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Phase diagram, correlations, and quantum critical point in the
periodic Anderson model∗

Jian-Wei Yang(杨建伟) and Qiao-Ni Chen(陈巧妮)†

Department of Physics, Beijing Normal University, Beijing 100875, China

(Received 10 November 2017; revised manuscript received 1 December 2017; published online 11 February 2018)

Periodic Anderson model is one of the most important models in the field of strongly correlated electrons. With the
recent developed numerical method density matrix embedding theory, we study the ground state properties of the periodic
Anderson model on a two-dimensional square lattice. We systematically investigate the phase diagram away from half
filling. We find three different phases in this region, which are distinguished by the local moment and the spin–spin
correlation functions. The phase transition between the two antiferromagnetic phases is of first order. It is the so-called
Lifshitz transition accompanied by a reconstruction of the Fermi surface. As the filling is close to half filling, there is no
difference between the two antiferromagnetic phases. From the results of the spin–spin correlation, we find that the Kondo
singlet is formed even in the antiferromagnetic phase.
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1. Introduction
Heavy fermion materials[1] display abnormal behav-

iors in many respects, such as large magnetic sus-
ceptibility and specific-heat coefficient,[2] unconventional
superconductivity,[3–6] and non-Fermi liquid behavior.[7] Most
of the heavy fermion compounds contain rare earth elements
with partially filled f shells. The unusual properties of the
heavy fermion compounds are usually attributed to the admix-
ture of the local f orbital with the conduction band. Kondo
lattice model (KLM) and periodic Anderson model (PAM)[8]

are believed to capture the physics of the heavy fermion ma-
terials. KLM can be derived from PAM by fixing the filling
of the f orbital to 1 at the large U limit. PAM is an asymmet-
ric two-band model, which contains conduction c orbital and
correlated f orbital. Although simple, it displays rich physics,
such as the valence fluctuation,[9] the appearance of Lifshitz
transition,[10–12] and the competition between the Ruderman–
Kittel–Kasuya–Yosida (RKKY) interaction and the Kondo
interaction.[13–15]

Among the above phenomena, the Lifshitz transition is of
particular interest. A transition associated with the change of
Fermi surface topology is the so-called Lifshitz transition.[16]

There have been several experiments exhibiting the Lifshitz
transition in heavy fermion materials. The Hall coefficient
of YbRh2Si2 shows a rapid change as a function of the mag-
netic field,[17] and this can be interpreted by the collapse of the
large Fermi surface. Measurement of De Haas–van Alphen ef-
fect on CeRh1−xCoxIn5 shows a Fermi surface reconstruction
as a function of x.[18] A Fermi surface reconstruction is also
observed in the antiferromagnetic phase of CeRhI5 under a

magnetic field.[19] Recent angle-resolved photoemission spec-
troscopy measurement on YbAl3 discovers that the Lifshitz
transition could be caused by the valence fluctuation.[20]

Meanwhile there are many theoretical studies about the
Lifshitz transitions on models, including studies on Kondo
lattice model[21–23] and periodic Anderson model.[10–12] The
mean field theory is widely used in the above studies. It
could be applied to any parameters, but it is not a many-body
method. By introducing Gutzwiller projection, variational
Monte Carlo simulation has many-body nature, but it quite
relies on the trial wavefunctions. Dynamical mean field the-
ory (DMFT) avoids these problems, but it makes a simplified
treatment of the interactions. In this work, we use the density
matrix embedding theory (DMET) to study the ground state
properties of the two-dimensional PAM. DMET is a quantum
cluster method the same as DMFT, but it does not have bath
discretization error and can be practically computed without
analytic continuation.

This paper is organized as follows. In Section 2, we
briefly describe the model and provide details of the method.
Our main results on the phase diagrams, physical quantities
and discussion are included in Section 3. Finally, a summary
is provided in Section 4.

2. Model and method
We study the periodic Anderson model on a two-

dimensional square lattice. The Hamiltonian reads

H = −t ∑
〈i j〉σ

(c†
iσ c jσ +h.c.)+E f ∑

iσ
f †
iσ fiσ
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+V ∑
iσ
(c†

iσ fiσ +h.c.)+U ∑
i

n f
i↑n

f
i↓, (1)

where c†
iσ (ciσ ) and f †

iσ ( fiσ ) are the creation (annihilation)
operators for the conduction and localized orbitals on site i
with spin σ , respectively, t is the hopping integral between the
neighboring conduction orbitals, E f is the on-site energy of
the localized orbital ( f state), which defines the relative po-
sition of the f state with respect to the Fermi energy of the
conduction orbital (c state), V is the hybridization strength be-
tween the c and f states on the same site, and U is the on-site
Coulomb repulsion of the f states. n f

iσ is the number of f elec-
trons on site i with spin σ .

