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TOPICAL REVIEW — Thermal and thermoelectric properties of nano materials

Nanoscale thermal transport: Theoretical method and application∗
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With the size reduction of nanoscale electronic devices, the heat generated by the unit area in integrated circuits
will be increasing exponentially, and consequently the thermal management in these devices is a very important issue. In
addition, the heat generated by the electronic devices mostly diffuses to the air in the form of waste heat, which makes the
thermoelectric energy conversion also an important issue for nowadays. In recent years, the thermal transport properties in
nanoscale systems have attracted increasing attention in both experiments and theoretical calculations. In this review, we
will discuss various theoretical simulation methods for investigating thermal transport properties and take a glance at several
interesting thermal transport phenomena in nanoscale systems. Our emphasizes will lie on the advantage and limitation of
calculational method, and the application of nanoscale thermal transport and thermoelectric property.
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1. Introduction
The size of electronic devices is being reduced to as small

as sub-ten nanometer magnitude, and is approaching the fea-
ture wavelength of many particle or quasi-particle, such as
electron, phonon, and so on. Such small nano-structures ex-
hibit significantly different electronic and thermal properties
compared to that of macro ones, and bring us numerous op-
portunities and challenges. For example, the decreasing device
size enables the significant increase of integration degree in in-
tegrated circuits, but on the other hand, the enhancement of in-
tegration requests better thermal management, including both
heat dissipation, heat energy conversion, and so on. These
facts make the thermal management an important issue.

Recently, breakthroughs in thermal transport field, such
as high-performance thermoelectric materials,[1,2] phonon
diode,[3] phonon triode,[4] topological effect of phonon,[5–9]

and so on, are emerging endlessly. More excitingly, the rapid
development of the synthesis and processing, such as molec-
ular beam epitaxy (MBE)[10] and chemical-vapor deposition
(CVD),[11] are enabling the production of devices with well-
defined structure and smaller size, and are facilitating the com-
mercial application of these phonon nano-devices.

However, there are still many problems unsolved in this
field. For instance, the further application of large-scale power
generating by thermoelectric materials is in a dilemma.[12] It
is known that most of the energy is dissipated in the form of
waste heat. However, the figure of merit (ZT), which describes
the thermoelectric energy conversion efficiency, is difficult to
improve. Over the past decade, the maximum ZT observed in

experiment is still no more than 3,[13] which is far away from

mass business application for power generating. On the other

hand, the thermal management[14] and near-field heat trans-

port problem[15] have always been plaguing us. The issues of

controlling of heat flow, heat dissipation, and heat energy con-

version in nanoscale systems have become a specific science

field nowadays.[16]

Compared with experiments, the computer simulation has

the inherent advantages on researching small size structures.

With decreasing further size of devices and emergence of

low-dimensional materials, such as graphene,[17] graphene-

like structure (MXene,[18] phosphorene,[19] and so on), sin-

gle molecule junction,[20] and so on, the thermal transport

mechanism is different from the macroscopic ones. Fourier’s

law was proved to be no longer applicable to the anomalous

heat transport[21,22] in some nanoscale structures. Fortunately,

many new theory models are set up as the powerful tools to

study the underlying physics mechanism of nanoscale thermal

transport. It is expected to provide a guideline for us to de-

sign excellent performance nanoscale devices. The compari-

son and application range of different theoretical methods is

discussed in Section 2. The related thermal transport proper-

ties and novel mechanism are presented in Section 3. In Sec-

tion 4, We focus on the modulation of thermoelectric property

and the other mechanism to realize thermoelectric energy con-

version.
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2. Thermal transport theory and calculation
method in nanoscale structure

Describing the thermal conductivity accurately is an im-
portant issue for the design of nano devices. However, the
experiment measurement cannot completely eliminate the im-
pact of the external environment, and the temperature is so dif-
ficult to define clearly under the sub-nano size. In recent years,
a serial of theoretical methods were proposed, such as the
dielectric continuum model,[23] scattering matrix method,[24]

molecular dynamics simulation,[25] non-equilibrium Green
function method,[26] and Boltzmann transport equation,[27] to
predict the thermal conductivity in nanoscale or larger scale.
In this section, we mainly introduce different theoretical meth-
ods for thermal transport property researches.

