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This paper is concerned with the generalized variable-coefficient nonlinear evolution equation (vc-NLEE). The com-
plete integrability classification is presented, and the integrable conditions for the generalized variable-coefficient equations
are obtained by the Painlevé analysis. Then, the exact explicit solutions to these vc-NLEEs are investigated by the truncated
expansion method, and the Lax pairs (LP) of the vc-NLEEs are constructed in terms of the integrable conditions.
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1. Introduction

The Painlevé test could to provide useful information for
the identification of completely integrable PDEs, which are
of importance in nonlinear theory and physical applications.
In addition, they also appear to yield other integrable proper-
ties such as Lax pairs (LPs), Bécklund transformations (BTs),
rational solutions, and so on (see e.g., Refs. [1]-[3] and the
references therein).

On the other hand, to find exact solutions to the nonlinear
evolution equations (NLEEs) is always one of the themes in
mathematics and physics. In the past few decades, there are
noticeable progresses in this field, and various methods have
been developed, such as the inverse scattering method, 4]
Darboux and Bicklund transformations,!®8! Lie symmetry
analysis,~13! dynamical system method,!!*!3! trial function
method (direct method),[!16] Painlevé test,1=312:17-191 3pd so
on. In the present paper, we consider the generalized variable-
coefficient nonlinear evolution equation (vc-NLEE) as fol-

lows:
u + f () uPuy + gttty + Aty +1(8)u =0, (1

where u = u(x,t) denotes the unknown function of space vari-
able x and time 7, the exponent p is a positive integer, the co-
efficient functions f = f(¢), g = g(t), h = h(¢), and [ = I(¢)
are all arbitrary analytic functions, f = f(¢) # 0 is assumed
throughout this paper (otherwise this equation is linear and ex-
cluded from our discussion).

This equation is also called the variable-coefficient gen-
eralized Burgers—KdV type equation sometimes. Such vc-
NLEE plays a significant role in mathematical physics, inte-

grable system, and physical applications, etc.!”-'8] However,
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to obtain the exact solutions and integrability of the variable-
coefficient equation in generalized form are more involved. By
the equivalent transformation, the variable-coefficient equa-
tion can be transformed into constant-coefficient equation
under some conditions, so the exact solutions are obtained
accordingly.?”! This is a useful method for dealing with ex-
act solutions to the vc-NLEEs, but the integrability of the vc-
NLEE may be different from the constant-coefficient equation.
In Ref. [12], the Painlevé test and Lie group analysis are per-
formed for the variable-coefficient nonlinear evolution equa-
tions (including the cylindrical KdV type equations), but the
equation is not the generalized form and it differs greatly from
Eq. (1) in the present paper.

The main purpose of this paper is to investigate the com-
plete integrability classification of the generalized ve-BKdV
equation by Painlevé test. The remainder of this paper is orga-
nized as follows. In Section 2, the Painlevé test is performed,
the complete Painlevé integrability classification of Eq. (1) is
given, and the integrable conditions for the vc-NLEEs are ob-
tained accordingly. Then, the exact explicit solutions to the
equations are investigated by the truncated expansion method,
and the Lax pairs of the vc-NLEEs are constructed in terms
of the integrable conditions. Finally, the conclusion and some

remarks will be given in Section 3.

2. Painlevé test for ve-NLEESs

In this section, we employ the Kruskal’s simplified
method!!3! to carry out the Painlevé test for Eq. (1). Then,
the integrable conditions, exact solutions, and other properties
of the ve-NLEES are obtained.
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First of all, we assume that
u=¢""Y ujg’, ©)
j=0

where ¢ = x+ (1), u; = u;(t) (j =0,1,2,...) are analytic
functions in a neighborhood of the noncharacteristic singular
manifold, up # 0, p is a positive integer.

Then, by using the leading order analysis, we obtain the
following results:

(i) h = h(z) = 0. In this case, equation (1) reduces to the
variable-coefficient generalized Burgers’ equation (vc-GBE)

u+ f () uPuy + g(t) e +1(1)u =0, 3)

where fg # 0. In this case, we have

p=— @)
p

with p being a positive integer, we choose p =1, thatis p =1
and up = 2g/f # 0. So the condition ug # 0 is satisfied.
(i) h = h(t) # 0. In the general case, we have

p=". 5)
P

In view of p being a positive integer, we choose p=1or p=2,
respectively.