Density matrix embedding theory was first proposed in
2012,[24] since then it has been applied to several different
systems, including the Hubbard model,[25–28] the interacting
electron–phonon model,[29] and the ab-initio quantum chem-
istry problem.[30–32] By introducing an auxiliary noninteract-
ing system, DMET maps the original lattice model to an in-
teracting quantum impurity model, then solves the impurity
model exactly. The impurity model and the auxiliary system
are linked by a self-consistency condition of the one-particle-
reduced-density-matrix (1-PDM). By construction, the num-
ber of bath orbitals in DMET is finite, thus there is no bath
discretization error and the computational cost is much lower.

Like the other quantum cluster methods, DMET first di-
vides the lattice sites into different clusters, which tile the
whole lattice. In order to keep the translational invariance,
we always choose clusters to be unit cells of the lattice. Then
the auxiliary Hamiltonian h is

h = h0 + v, (2)

where h0 is the one body term of H, and v is the correlation
potential within the cluster. In this work, we do not consider
the superconducting phase, so v has the form

v = ∑
C

∑
i, j∈C

vi jσ c†
iσ c jσ . (3)

Here C is the cluster that we partition the lattice into. Since
the correlation potential is only within the cluster, it is block
diagonal. It can be considered as an approximation of the local
interaction.

From the ground state |Φ〉 of h, the embedding basis
could be constructed. We choose the sites in one of the clus-
ters as the impurity sites, and the sites from the rest of the
clusters as the environment sites. There are several mathemat-
ically equivalent unitary transformations (we do not get into
the details here, for more details, please read Ref. [27]). By
applying the transformation, all the orbitals from the environ-
ment sites linearly combine into bath orbitals, core orbitals,
and virtual orbitals. The core (virtual) orbitals are completely
empty (full), thus only the bath orbitals are entangled with the

impurity orbitals. By applying the projection operator P which
projects the Hamiltonian h into the space spanned by the impu-
rity orbitals and bath orbitals, removing the correlation poten-
tial on the impurity orbitals, and bringing back interactions on
the impurity orbitals, we can obtain the impurity Hamiltonian
Himp

Himp = PhP− ∑
i, j∈imp

vi jc
†
iσ c jσ +U ∑

i∈imp
n f

i↑n
f
i↓. (4)

Only the bath orbitals and impurity orbitals constitute the im-
purity model Himp. Because the bath orbitals are at most
as many as the impurity orbitals, the impurity model can be
solved exactly. In this work, we use the density matrix renor-
malization group (DMRG) method[33] to solve the impurity
model Himp.

As we mentioned previously, with the 1-PDM ρ I of Himp,
the correlation potential is determined by a self-consistent pro-
cedure. Our goal is to minimize the difference of ρ I and 1-
PDM ρ0 which is derived by downfolding |Φ〉 to the impurity
and bath space

min
v

f (v) =
√

∑
i j
|ρ I

i j−ρ0
i j|2. (5)

When optimizing f (v), the ground state of Himp is fixed, the
optimal v is used to update |Φ〉, so does ρ0. Then the impu-
rity Hamiltonian Himp as well as ρ I are updated too. Thus the
self-consistent loop is formed.

In summary, the DMET calculation include the following
steps. (i) Choose an initial guess of the correlation potential
v0. (ii) Solve the auxiliary lattice Hamiltonian to obtain the
lattice wave function |Φ〉. (iii) The embedding basis is con-
structed from the lattice wave function |Φ〉. (iv) Transform
to the embedding basis, and add the interaction to obtain the
impurity model. (v) Use the DMRG impurity solver to com-
pute the ground state of the impurity model, and calculate the
corresponding one particle reduced density matrix. (vi) Up-
date the correlation potential v to minimize the difference of
the one particle reduced density matrix between the auxiliary
Hamiltonian h and the impurity Hamiltonian Himp. (vii) Go
back to step (ii) until the correlation potential v converges.

