u2
xψx +3vxxψx +3uxφxx = 0, (25b)

φt +φxxx +3u2
xφx +3vxxφx +3uxψxx = 0, (25c)

vyt + vxxxy +3vxxvxy +3u2
xvxy +3uxuxxy

+6uxψxφx +3ψxψxx −3φxφxx = 0. (25d)

In the fermionic limit ψ = φ = 0, equation (25) becomes

ut +u3
x +uxxx +3uxvxx = 0, (26a)

vyt +3vxxvxy + vxxxy +3u2
xvxy +3uxuxxy = 0, (26b)

which is an interesting couple of the MKdV equation and
the potential BLMP equation.[28] By using the bi-logarithmic
transformations (7), one can convert the coupled system (26)
into the bilinear MKdV system (2). Thus, this system (25)
deserves the name of the supersymmetric MKdV (SMKdV)
system.

3.2. Infinitely many generalized symmetries of the
SMKdV system

A symmetry σ = (U,ξ ,η ,V )T of the SMKdV system is
the solution of its linearized system of equations

Ut +3u2
xUx +Uxxx +3vxxUx +3uxVxx = 0, (27a)

ξt +ξxxx +3u2
xξx +6uxψxUx +3vxxξx +3ψxVxx +3φxxUx +3uxηxx = 0, (27b)

ηt +ξxxx +3u2
xηx +6uxφxUx +3vxxηx +3φxVxx +3ψxxUx +3uxξxx = 0, (27c)

Vyt +3vxyVxx +3vxxVxy +Vxxxy +3u2
xVxy +6uxvxyUx +3uxxyUx +3uxUxxy +6ψxφxUx +6uxφxηx

− 6uxφxξx +3ψxξxx −3ψxxξx +3φxxηx −3φxηxx = 0. (27d)

where U and V are bosonic functions, while ξ and η are fermionic functions.
Analogous to the SNKP case, U , ξ , η , and V should be expanded in the form of

U =
∞

∑
k=0

f (n−k)Un[k], ξ =
∞

∑
k=0

f (n−k)
ξn[k], (28a)

η =
∞

∑
k=0

f (n−k)
ηn[k], V =

∞

∑
k=0

f (n−k+1)Vn[k]. (28b)

Substituting Eq. (28) into the symmetry definition equation (27) and collecting the coefficients of the different derivative orders
of f , we obtain the overdetermined equations

Vny[0] = 0, Vn[0] = g(x) = g, (29a)

Un[0] =−3uxVnxx[0], ξn[0] =−3ψxVnxx[0], (29b)

ηn[0] =−3φxVnxx[0], Vn[1] =−3vxVnxx[0], (29c)

Un[k−1] =−{Unt [k−2]+3u2
xUnx[k−2]+Unxxx[k−2]+3vxxUnx[k−2]+3uxVnxx[k−1]}, (29d)

ξn[k−1] =−{ξnt [k−2]+ξnxxx +3u2
xξnx[k−2]+6uxψxUnx[k−2]+3vxxξnx[k−2]

+ 3ψxVnxx[k−1]+3φxxUnx[k−2]+3uxηnxx[k−2]}, (29e)

ηn[k−1] =−{ηnt [k−2]+ηnxxx +3u2
xηnx[k−2]+6uxφxUnx[k−2]+3vxxηnx[k−2]

+ 3φxVnxx[k−1]+3ψxxUnx[k−2]+3uxξnxx[k−2]}, (29f)

ηn[k−1] =−{ηnt [k−2]+ηnxxx +3u2
xηnx[k−2]+6uxφxUnx[k−2]+3vxxηnx[k−2]

+3φxVnxx[k−1]+3ψxxUnx[k−2]+3uxξnxx[k−2]}, (29g)
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Vny[k] =−{Vnyt [k−1]+3vxyVnxx[k−1]+3vxxVnxy[k−1]+Vnxxxy[k−1]

+ 3u2
xVnxy[k−1]+6uxvxyUnx[k−2]+3uxxyUnx[k−2]+3uxUnxxy[k−2]

+ 6ψxφxUnx[k−2]−6uxφxξnx[k−2]+6uxψxηnx[k−2]−3ψxxξnx[k−2]

+ 3ψxξnxx[k−2]+3φxxηnx[k−2]−3φxηnxx[k−2]} (29h)

for k = 2,3, . . . ,n+1.
From Eq. (29), it is clear that Un[k−2], ξn[k−2], ηn[k−2], and Vn[k−1] can be solved recursively for any given g, namely,

