http://cpb.iphy.ac.cn
http://iopscience.iop.org/cpb

Chinese Physics B

An extension of integrable equations related to AKNS and WKI spectral problems and their

reductions

Xian-Guo Geng(¥k#k ), Yun-Yun Zhai(# = =)
Citation:Chin. Phys. B . 2018, 27(4): 040201. doi: 10.1088/1674-1056/27/4/040201

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb

What follows is a list of articles you may be interested in

Multiple exp-function method for soliton solutions ofnonlinear evolution equations

Yakup Yildirim, Emrullah YaSar
Chin. Phys. B . 2017, 26(7): 070201. doi: 10.1088/1674-1056/26/7/070201

Third-order nonlinear differential operators preserving invariant subspaces of maximal
dimension

Qu Gai-Zhu, Zhang Shun-Li, Li Yao-Long
Chin. Phys. B . 2014, 23(11): 110202. doi: 10.1088/1674-1056/23/11/110202

A novel hierarchy of differential—integral equations and their generalized bi-Hamiltonian
structures

Zhai Yun-Yun, Geng Xian-Guo, He Guo-Liang
Chin. Phys. B . 2014, 23(6): 060201. doi: 10.1088/1674-1056/23/6/060201

A nonlinear discrete integrable coupling system and its infinite conservation laws

Yu Fa-Jun
Chin. Phys. B . 2012, 21(11): 110202. doi: 10.1088/1674-1056/21/11/110202


http://cpb.iphy.ac.cn/EN/abstract/abstract71833.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71833.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract70193.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract61810.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract61810.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract59360.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract59360.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract50693.shtml

Chin. Phys. B Vol. 27, No. 4 (2018) 040201

An extension of integrable equations related to AKNS and WKI
spectral problems and their reductions

Xian-Guo Geng(¥kifit &) and Yun-Yun Zhai(# = =)'
School of Mathematics and Statistics, Zhengzhou University, Zhengzhou 450001, China

(Received 2 January 2018; revised manuscript received 12 January 2018; published online 10 March 2018)

A novel hierarchy of integrable nonlinear evolution equations related to the combined Ablowitz—Kaup—-Newell-Segur
(AKNS) and Wadati—Konno—Ichikawa (WKI) spectral problems is proposed, from which the Lax pair for a corresponding
negative flow and its infinite many conservation laws are obtained. Furthermore, a reduction of this hierarchy is discussed,
by which a generalized sinh-Gordon equation is derived on the basis of its negative flow.
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1. Introduction

A most active field of recent research involved in applied
mathematics and theoretical physics is concerned with inte-
grable systems.!!=®] The AKNS system is an important inte-
grable model for leading to a wide class of nonlinear evolu-
tion equations such as the KdV, the nonlinear Schrodinger,
the mKdV, the sine-Gordon equations, and others.!”] The
WKI model, proposed in Ref. [8], could describe the non-
linear oscillation of elastic beams under tension. Various
methods have been developed to study integrable systems,
for instance, the inverse scattering transformation,”~'!! the

Darboux and Bicklund transformation,'2-14! the algebraic-

18-20] 1t is discovered

geometrical approach,!>~!7] and others. !
that two inverse scattering formalisms of the AKNS and WKI
models are connected through a generalized gauge transfor-
mation and a transformation of the space and time coordinates
depending on a dependent variable. >}

The main aim of this article is to study the extension of in-
tegrable nonlinear evolution equations related to the combined
AKNS and WKI spectral problems and their reductions. In
Section 2, with the aid of the zero-curvature equation, we ob-
tain a novel hierarchy of integrable nonlinear evolution equa-
tions associated with a 2 x 2 matrix spectral problem. The first

nontrivial member is

; 1 aoﬂ(z]u n 20pu
o — A )
2 \/l+€(2)uv ,/l—i—@%uv
1 2y 200V
=5 | | -2 ()

2 ,/l+€(2)uv ,/1+€(2)uv

where u and v are two potentials, ¢ and ¢y are constants. A
key feature of Eq. (1) is that the nonlinear term appears in the
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form of 4/1 —&—Eéuv, which implies that the system is highly
nonlinear. Then we deduce a negative flow associated with the

same 2 x 2 matrix spectral problem

Uy + E%(uw)xx +4uw =0,
Vi + é(z)(vw)xx +4vw =0,
2(1 + Buv)wy + () ow + (uv); =0, 2)

in which u, v, and w are three potentials, ¢y is a constant.
We obtain the infinite many conservation laws of Eq. (2) with
the aid of the Riccati forms for the two linear spectral prob-
lems. In Section 3, we discuss the reduction of the hierarchy
in Section 2 and obtain a novel hierarchy of nonlinear evolu-
tion equations, in which the first member is

1 2y u
uto — %70 +2 (X()

2\ /1482 NI
X

where u is a potential, ap and ¢y are constants. Based on a

3)

deep reduction of the negative flow, we deduce a novel inte-
grable generalization of the sinh-Gordon equation

1
Uy = (1 + 4%82) sinhu, )

which can be reduced to the classical sinh-Gordon equation
for {p = 0. We similarly obtain the Lax pair of Eq. (4) and
derive its infinite many conservation laws.