2.1. Dielectric continuum model and scattering matrix
method

Experimental research has been confirmed that the ther-
mal transport at low temperature and small size is mainly de-
termined by the ballistic process.[28,29] The dielectric contin-
uum model and scattering matrix method were widely used
in the study of ballistic thermal transport in low temperature
region. Recently, the thermal conductivity of various low-
dimensional systems, such as abrupt structures,[30,31] rough
surfaces,[32] defects,[33] and stub structure,[34,35] have been
widely studied by these methods.

In long wavelength limit, the dielectric continuum model
is a reasonable approximation to study the thermal transport
property on the condition that the structure is continuous and
compact, and if the wavelength is larger than the size of ma-
terials, the structure of inner system can be ignored. In this
model, the stress, strain, and displacement are functions of
continuous coordinate so that the conception of continuous
and limitation applied in mathematic deduction is so con-
venient. In past few years, the dielectric continuum model
was widely used to study the thermal transport property in
nanostructure at low temperature, such as supperlattice[36,37]

and wave-guide structure.[38] At low temperature, only several
acoustic phonons were excited in system so that the dielectric
continuum model provides sufficient accuracy for the research
of thermal transport. In this model, the wave equation of the
entire system can be defined as

ρ
∂ 2ψ

∂ t2 =C∇
2
ψ, (1)

where ψ is the wave function of phonon, ρ is the density of
materials, and C is the elastic constant of the materials. We
assume that the cross-section of materials is rectangle and the
transport direction is x. The width of y and z is denoted as
W1 and W2, respectively. The wave equation can be solved by

variables separation and further expressed as

ψ(x,y,z) = ∑
m=0

∑
n=0

[Anm e iknmx +Bnm e−iknmx]φmn(y,z), (2)

where Anm and Bnm are undetermined coefficients, and
φmn(y,z) = φm(x)φn(z). The relation between them will be
consistent with the dispersion relations

knm =

√
ω2

v2 −
m2π2

W 2
1
− n2π2

W 2
2

, (3)

where knm is the wave vector, v is the longitudinal velocity of
phonon, m and n are phonon index, which denote the propaga-
tion mode and decay mode when knm is a real number and
imaginary number respectively. If the stress free boundary
(n̂ ·∇ψ)|y=W1,z=W2 = 0 is used in the interface of materials,
the lateral wave function can be expressed as

φm =



√
2

W1
sin
(mπy

W1

)
, m = 1,3,5, . . .√

2
W1

cos
(mπy

W1

)
, m = 2,4,6, . . .√

1
W1

, m = 0,

(4)

φn =



√
2

W2
sin
(nπy

W2

)
, n = 1,3,5, . . .√

2
W2

cos
(nπy

W2

)
, n = 2,4,6, . . .√

1
W2

, n = 0.

(5)

On the contrary, if we adopt hard-wall boundary
ψ|y=W1,z=W2 = 0 in the interface of materials, the wave func-
tion will be expressed as

φm =


√

2
W1

sin
(mπy

W1

)
, m = 1,3,5, . . .√

2
W1

cos
(mπy

W1

)
, m = 2,4,6, . . .

(6)

φn =


√

2
W2

sin
(nπy

W2

)
, n = 1,3,5, . . .√

2
W2

cos
(nπy

W2

)
, n = 2,4,6, . . .

(7)

From the above results, we can obtain the dispersion relations

ω
2 = ω

2
mn + k2

mnv2. (8)

When a suitable boundary condition and interface roughness
were given, the transmission coefficient of corresponding re-
gions can be obtained by transfer matrix or scattering matrix
method so as to get the thermal conductance of the materials.

The scattering matrix is a processing method on the basis
of the dielectric continuum model. In general, the transfer ma-
trix and scattering matrix method are both in common use to
solve the transport problem of periodic or quasi-periodic quan-
tum structures. The probability distribution of particle in any
position can be easily obtained by transfer matrix. However,
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because the retard mode inevitably increases with the expo-
nent, and result in singularity of transfer matrix, so that the
transfer matrix method cannot describe the complex shaped
and larger size difference structure. Compared with the trans-
fer matrix method, the scattering matrix method not only have
the benefit of the transfer matrix method, but also overcome
the disadvantage of transfer matrix method. Therefore, it is
more suitable to deal with the particle transport problem in
complex structure.