Un[k−1]
ξn[k−1]
ηn[k−1]

Vn[k]

= −


A11 0 0 3ux∂ 2

x

A21 A11 3ux∂ 2
x 3ψx∂ 2

x

A31 3ux∂ 2
x A11 3φx∂ 2

x

A41 A42 A43 A44




Un[k−2]
ξn[k−2]
ηn[k−2]
Vn[k−1]



= 3


A11 0 0 3ux∂ 2

x

A21 A11 3ux∂ 2
x 3ψx∂ 2

x

A31 3ux∂ 2
x A11 3φx∂ 2

x

A41 A42 A43 A44


k−1

gxx


ux

ψx

φx

vx

 , (30)

for k = 1,2, . . . ,n+2, and the operators A11, A21, A31, A41, A42, A43, and A44 are defined as

A11 = ∂t +∂
3
x +3u2

x∂x +3vxx∂x, A21 = 6uxψx∂x +3φxx∂x, A31 = 6uxφx∂x +3ψxx∂x,

A41 = 3∂
−1
y (2uxvxy∂x +uxxy∂x +ux∂

2
x ∂y +2ψxφx∂x), A42 =−3∂

−1
y (2uxφx∂x +ψxx∂x −3ψx∂

2
x ),

A43 = 3∂
−1
y (2uxψx∂x +φxx∂x −3φx∂

2
x ), A44 = ∂t +∂

3
x +3∂

−1
y (vxy∂

2
x + vxx∂x∂y +3u2

x∂x∂y).

Essentially, to guarantee the existence of the formal series
symmetries, we need the truncated condition

A11 0 0 3ux∂ 2
x

A21 A11 3ux∂ 2
x 3ψx∂ 2

x

A31 3ux∂ 2
x A11 3φx∂ 2

x

A41 A42 A43 A44




Un[n]

ξn[n]

ηn[n]

Vn[n+1]

= 0, (31)

which means (Un[n],ξn[n],ξn[n],Vn[n+ 1])T also satisfies the
symmetry definition equation (27).

With the recursion relation (30), we can deduce the first
three generalized symmetries by choosing g = x2/6, x3/54,
and x4/648, respectively,

K0( f ) =−


f ux

f ψx

f φx

− 1
6 ftx2 + f vx

 , (32)

K1( f ) =−1
3


ftxux +3 f ut

ftxψx +3 f ψt

ftxφx +3 f φt

− 1
18 fttx3 + ftxvx +3 f vt

 , (33)

K2( f ) =


U2
ξ2
η2
V2

 (34)

with

U2 = − 1
18

fttx2ux +
1
3

ft [x(u3
x +uxxx +3uxvxx)+uxx +uxvx]

− f
{

5ux∂
−1
y [2(uxψxφx)x +(u2

xvxy)x +ψxψxxx −φxφxxx +uxuxxxy

+vxxxvxy]+5ux

[
3
2
(u2

xx + v2
xx)+ux(uxvxx +uxxx)+ vxxxx

]
+5(uxxvxx)x +u5

x +uxxxxx

}
,

ξ2 = − 1
18

fttx2
ψx +

1
3

ft [x(3u2
xψx +ψxxx +3vxxψx +3uxφxx)+ψxx + vxψx +uxφx]

− f
{

5ψx∂
−1
y [2(uxψxφx)x +(u2

xvxy)x +ψxψxxx −φxφxxx +uxuxxxy + vxxxvxy]

+5ψx

[
3
2
(u2

xx + v2
xx)+3u2

xvxx +u4
x +2uxuxxx + vxxxx

]
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+5[(uxxφxx + vxxψxx)x +3ux(vxxφxx +uxxψxx)+2u2
x(ψxx + uxφx)x +ux(φxxxx + vxxxφx)]+ψxxxxx