When p = 1, we have p =2 and ug = —12h/f # 0. So
the condition ug # 0 is satisfied.

When p =2, we have p = 1 and u} = —6//f # 0. So the
condition ug # 0 is satisfied also.

Summarizing the above discussion, we obtain a necessary
condition of integrability as follows:

Theorem 1 Suppose that f = f(r) # 0 is an arbitrary
analytic function, p is a positive integer, g = g(¢), h = h(z),
and / = [(r) are arbitrary analytic functions.

(1) If equation (1) with 2 =0 and g # 0 is integrable, then
r=1

(ii) If equation (1) with & # 0 is integrable, then p =1 or
p=2. O

In what follows, under the integrable conditions, we per-
form the Painlevé analysis completely, so the Painlevé integra-
bility classification of Eq. (1) is obtained.

2.1. Painlevé test for Eq. (1) in the case h=h(t) =0

In this case, equation (1) becomes Eq. (3). Furthermore,
if it is integrable, then p = 1.
Thus, substituting Eq. (2) into Eq. (3), we have

2g
]207 uy = —, (63)
S
. 1
.]Zla ulz_iwja (6b)
S
i=2, uy+lug=0, (6¢)
1
j=3, u3=—@(u’l—|—lu1). (6d)

By using Egs. (6a), (6b), and (6d), we can obtain u;
(j=0,1,3) in a unique manner. But from Eq. (6¢), we cannot
obtain u, definitely. In general, we have the recursion relations

for Eq. (3) as follows:

j—1

G+ =2)guj =~y 5 —lujo = (j=2uja W' = f ¥, (j —k— Dt O
k=1

forall j > 2.

In view of Eq. (7), we can see that the resonances occur
at j = —1,2. In particular, if j = 2, then from Eq. (7) we have
Eq. (6¢), that is, u, is arbitrary.

Thus, let up = 0, the other coefficients u; (j = 3,4,...)
can be determined successively from Eq. (7) in a unique man-
ner. This implies that for Eq. (3), there exists a Laurent se-
ries (2) with the coefficients given by Eq. (7). Moreover, set-
ting uz = 0, that is,

Uy +1uy = 0. ®)

Then, by the induction method, it is easy to see that u; = 0, for
all j=4,5,....

So, we can say that equation (3) possesses the Painlevé
property (PP) under the conditions p = 1 and Eqgs. (6c¢).

Thus, we have the following result.

\
Theorem 2 The ve-GBE (3) is Painlevé-integrable if and

only if p = 1 and equation (6¢) are satisfied. O

Furthermore, the complete classification in terms of
Eq. (6¢) is as follows:

Case 1 [ =I(r) = 0. In this case, from Eq. (6¢), we have
uy =0, that is, up # 0 is a constant.

Substituting it into Eq. (6a), we obtain f = 2c1g (c1 =
1/up # 0 is an arbitrary constant).

On the other hand, from Eq. (2) we have

u=uod ' +u ©)

is a solution of Eq. (3), where p = 1, equations (6¢) and (8)
are satisfied.

Then, from Eq. (8) and / = 0, we obtain | = 0, that is,
ui = c; is a constant. Thus, from Eq. (6b), we have ' = —c, f,
that is y(¢) = —ca2 [ f(t)dr + c¢3. Substituting it into Eq. (9),
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we obtain the exact solution of Eq. (3) as follows:

1

u(x,t) = +c2, (10)
c1 (x—cz/f(t)dt+C3)
where ¢| # 0, and ¢y, c3 are arbitrary constants.
Next, we will employ the AKNS approach!+%12211 to

construct the Lax pair (LP) of Eq. (1) in this case. In fact,

the linear eigenvalue problems can be expressed as
D =MP, D, =N, 11

where @ = (¢1,¢)T, T denotes the transpose of the matrix,
while M and N are presented in the following forms

() w8 ).
where

(12)
q(x,1) = exp [ / u(x,t)dx} :

r(x,t) = uyexp {— /u(x,t)dx] ,
A(x,1, 1) = 2gA% — gu,,

B(x,1,A) = gexp [/u(x,t)dx] (24 +u),

C(x,t,A) =exp {— /u(x,t)dx] [2gux A — gu + guuy ],

here A is a parameter independent of x and ¢, u = u(x,7) de-
notes the unknown function, the function g = g(¢) is an arbi-
trary analytic function.