Fig. 1. (a) Regions I and II, with width ω1 and ω2 respectively, which
are connected by the bridge with length d. The bridge consists of a fi-
nite repetition of alternating layers of material A with thickness dA and
materials B with thickness dB. (b) A typical transmission coefficient
as a function of ω/∆ calculate by scattering matrix method. Reprinted
with permission from Ref. [24]. Copyright (2003) by IOP Publishing.

An example was given here, the structure scheme is show
in Fig. 1(a), based on dielectric continuum model, in stress-
free boundary, the wave function in different area, lateral wave
function, and dispersion relations are given by

ψ
γ(x,y) =

Mγ

∑
m=0

[Am
γ e ikγ

m(x−xγ )+Bγ
m e−ikγ

m(x−xγ )]φ γ
m(y), (9)

φ
γ
n (y) =


√

2
ω

cos
(nπy

ω

)
, n = 1,3,5, . . .√

2
ω

sin
(nπy

ω

)
, n = 2,4,6, . . .

(10)

kγ
m =

√
ω2

v2
γ

− m2π2

W 2
γ

. (11)

Here, we simply set γ = I, II in Eq. (9) to label different re-
gions of this structure, and different regions can be connected

by the following equations:(
𝐵I

𝐴II

)
= 𝑆(I, II)

(
𝐴I

𝐵II

)
. (12)

We can simplify the form of 𝑆 matrix by the condition that
ψ and ψ ′ will be continuous on the boundary so that the cor-
responding scattering matrix of different region can obtained.
However, the derivation process is complicated and we skip
this step in this paper, the expression of 𝑆 matrix can written
as

𝑆(I, I) =
(

0 𝑃
𝑃 0

)
, (13)

where 𝑃 is a N-dimensional diagonal matrix with diagonal
elements Pnn = e ik j

nd j , d is the longitudinal dimension. The
expansion coefficients of the phonon wave function in regions
I and II are correlated through the total scattering matrix(

𝐵I

𝐴II

)
= 𝑆(I, II)

(
𝐴I

𝐵II

)
=

(
𝑆11(I, II) S12(I, II)
𝑆21(I, II) 𝑆22(I, II)

)(
𝐴I
𝐵II

)
. (14)

The total scattering matrix of the quantum structure can be
constructed by the composition of the individual scattering
matrices associated with each sub region

𝑆(I, II) = 𝑆(I, j = 1)⊗
[M−1

∏
j

S( j, j)⊗S( j, j+1)
]

⊗𝑆( j = M, II).

In the appropriate boundary condition, we can obtain(
𝐴I
𝐵II

)
=

(
Il
0

)
. (15)

Inserting this boundary condition into Eq. (14), we obtain(
𝐵I

𝐴II

)
=

(
𝑆11(I, II) 𝑆12(I, II)
𝑆21(I, II) 𝑆22(I, II)

)(
Il
0

)
. (16)

The coefficient vectors 𝐴II and 𝐵I can be obtained from the
following equations:

𝐴II = 𝑆21(I, II)Il , (17)

𝐵I = 𝑆11(I, II)Il . (18)

The flux transmission and reflection probability from incident
mode m in region I to final mode n in region II are give by

t̃mn = |t2
mn|

kII
n

kI
m
, (19)

r̃mn = |r2
mn|

kII
n

kI
m
. (20)

We can easily get the transmission coefficient of individual in-
cident mode m in region I by sum the propagation modes in
region II

τm(ω) = ∑
n,ωm<ω

t̃mn. (21)
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As shown in Fig. 1(b), the total transmission probability is cal-
culated by

τ = ∑
n,ωn<ω

τm(ω). (22)

Once obtained the transmission coefficient, we can get the
thermal conductance by following equation:

σ =
h̄2

kBT 2 ∑
m

1
2π

∫
∞

ωm

τm(ω)

ω2 exp
(

h̄ω

kBT

)
[

exp
(

h̄ω

kBT

)
−1
]2 dω. (23)