}
,

η2 = − 1
18

fttx2
φx +

1
3

ft [x(3u2
xφx +φxxx +3vxxφx +3uxψxx)+φxx + vxφx

+uxψx]− f
{

5φx∂
−1
y [2(uxφxψx)x +(u2

xvxy)x +ψxψxxx −φxφxxx

+uxuxxxy + vxxxvxy]+5φx

[
3
2
(u2

xx + v2
xx)+3u2

xvxx +u4
x +2uxuxxx + vxxxx

]
+5[(uxxψxx + vxxφxx)x +3ux(uxxφxx + vxxψxx)+2u2

x(φxx + uxψx)x +ux(ψxxxx + vxxxψx)]+φxxxxx

}
,

V2 =
1

648
ftttx4 − 1

18
fttx2vx +

1
3

ft

[
xvxxx +3x∂

−1
y (vxxvxy +u2

xvxy +uxuxxy

+2uxψxφx +ψxψxx −φxφxx)+
1
2
(u2

x + v2
x)+ vxx

]
− f
{

5vx∂
−1
y [2(uxφxψx)x +(u2

xvxy)x +ψxψxxx −φxφxxx +uxuxxxy + vxxxvxy]

+5∂
−1
y

[
2u2

x(uxuxy)x − vx(uxuxxxy + vxxxvxy)+
3
2

vxy(u2
xx + v2

xx)

+3uxx(ψxφx)x +3ux(ψxxxφx +ψxφxxx)− vx(ψxψxxx −φxφxxx),

+(4u2
x +3vxx)(ψxψxx −φxφxx)+uxuxxxxy + vxxxxvxy +3ux(uxxvxx)y

+(u4
x +2uxuxxx)vxy +2(2u3

x +uxxx +3uxvxx)ψxφx +u2
x(3vxxvxy − vxvxxy)

−ux(3uxyvxx +2uxxvxvxxy)−2uxψx(uxφx)x −2uxvxψxxφx

]
+5(uxxuxxx + vxxvxxx +2u2

xvxxx)+ vxxxxx

}
.

Similarly, with the help of the dimensional analysis, the
only possibility of g is identified as

g =
xn+2

3n+1(n+2)!
. (35)

Then the substitution of Eq. (35) into Eq. (28) leads to the
symmetries of the SMKdV system

Kn( f ) =



n

∑
k=0

f (n−k)Un[k]

n

∑
k=0

f (n−k)
ξn[k]

n

∑
k=0

f (n−k)
ηn[k]

f n+1xn+2

3n+1(n+2)!
+

n+1

∑
k=1

f (n−k+1)Vn[k]


(36)

for n = 0,1,2, . . ., with
Un[k−1]
ξn[k−1]
ηn[k−1]

Vn[k]

=
1

3nn!


A11 0 0 3ux∂ 2

x

A21 A11 3ux∂ 2
x 3ψx∂ 2

x

A31 3ux∂ 2
x A11 3φx∂ 2

x

A41 A42 A43 A44


k−1

·xn


ux

ψx

φx

vx

 , k = 1,2, . . . ,n+2.

3.3. Symmetry algebras of the SMKdV system

Detailed calculations show that the generalized symme-
tries Kn( f ) constitute a closed infinite dimensional Lie algebra

[Kn( f1), Km( f2)] =
1
3

Kn+m−1

·
[
(2m+1) ḟ1 f2 − (2n+1) f1 ḟ2

]
. (37)

Now, we list some interesting subalgebras of Eq. (37) to
see the commutation relation clearly.

(i) Commutative algebra In the limit case f1 = f2 = 1,
we have the t-independent symmetries

Kn =
1

3nn!


A11 0 0 3ux∂ 2

x

A21 A11 3ux∂ 2
x 3ψx∂ 2

x

A31 3ux∂ 2
x A11 3φx∂ 2

x

A41 A42 A43 A44


n

xn


ux

ψx

φx

vx

 , (38)

which constitute a commutative algebra

[Kn,Km] = 0. (39)
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Therefore, it is confirmed that the SMKdV system is integrable
in the sense of possessing infinitely many generalized symme-
tries.

(ii) Virasoro algebra In this case, we take f = t and thus
K(t) = τn, which constitute a centerless Virasoro algebra

[Kn(t),Km(t)] =
2(m−n)

3
Kn+m−1(t). (40)

(iii) W∞ algebra In the case of f = tr (r ̸= 1), Kn(tr)≡Kr
n

constitutes the W∞ algebra

[Kr
n, Ks

m] =
1
3
[r(2m+1)− s(2n+1)]Kr+s−1

n+m−1,

Kr
n ≡ Kn(tr). (41)

Remarkably, the SMKdV system share the same special
simple symmetry with an arbitrary function p ≡ p(y) as the
SNKP system