It is easy to prove that the compatibility condition M; —

N, +[M,N] =0 givesrise to Eq. (1), which can show that equa-
|

tion (11) is the Lax pair of the vc-KdV types of Eq (1) in the
Case 1 (where ¢; = —1).

Summarizing the above discussion, we have

Corollary 1 Under the condition / = I(¢) = 0, the vc-
GBE (3) is integrable if and only if p =1 and f = 2c;g. In
this case, this equation has an exact solution (10). Moreover,
the Lax pair of the equation is given by Eqgs. (11) and (12) (for
c1=—l,ie., f=-2g). [l

Case 2 [ = () # 0. In this case, from Eq. (6¢), we have

up = 2c| exp [— /l(t)dt}

with ¢; # 0 being a constant.

Substituting it into Eq. (6a), we obtain
g=cifexp [—/l(t)dt} .
Then, from Eq. (8), we obtain

uj = crexp [—/l(z)dz}

Thus, from Eq. (6b), we have
V' =—cyfexp|— /l(t)dt],
that is
w(t) = —c3 / F(t)exp [_ / z(;)a;} di +cs.

Substituting it into Eq. (9), we obtain the exact solution to
Eq. (3) as follows:

26‘1 (13)

u(x,t) = exp [—/l(t)dt} {x_csz(t)exp[_fl(t)dt] dt +c3 +62}’

where ¢| # 0 and c¢;, c¢3 are arbitrary constants.
To sum up, we have

Corollary 2 If I = I(r) # 0, then the vc-GBE (3) is inte-
grable if and only if p =1 and

g=cifexp {— /l(t)dt} .
In this case, this equation has the exact solution (13). ]

2.2. Painlevé test for Eq. (1) in the case h=h(t) #0

From Eq. (5), we have to discuss the following two cases,

respectively.

Case I p = 1. In this case, equation (1) becomes the
following vc-NLEE:
up + f(t)ury + g(t )ty + h(t ) threx 4+ 1(t)u = 0, (14)

where fh # 0, g and [ are arbitrary analytic functions of 7.

Thus, by substituting Eq. (2) into Eq. (14), we have

J= O: u=——7, (153)

f
12¢

=1 =— 15b

Jj=L wm 57 (15b)
2

. g 1

_ s 1 1

J ) 2%) th f ) ( SC)
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. g o, . , ), 288 54
]:3, uz = 257]‘,12_@(”0"'1”0), (15d) ]:6, u3+lu3 —l—fu3+§u4+?gu5 =0. (15g)
j=4, U+l =0, (15e) From Egs. (15a), (15b), (15¢), and (15d), we can obtain
1 g2 11g u; (j=0,1,2,3) in a unique manner. But from Egs. (15¢) and
=5, wus=—(uh+1lup)+ "—uz+ —uy, 15 /
J > 6h( 2+ 1) 30n°  15h (150 (15g), we cannot obtain u4 and ug definitely. In general, we
have the recursion relations for Eq. (14) as follows:
|
j—1
G104 = 6)huj =~ 5 —luj3—(j—uj2y' —f Y (j —k—2uj — (j—3)(j —4)gu;-1 (16)
k=1
\
for all j > 3. and gus = 0. So we have two subcases as follows.

From (16), we can obtain all the coefficients u; (j =
3,4,...) for Eq. (2) except u4 and ug. For example, if j = 3,5,
then the coefficients u3 and us are given by Egs. (15d) and
(15f), respectively. If j = 4, and from Eq. (15¢), then we have

Ouy = —u/l —1lu; =0. a7

So, uy is arbitrary.

Furthermore, if j = 6, and from Eq. (15g), then we obtain

2

2 54
Ou6:—ug—lug—fu%—%m—?guszo, (18)

SO ug is also arbitrary.
Setting us = ug = 0 and u3 = 0, from Egs. (15d) and
(15g), we have

25 fh(up + lug) — 12g° =0, (19)‘

Subcase I-1 g # 0, from gus = 0, we have us = 0. In this
subcase, from Eq. (15f), we have

uh+luy =0, (20)

where [ = [(t) is an arbitrary function.

Moreover, by the induction method, it is easy to see that
uj=0forall j> 3.