2. Extension related to the AKNS and WKI
spectral problems

In this section, we shall investigate the following 2 x 2

matrix spectral problem

- i (b
W"_UW’U_<(1£07L)V ia ) ®)
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where u and v are two potentials, A is a constant spectral pa-
rameter and £y € C is a constant parameter. For ¢y =0, spectral
problem (5), which can yield a wide class of nonlinear evolu-
tion equations, is just the well-known AKNS spectral problem
presented by Ablowitz, Kaup, Newell, and Segur. In order
to derive a hierarchy of nonlinear evolution equations associ-
ated with spectral problem (5), we solve the stationary zero-
curvature equation

Vi —[U,V]=0,
v (1—0A%)a (14£oA)(c +il3Aua) ©
(I —A)(b+il3Ava)  —(1—L3A%)a ’
where
a:Zajlfj, b:ij)fj, szcjlih (7N

J=0 Jj=0 Jj=20

and coefficients aj, bj, c; are functions to be determined. A
direct calculation shows that equations (6) and (7) imply the
Lenard recursion equation

Jj=0, JS=0,

KS;=1iJSj .1, (8)

with §; = (cj,bj,aj)T, j >0, and the two operators K, J de-
fined as

9 0 2u 20 —E(Z)au
K=(09d —-2v|, J=]10 =2 —é%&v
v —u 0 v —u 0

It is easy to calculate that

where 0y is an arbitrary constant. The recursion relation (8)
can uniquely determine S;, j > 1, if the constants of integra-
tion are identified as zero.

Case 1 Let y satisfy the spectral problem (5) and the
auxiliary problem

v, =V, v = vy, (10)
where each entry VZ.S.’”> = V;j(a™, pm cm)y,
a(m) — Zajlmij, b(m) _ ijkmfj7
Jj=0 j=0
cm = ) A", (11)
j=0

Then the compatibility condition of Eqs. (5) and (10) yields
the zero-curvature equation, U;,, — V)C(m> +[U, V<’”)] =0, which
is equivalent to a hierarchy of nonlinear evolution equations

w, = dey + 2uay, v, =0by—2va,, m>0. (12)

The first nontrivial member in the hierarchy is Eq. (1). Let
oy = —2i,v==u", 1y =t, {y € Ror ¥y € iR, then equation (1)
turns to

égu 4u
P _l’_i’
\/ 103 ul? - \/ 163 |ul?

which is a generalization of the WKI model proposed in
Ref. [8].

(13)

iu, =

ap = L’ bo = 1 é%&vao, co= 1 ééauag, ) Case 2 Assume that y satisfies the spectral problem (5)
1+ Guv 2 2 and the following auxiliary problem
|
v (A1 —ilA)w (14 LoA) (=212 71 uw — BBuw) (14
EEVE L — e ein 1ot — 2ow) (A" = iBA)w ’
|
where w is a function to be determined, and 919 =99~ ! = 1. wy = 2ud " 'vw +2v9 L uw, (15)

Here we should point out that the position for the evolution of
the space variable and the time variable in the Lax pair, i.e.,
Egs. (5) and (14), is the same. Therefore, function w can be
regarded also as a potential. The element V;; of the matrix V
in Eq. (14) contains an item of A with a negative power, which
is different to Case 1. The structure of matrix V ensures that
coefficients of A with the same power are zero in the zero-
curvature equation, U; — V; 4 [U,V] = 0. Meanwhile, the ex-
istence of nontrivial nonlinear evolution equations should also
be guaranteed. A direct calculation gives rise to a new inter-
esting nonlinear evolution system

uy = —49 " uw — B (uw),,

v = =49 lvw — L3 (vw),,

which is equivalent to Eq. (2). Let v = £u* and ¢y € R. Then
equation (2) is reduced to a new nonlinear evolution equation

Uy + ﬁé(uw)xx +4uw =0,

2(£ 1+ Glul)w+ G ([u*)ow+ (Juf) = 0. (16)