Y0(p) =



puy

pψy +
1
2

pyψ

pφy +
1
2

pyφ

pvy

 . (42)

Direct calculations show that the commutation relation be-
tween Kn( f ) and Y0(g) is

[Kn( f ), Y0(p)] = 0, n = 0,1,2, . . . . (43)

Interestingly, there also exists an infinite dimensional Kac-
Moody-Virasora type subalgebra obtained from Eqs. (32),
(33), and (34) as

X(h) = K0(− f ), T ( f ) = K1(− f ), Y (p) = Y0(−p), (44)

where f ≡ f (t), h ≡ h(t), p ≡ p(y), and the nonzero commu-
tation relations read

[T ( f1), T ( f2)] = T ( f1 ḟ2 − ḟ1 f2),

[T ( f ), X(h)] = X
(

f ḣ− 1
3

h ḟ
)
,

[Y (p1), Y (p2)] = Y (p1 ṗ2 − ṗ1 p2).

4. Summary and discussion
In this paper, we have presented the supersymmetric ex-

tensions of two integrable systems, the NKP system and the

(2+1)-dimensional MKdV system, from the Hirota formalism
in the superspace. By extending the formal series symmetry
theory to the supersymmetric framework, it is confirmed that
both models admit a set of infinitely many generalized sym-
metries with an arbitrary function f (t). Due to the presence
of the arbitrary function, the generalized symmetries of both
models constitute a generalization of the W∞ algebra.

Interestingly, it is found that the first one of the posi-
tive flows of the SNKP system (taking f = 1 in Eq. (16) ) is
another (2+1)-dimensional supersymmetric extension of the
MKdV equation in the potential form

ut1 = uxxx +u3
x +

3
2

uxvxx +
3
2

∂
−1
y (uxvxy +ψxφx)x,

ψt1 = ψxxx +
3
2
(2u2

x + vxx)ψx +3uxφxx +
3
2

uxxφx,

φt1 = φxxx +
3
2
(2u2

x + vxx)φx +3uxψxx +
3
2

uxxψx,

vt1 = vxxx +
3
2

∂
−1
y (vxxvxy +2u2

xvxy +2uxuxxy

+ uxxuxy +4uxψxφx +ψxψxx −φxφxx).

Together with our previous work,[29,30] we are quite sure that
the symmetry algebras of this new (2+1)-dimensional super-
symmetric MKdV system is isomorphic to the SMKdV sys-
tem (25).

Based on our work, we would like to put forward a novel
hypothesis on a series of (2+1)-dimensional supersymmetric
integrable systems

(Dt +Dn
x)F ·G = 0,

𝒮y(Dt +Dn
x)F ·G = 0

with an integer n ≥ 2. It is noted that n = 2 and n = 3 corre-
spond to the SNKP system (3) and the SMKdV system (24),
respectively. Nonetheless, it is difficult to prove the integrable
property in the symmetry sense for n > 3, due to the diffi-
culty in determining the function of integration. Therefore,
the integrability should be proved via other means, such as the
criteria that the existence of three super-soliton solutions. It is
hoped that this hypothesis may establish a straightforward way
for the supersymmetric extensions of the integrable systems in
high dimensions.

Appendix A: Derivation of Eq. (5) and Eq. (25)
Let us expand Eq. (3) as

FxxG−2FxGx +FGxx +FtG−FGt = 0,

Fxxθ G−FxxGθ −2Fxθ Gx +2FxGxθ +Fθ Gxx −FGθ +Ftθ G−FtGθ −Fθ Gt +FGtθ =−θ(FxxyG−FxxGy −2FxyGx

+ 2FxGxy + FyGxx −FGy +FtyG−FtGy −FyGt +FGty). (A1)

040203-9
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It is noted that as F and G are both bosonic fields, there are no
anti-commutation relations in Eq. (A1). Introducing F and G
in the following exponential forms

F = e(p−q)/2, G = e(p+q)/2, (A2)

with p and q being bosonic functions of (x,y, t,θ), we can
readily obtain

qt −q2
x − pxx = 0,

ptθ −2qx pxθ −qxxθ +θ(pyt −2qx pxy −qxxy) = 0. (A3)

By substituting p = v+θφ and q = u+θψ into Eq. (A3) and
then collecting the coefficients of θ , equation (5) is derived.
Following the same procedure, one can also obtain the (2+1)-
dimensional supersymmetric MKdV system (25).
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