Therefore, under the conditions (15e), (15g), and (19),
from Eq. (2), we have

u=uoQ > +u1@ ' +u, Q1

where @ = x+ y(t), uo, u;, and up are given by Egs. (15a),
(15b), and (15c), respectively.
By substituting Eq. (15¢) into Eq. (20), we obtain

SERRY" —5(f'0? — fRROY — f&Phl+ f&*H + f'g*h—2fgg'h =0, (22)

where ' = dy/dt, f=f(t),g=g(t), h=h(t),and I = (1)
are arbitrary functions. Thus, from Eq. (21), we obtain the
exact solution of Eq. (14) as follows:

2
) == e ) P i) 2w
(23)
where W = y(z) is given by Eq. (22).

Subcase I-2 g = 0, from Egs. (15b) and (19), we ob-
tain that equations (15e) and (15g) are identity. In this sub-
case, from Eqgs. (15b), (15¢), and (15f), we have u; = 0,
u = —y'/f, and us = (1/6h)(u) + lup). Moreover, from
Eq. (15d), we obtain up + lug =0, i.e.,

fh —f'h+ fhl =0, (24)

where f = f(t), h = h(t), and [ = [(¢) are arbitrary functions.
|

In addition, under the condition (20), we have us = 0.
Then, by the induction method, it is easy to see that u; = 0 for
all j > 3.

Thus, under the conditions (15e), (15g), and (20), from
Eq. (2), we have

u=uoQ > +u, (25)

where @ = x+ y(¢), up and uy are given by Egs. (15a) and
(15¢), respectively.

By substituting Eq. (15¢) with g = 0 into Eq. (20), we
obtain

lIf:C1/f(t)eXp [—/l(t)dt} dr +c.

Thus, from Eq. (25), we obtain the exact solution of Eq. (14)
with g = 0 as follows:

u(x,t)——m{x—l-cl/f(t)exp {—/l(t)dt} dt+c2}_2—clexp[—/l(r)dr} (26)

f
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where c¢; and c; are arbitrary constants, and equation (24) is
satisfied.

Now, we give the Lax pair of Eq. (1) in this subcase under
the condition (24). In fact, the linear eigenvalue problems can

be expressed as
D =MP, D, =N, 27

where @ = (¢1,$,)T, T denotes the transpose of the matrix,
while M and N are presented in the following forms

Mo A gqxn) N— A(x,t,A) B(x,t,A)
S\ () =4 )0 T\ CxtA) —A(x,t,A) )
(28)
where
q(x7t> =u, r(x>t) :_é7
A(x,1,A) 774h7t371fulflfu _L
27 - 3 6 X 2 )
B(x,t,A) = —4hud? — 2hu A — hug, — % fu?,
250,

C(x,t,)L) - 3f)L + 18]’1“7

here A is a parameter independent of x and ¢, u = u(x,t) de-

notes the unknown function, while f = f(¢), h = h(t), and
= [(t) are given arbitrary functions.

It is easy to prove that the compatibility condition M; —

N, + [M,N] = 0 gives rise to Eq. (1) in this subcase, which can

show that equation (27) is the Lax pair of the ve-KdV types of

Eq. (1) in the Subcase I-2 under the condition (24).
|

Summarizing the above discussions, we achieve the fol-
lowing result.

Theorem 3 The vc-NLEE (1) is Painlevé-integrable if
and only if p =1 and equations (15e), (15g) are satisfied.
Moreover, if g # 0, then the exact solution is given by Eq.(23).
If g = 0, then the exact solution is given by Eq. (26), the Lax
pair is given by Egs. (27) and (28) under the condition (24).

Case II p = 2. In this case, equation (1) becomes the

following equation
th+ f (D + ()t + bt + () =0, (29)

where fh # 0, g and [ are arbitrary analytic functions of 7.
Thus, by substituting Eq. (2) into Eq. (29), we have

6h
2
j=0,ud=——, (30a)
O
. 8
=1 = > 30b
J , Ul fuov ( )
1 g2 /
J y U2 fbt()(6h l//)7 ( C)
j=3, uy+1lug =0, (30d)

J=4, ul +luy + W'up + fuous + fuiuz +4guz =0, (30e)
J=5, uh+1luy —2(ful + )3

+ 2fuyu3 + 10guy + 12hus = 0. (30f)

From Egs. (30a), (30b), and (30c), we can obtain u;
(j=0,1,2) in a unique manner. But from Eqgs. (30d) and
(30e), we cannot obtain u3 and u4 definitely. In general, we

have the recursion relations for Eq. (29) as follows:

G+ =3)j—Shuj= —u; 3 —luj 35— (j—3)uj 2y —(j—2)(j—3)gu;1

j-1 -1 k
+f Y woupuj_—f Y [(J' —k=1Y ”i“k—iuj—k} (31
=1 k=1 i=0

for all j > 3.