3. Results
We have run the DMET calculation of PAM on a two-

dimensional square lattice. The lattice size of our calculation
is 72× 72, and the cluster we used is 1× 2 or 2× 2. From
Figs. 2 and 3, we can see that the calculations with the 1× 2
and 2× 2 clusters produce almost the same results. There is
not so much finite cluster error in this work. The following
results are all done by fixing the on-site Coulomb repulsion
U to 8.0 (hopping integral t = 1), since there have been many
discussions on the U–V phase diagram.
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We show the ground state V –E f phase diagrams in Fig. 1.
As E f increases, there are three different phases: antiferro-
magnetic phase 2 (AF2), antiferromagnetic phase 1 (AF1), and
paramagnetic Kondo singlet phase (PKS). The local moment
is nonzero in both AF1 and AF2 phases, while it is zero in the
PKS phase. There is a Fermi surface reconstruction between
the AF1 and AF2 phases, which leads to a first-order phase
transition between the two antiferromagnetic phases. At fill-
ing n = 1.75, the AF1 phase only appears at small value of V ,
while at filling n = 1.917, the AF2 phase shrinks, and the AF1
phase amplifies. When E f is fixed to −1 at filling n = 1.75,
one could go through the AF2 phase directly to the PKS phase.
At filling n = 1.917, if one fixes E f = −1, the AF1 phase is
between the AF2 phase and PKS phase.

-1 0 1 2 3
0

0.4

0.8

1.2

1.6

V

(b)

PKS

AF1AF2

-1 0 1 2 3
0

0.4
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Ef

Ef

PKS

AF1
AF2

(a)

n=1.917

n=1.75

Fig. 1. (color online) The V –E f phase diagrams at different fillings: (a)
n = 1.75 and (b) n = 1.917. There are three different phases. AF2 and AF1
are two antiferromagnetic phases with different forms of Fermi surface, and
PKS stands for the paramagnetic Kondo singlet phase. The black line is the
phase boundary between the AF2 and AF1 phases, while the red dotted line is
the phase boundary between the AF1 phase and PKS phase.

Now we discuss how the physical quantities change in
different phases. The number of electrons and the local mo-
ment are defined as

nα
i = 〈nα

i↑+nα

i↓〉,
mα

i = 〈nα

i↑−nα

i↓〉. (6)

Here nα
iσ is the number of spin σ electrons of α orbital on

site i. First we go through the horizontal dashed line (blue
line) in Fig. 1(b) by fixing the hybridization V to 0.9 at fill-
ing n = 1.917. The results are displayed in Fig. 2. The local

magnetic moment and the number of electrons are shown in
Figs. 2(a) and 2(c). E f = −U/2 is the symmetric case where
the Fermi energy of the conduction orbitals is in the middle of
the two f orbital energy levels. The number of f states (n f )
and c states (nc) are both 1.0 at the half filling symmetric case.
Away from half filling, n f is close to 1.0, while nc is slightly
smaller than 1.0. As E f increases, the electrons are more and
more likely to occupy the c states, so nc increases while n f

decreases. The value of V is small here, so the RKKY ef-
fect dominates, there is an antiferromagnet long range order
in both the f orbitals and the c orbitals. The localized f or-
bitals have larger local moments, while the conduction c or-
bitals have smaller local moments. There is antiferromagnetic
coupling between the f and c orbitals on the same site, thus
m f and mc always have the opposite signs. The local moments
decrease as E f increases and become zero in the paramagnetic
phase. Before the magnetic transition occurs, both local mo-
ment and number of electrons have a discontinuity. It is due
to the Fermi surface reconstruction which causes a first order
phase transition. This is the so-called Lifshitz transition.

In order to understand the magnetic properties, we also
calculate the spin–spin correlation functions. The correlation
functions are defined as

C f f (r = 1) = 〈(n f
i↑−n f

i↓)(n
f
j↑−n f

j↓)〉= 〈m
f
i ·m

f
j 〉,

C f d(r = 0) = 〈(n f
i↑−n f

i↓)(n
c
i↑−nc

i↓)〉= 〈m
f
i ·m

c
i 〉. (7)

The results of the spin–spin correlation functions are shown
in Figs. 2(b) and 2(d). Figure 2(b) is the correlation function
between neighboring f states C f f (r = 1). In the AF2 and AF1
phases, it has a non-zero value. There is a discontinuity at the
transition point between the two phases as another evidence
of the Lifshitz transition. As the antiferromagnetic long range
order disappears in the PKS phase, C f f (r = 1) soon becomes
zero.