In what follows, we shall derive conservation laws for
Eq. (2). Define p = (Iny)y, from the spectral problem (5),
we arrive at a Riccati-type equation

upx +up® —up —utv+idug + A2u(1+ Buv) =0.  (17)
Let A =i¢~!. By inserting the ansatz
p=Y pit/ (18)
j=1
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into Eq. (17) and comparing the coefficients of { with the same
power, we obtain p_1, po, and the recursion formulas for p;,
j > 1 as follows:

p—1=1/1 —I—é%uv,
u, 2uxy/1 + Cuv — Cu(uv),

=+
2u 4u(14 Guv)
2up_1p1 = uxPo — UPox — upg +u?v,
2up_1p; = uxpj-1 —upj-1x—u Y,

m+n=j—1
0<m,n<j—1

Po =

pupn (19)

for j > 2. On the other hand, denote 6 = (In y;), and from the
auxiliary problem (14), we have
—2iA 1o tuw — 2 —iA
6= (iIA! —i2A)ywt 2 ”Wu o) (p —iA).
(20)

Expanding 6 into the following series of £ ({ =iA™1)

6= i 0;¢/, 1)

=1

we can gain the expressions of 6; immediately from Egs. (18
and (20)

+

4(1+/14+Bu) o0 uw+ Guew  Cuw(uv), — 20%uwy/ 1+ Cuv
6_1:—5(2)ww1+£(2)uv, 6= — ( ) 0 - R 0

3 2P0 uw + Guwp,

2p;-10 tuw + Guwp;

b

4u(1+ Cuv)

61=W " y =

Since (Iny;);x = (Iny;),, we obtain

Pr = 6. (23)
The coefficients p; and 6; in the expansion of p and 6 are
called conservation densities and currents, respectively. Spe-

cially, the third expression of Eq. (2) implies the following
conservation law:

1+ G = (G 1+ Gw), @4

which is just the first conservation law in Eq. (23) for Eq. (2).

3. Reductions of nonlinear evolution equations

In this section, we shall discuss a reduction for the hier-
archy of nonlinear evolution equations (12). To this end, we
shall reconsider the 2 x 2 spectral problem (5) in the case of
v=u,i.e.,

_ B iL (14 LoA)u

where u is a potential, A is a constant spectral parameter, and
£y € Cis a constant parameter. The key problem for the reduc-
tion is to find the suitable auxiliary problem of Eq. (25).

Case 1 Let y satisfy the spectral problem (25) and the
auxiliary problem

v, =V™y, v = (Vij)2x2, (26)
where
Vii=—-Vyp= Zi)l,(l —&2)),2)61<m)7

Via = (14 £4oA) (;b@ +2ua™ +idb™) — 265/1%("’)) :
Vo1 = (1—£4HA) (;b,(cm) +2ua™ —idb"™ — ZE(%lzua(’")) ,

am = Z ajl2(m*j)) pim — Z bjlz(’"’”.
j=0 Jj=0

, Jz2. (22)

u

The coefficients a; and b; are determined by the following
Lenard recursion equation

KSjZJSjJr[, SjZ(bj,aj)T, j=>0,

) (Xoﬁgu
\/ 1+ £5u? V16w )

with @ being an arbitrary constant and the two operators K
and J defined as

192 20u —2 2029u
K= 2 — 0
(u 0 )’ J (u 0 )

If all the constants of integration are identified as zero in

ap = by = (27)

the process of recursion calculation by using recursion rela-
tion (27), then the sequence §;, j > 1, can be uniquely de-
termined. The compatibility condition of Egs. (25) and (26)
yields the zero-curvature equation,

U, —vi" +[u,vim) =o,

which is equivalent to a hierarchy of nonlinear evolution equa-
tions

1
w,, = Eazb,,, +20uay = —2by i1 +2050ua,,  (28)

with m > 0. The first nontrivial member in the hierarchy
is Eq. (3), which is a generalization of the model given in
Ref. [22].

Case 2 Assume that y satisfies the spectral problem

il 1(1 + Lo )iy
U=|, 2 (29)
F(1—bAu,  —il

lI/X = Ullfa

and the auxiliary problem
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2i(A 1 —BA)a (1+6A)(2iA b — uya)

30
(1—£LoA)(—=2iA "' — Buya) —2i(A7' = A)a ’ G0)

v=Vy, V=
where a = —(1/8) coshu, b = (1/8) sinhu. Then the zero-curvature equation, U, — V, 4 [U, V] = 0, generates the novel integrable
generalization of the sinh-Gordon equation (4), which is similar to the generalization of the sine-Gordon equation.'?3] Here the
solution V of the zero-curvature equation in Eq.(30) can be obtained by assuming that V is the linear polynomial of A and A~!,
and substituting into the zero-curvature equation.
In the following, we shall derive infinitely many conservation laws of Eq. (4) through the same process in Section 2. Let
p = (Inyy),, 6 = (Iny;),. From the spectral problem of Egs. (29) and (30), we obtain the following expressions related to p and
0

1 , 1
2t Py 4 21, — 2t p — Euﬁ + 20 Aty + 5)&ux(4 + %) =0, (31

S P) .
6 —2i(A! — BA)aq 2EA b lma)(p —iR) 32)

Uy
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