From Egs. (30a)—(30f) and (31), we can obtain all the co-
efficients u; (j =0,1,2,...) for Eq. (2) except u3 and uy. For
example, if j = 3, then from Eq. (30d) we have

j=3, Ouz= —u6 —luy =0. (32)
If j =4, then from Eq. (30e) we have

Oug = —u'] —luy — l//uz —fugu% —fu%uz —4guz =0.
(33)

j=4

So, u3 and uy are arbitrary.

Setting ur, = u3 = ug = 0, then from Eq. (30f), we have
us = 0. Generally, by the induction method, it is easy to show
that u; = 0, for all j > 3.

|
On the other hand, from u#; = 0 and Eq. (30c), we obtain

6hy' —g> =0. (34)

Then, from u, = u3 = 0 and Eq. (30e), we have Eq. (8) as well.
Furthermore, from Eqgs. (30a) and (30d), we have

fH = f'h+2fhl =0, 35)

where f = f(¢), h = h(t) and [ = [(¢) are arbitrary functions.
Therefore, under the conditions (30d), (30e), and (34), the

Laurent series (2) is truncated as follows:
u=up® ' +u, (36)

where @ = x+ y(¢), up and u; are given by Egs. (30a) and
(30b), respectively.
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From Eq. (34), we have

1 g
=— [ =—dt+c.
v 6/ w e
Substituting it into Eq. (35), we obtain the exact solution of
Eq. (29) as follows:

_ 6h 1 1g° - g

where c is an arbitrary constant, and equation (35) is satisfied.

In what follows, we give the Lax pair of Eq. (1) in this
case under the condition (35). In fact, the linear eigenvalue
problems can be expressed as

&, =MP, & =N, (38)

where @ = (¢1,¢)T, T denotes the transpose of the matrix,
while M and N are presented in the following forms

_ A (x,1) [ A(x,t,A) B(x,t,A)
M= (r(x,t) ) ) N= (C(x,t,?t) —A(x,t,l)>7
where
q(x,t) =u, r(xt)= —6ihu,

a3ty L
A(x,t,A) = —4hA 3)fu?t 21,

B(x,t,A) = —4hud?* — 2hu, A — huy — % fu?,
2
Clut,h) = 2 fud = S fud+ ¢ fut + s,
here A is a parameter independent of x and ¢, u = u(x,t) de-
notes the unknown function, while f = f(z), h = h(¢), and
1 =I(t) are given arbitrary functions.
It is easy to prove that the compatibility condition M; —
Ny + [M,N] = 0 gives rise to Eq. (1) in this case, which can
show that equation (38) is the Lax pair of the ve-KdV types of
Eq. (1) in the Case II under the condition (35).
Summarizing the above argument, we achieve the follow-
ing result.

Theorem 4 The vc-NLEE (29) is integrable if and only
if p =2, equations (30d) and (30e) are satisfied. Moreover, the
exact solution of Eq. (29) is given by Eq. (37). In particular, if
g = 0, then the Lax pair of the equation is given by Egs. (38)
and (39) under the condition (35).

3. Conclusion and remarks

In this paper, the complete integrability classification of
the generalized variable-coefficient nonlinear evolution equa-
tion is investigated by the Painlevé analysis method. The inte-
grable conditions for the vc-NLEEs are obtained in the sense

of simplified Painlevé test, and the exact explicit solutions are
obtained by the truncated expansion method. Then the Lax
pairs of the equations are given under the integrable condi-
tions. Moreover, for the integrable equations, the other prop-
erties, such as Backlund transformations, infinite generalized
symmetries, and conservation laws (CLs) can be considered
through other methods, the details are omitted in this paper.
Remark 1 In fact, the Painlevé analysis is a powerful
method for dealing with intrinsic properties and exact solu-
tions to the nonlinear equations. But the simplified Painlevé
test differs from the general Painlevé test!!!°! for dealing
with integrable properties and exact solutions sometimes.
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