Figure 2(d) is the correlation function between the f and
c orbitals on the same site. The negative value of the cor-
relation function suggests the antiferromagnetic coupling be-
tween the f orbital and c orbital. As shown in Fig. 2(d), the
absolute value of correlation increases in the AF2 phase as E f

increases. We have shown that the local moments of both f
orbitals and c orbitals are decreasing. The increasing on the
correlation magnitude indicates the formation of Kondo sin-
glet even in the antiferromagnetic phase. It reaches maximum
at the Lifshitz transition point, and in the AF1 phase it de-
creases. In the PKS phase, the correlation approaches zero as
E f increases. Due to the formation of Kondo singlet between
the f orbitals and c orbitals, the correlation has a non-zero
value. However in the E f → ∞ limit, all the electrons occupy
the c orbitals, so C f d(r = 0) is approaching zero.
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Fig. 2. (color online) Different physical quantities as a function of E f at filling n = 1.917 and V = 0.9. Contributions of the conduction c orbitals and
localized f orbitals to (a) the magnetic moment and (c) number of electrons. The black solid line with solid (hollow) circles is the contribution from the
f orbital (c orbital) when the cluster size is 1×2, and the red (purple) symbols are the contribution from the f orbitals (c orbitals) when the cluster size
is 2×2. (b) Correlation function between two neighboring f orbitals, C f f (r = 1). (d) The on-site f and c orbitals correlation, C f d(r = 0). Cluster size
1×2 results are labeled by the black solid line with hollow circles, and the 2×2 results are labeled by the red symbols.
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Fig. 3. (color online) Physical quantities as a function of V when E f =−1 at different fillings. Contributions of the conduction c orbitals and localized
f orbitals to (a) the magnetic moment and (c) the number of electrons. The labels are the same as those in Fig. (a), except that the blue dashed line with
solid (hollow) circles is the contributions from the f orbital (c orbital) at filling n = 1.75 when the cluster size is 1× 2. (b) The correlation function
between two neighboring f orbitals, C f f (r = 1). (d) The on-site f and c orbital correlation, C f d(r = 0). The blue dashed line with solid circles is the
results from filling n = 1.75 when the cluster size is 1×2. The rest of the labels are the same as those in Fig. 2(b).

It is interesting to examine C f d(r = 0) in the AF1 phase.

We mentioned that the Kondo singlet state is formed even in

the AF2 phase, this should occur in the AF1 phase too. The

correlation function decreases slowly in this phase. The rea-

son is that the contribution from antiferromagnetic becomes

weak, and at the same time the number of f electrons de-
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creases rapidly, the number of Kondo singlet pairs also de-
creases. In the PKS phase, the number of f electrons decreases
further, so the correlation function decreases fast.

Next we fix the on-site energy of the f orbital E f = −1
at filling n = 1.75 and n = 1.917 (along the vertical dashed
line in Figs. 1(a) and 1(b)), the results are displayed in Fig. 3.
Since the Kondo coupling JK ∝ V 2, at small (large) V , the
Kondo coupling is weak (strong). When the Kondo coupling is
weak, the RKKY coupling dominates, and the antiferromag-
netic long range order appears. As V increases, the Kondo
coupling dominates, and the AF order is destroyed. Now we
discuss the results at different fillings in detail.

At filling n = 1.917, the competition of RKKY coupling
and Kondo coupling leads to the AF1 phase. At small V , the
RKKY coupling dominates, and the AF2 order is formed. As
V increases to the intermediate region, the AF1 phase appears,
and at large V , the Kondo singlet is formed between the f or-
bitals and c orbitals. The local moment is shown in Fig. 3(a),
the m f –V curve is quite similar to the m f –E f curve. However
the local moment of the c orbitals, mc, is slightly different. In
the AF2 phase, it increases as V increases, and reaches maxi-
mum at the Lifshitz transition point. The behavior of the cor-
relation between two neighboring f orbitals is also similar to
that in the C f f (r = 1)–E f curve. The number of electrons is
also varying as V changes, since the effect of V is to mix the
two orbitals, and the on-site U makes the electrons be more
likely to occupy the c orbitals. In the PKS phase, the numbers
of electrons in different orbitals only change a little bit. The
correlation between the f and c orbitals on the same site keep
increasing as V increases. As V → ∞, it approaches −0.5.

While at filling n = 1.75, when E f = −1 the AF1 phase
does not exist. The transition between the AF2 phase and PKS
phase is of first order, since the forms of Fermi surface are
different in the two phases. There is a big step in both the f
orbital local moment curve and the C f f (r = 1) curve. The lo-
cal moment of the c orbital is close to zero in the AF2 phase.
The local magnetic moment of the f orbital and the correlation
of the f orbitals are zero in the PKS phase. The behavior of the
number of electrons is quite similar to that at filling n = 1.917,
except that the jump is not so obvious. Since the local moment
of the c orbital is almost zero in the AF2 phase, the correlation
of the on-site c and f orbitals is close to zero too. The mag-
nitude of correlation increases slightly as V increases, in the
PKS phase the magnitude of correlation increases rapidly.

In the end, we discuss the Lifshitz transition. As we men-
tioned previously, the phase transition is caused by the Fermi
surface reconstruction. By using the variational Monte Carlo
method, Wanabe et al.[11] calculated the momentum distribu-
tion functions of different phases. They found that the f or-
bital does not contribute to the formation of Fermi surface in
the AF2 phase. This indicates that the f orbital is completely

localized in the AF2 phase. But it becomes itinerant in the AF1
phase as well the PKS phase. Other evidence of Fermi surface
reconstruction is from the study of cellular dynamical mean
field theory by De Leo et al.[34] They found that the AF2–
AF1 transition is accompanied by a rearrangement of spectral
weight. We find a discontinuity in both the magnetic moments
and the number of electrons. In Fig. 4, the evolution of the
magnetic moment versus E f at different fillings is shown. At
the transition point between the AF2 and AF1 phases, there
are steps in both the m f curve and the mc curve. The latter is
much smaller, which can hardly be seen in the figure. It is very
clear that as it approaches half filling, the step of m f becomes
smaller and smaller. The inset of Fig. 4 shows the magnitude
of the step on m f . The step decreases as the filling increases,
and becomes zero when the filling reaches half filling. At half
filling, there is no difference between the AF2 and AF1 phases.
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Fig. 4. (color online) Magnetic moment m as a function of E f at differ-
ent filling and V = 1.0. Hollow (solid) diamonds are the contributions
of the f orbital (c orbital) to the magnetic moment. Red, blue, purple,
and black lines are the results at filling n = 1.917, n = 1.95, n = 1.98,
and n = 2.0, respectively. Both m f and mi have a finite step at the Lif-
shitz transition point, and the magnitudes of the steps of m f at different
fillings are shown in the inset. As the filling approaches half filling, the
step vanishes.

The Fermi surface topology in different phases is plotted
in Fig. 5. The PKS phase is the ordinary Fermi liquid state
with a large Fermi surface. Since the antiferromagnetic long
range order is present, the Brillouin zone is halved in the AF1
and AF2 phases. The lower band is completely full, while the
upper band is partially filled. The Fermi surface of the AF1
phase has a hole pocket, and it has an electron pocket in the
AF2 phase. The hole-like Fermi surface of the AF1 phase can
be obtained by folding the Fermi surface in the PKS phase.
Therefore the AF1 phase and the PKS phase are smoothly con-
nected with each other, the phase transition between the two
phases is of second order. The Fermi surface topology in the
AF2 phase is different, thus the transitions from the AF2 phase
to the other two phases are of first order. Since the model has
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particle–hole symmetry at half filling, the difference between
the AF1 phase and AF2 phase disappears.

PKS

AF2

AF1

1st order

transition

1st order

transition

Fig. 5. Schematic plot of Fermi surface in the three different phases.
In the AF2 phase, the Fermi surface has an electron pocket. The Fermi
surface of the AF1 phase has a hole pocket, it can be obtained by folding
the Fermi surface in the PKS phase.

4. Conclusion
In summary, we applied the density matrix embedding

theory to the two-dimensional periodic Anderson model. We
mainly concentrated on the ground state properties. We sys-
tematically investigated the phase transitions between the AF2
phase, AF1 phase, and PKS phase. The phase transition from
the AF1 phase to PKS phase is just the ordinary magnetic tran-
sition, while the phase transitions from the AF2 phase to the
other two phases are of first order, which are accompanied by a
Fermi surface reconstruction. We obtained the V –E f phase di-
agrams at different fillings, and found that as the filling is get-
ting close to the half filling, the AF2 phase is shrinking while
the AF1 phase is expanding. In order to characterize different
phases, we computed the local magnetic moments as well as
the short-range spin–spin correlation functions. There are re-
gions where the antiferromagnetic long-range order presents,
as the magnitudes of the local moments on both c and f or-
bitals are decreasing, while the absolute value of the spin–spin
correlation function is increasing. This indicates that the AF
order coexists with the Kondo singlet phase. We further com-
pared the local magnetic moments at different fillings, and dis-
covered that the difference of the AF2 phase and AF1 phase
is disappearing as we approach the half filling. This behav-
ior is similar to the water liquid–vapor transition. Before the
critical point, the phase transition between the liquid phase
and gaseous phase is of first order. The difference of the two
phases is the density. However after the critical point, the den-
sities of the two phases become the same, there is no way to
distinguish them. The AF2 phase and AF1 phase are just like

the liquid water phase and the gaseous water phase. The phase
transition of the AF2 phase and AF1 phase is not accompanied
by any symmetry breaking. There exists a quantum critical
point at half filling or quite close to half filling.
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