Consider the limit of the paper, we only give the main ideal
of dielectric continuum model and scattering method, and
the detail discussion of scattering matrix method can refer to
Refs. [24], [33], and [36]. It is worth noting that the elas-
tic continuum model is just applicable to the long wavelength
limit, in which the phonon wavelength was much larger than
the lattice constant of materials, so that only the low tempera-
ture can be considered in this method. At higher temperature,
the phonon wavelength will be more shorter, so that we could
no longer afford to ignore the diffuse thermal transport pro-
cess. At this time, the elastic continuum model needs to be
reassess.

2.2. Non-equilibrium Green function method

The non-equilibrium Green function (NEGF) method
originates mainly from the quantum field theory. In gen-
eral, this method were used to study the ballistic transport of
electron and phonon in nanoscale, also the phonon–phonon
interaction[39,40] and electron–phonon coupling[41] can be
considered. However, the amount of computing is so huge
that it cannot be done well with the current computing power.
Therefore, we only discuss the linear part of Green’s function
method in this review. Considering a two-probe model that is
compose by three parts, i.e., the left semi-infinite region (L),
the central scattering region (C), and the right semi-infinite re-
gion (R), the Hamiltonians of entire system can be written as

Hsys = ∑
α=L.C.R

Hα +(uL)TV LCuC +(uC)TV CRuR +Hn, (24)

where the Hα is the total energy, uα is the lattice displacement
vector of region α , the V LC and V CR, is coupling matrix of left
and right leads to the central region. The Hα is given by the
following equation:

Hα =
1
2
(u̇α)Tu̇α +

1
2
(uα)T𝐾α uα , (α = L,C,R). (25)

𝐾α is the force constant matrix, which is derived by empiri-
cal force field (EFF) or density functional theory (DFT), and
the former will be more faster than later in calculation. For a
linear system 𝐾α can be written as

𝐾 =

 KL V LC 0
V CL KC V CR

0 V RC KR

 . (26)

At low temperature, the lattice vibration is a slight vibration
problem, the transport process can be approximated to har-
monic (Hn = 0) so that the nonlinear interaction in the central
region is ignored generally in many studies.[42–46] Utilizing
this hamiltonian system, the retarded surface Green’s function
for the center region and left/right region can be calculated by

gr
α = [(ω + iη)2I−Kα ]−1, (α = L,R). (27)

After obtaining the surface Green’s function of the leads, the
retarded self-energy of the leads can be given by

Σ
r
α =V Cα gr

αV αC, (28)

where Σr
α and gr

α are the self-energy and surface green func-
tion in region α , respectively. It contains the coupling infor-
mation between the left/right region and the center region. The
spread function of central scattering region and heat source can
be defined by the following equation:

Γα = i(Σr
α −Σ

a
α) =−2ImV Cα gr

αV αC. (29)

Then, the retarded Green’s function of central scattering re-
gion can be expressed as

Gr = GCC = [(ω + iη)2I−KC−Σ
r
L−Σ

R
r ]
−1. (30)

From above, the phonon transmission coefficient T (ω) and
phonon density of state ρ(ω) are given by

T (ω) = Trace(Gr
ΓLGa

ΓR), (31)

ρ(ω) =
iω
π

Trace(Gr−Ga). (32)

Accordingly, we can simply express the phonon thermal con-
ductance in a form similar to the Landauer formula for the
ballistic transport as follows:

κph =
1

2π

∫
h̄ωT (ω)

∂ f (ω,T )
∂T

dω, (33)

where f (ω,T ) is the Bose–Einstein distribution for phonon
at the frequency ω and absolute temperature T . As a com-
parison, Peng et al.[47] compared the difference of force con-
stant model and dielectric continuum model. In conclusion, as
shown in Fig. 2, the result shows that the phonon transmission
spectra display different characters in higher frequency region
in the two models and similar stepwise in low-frequency re-
gion so as to result in a bigger thermal conductance in higher
temperature region, but present a similar behavior in quantum
structure at low temperature.
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Fig. 2. (color online) (a), (d) Phonon transmission function of out-of-plane modes and horizontally polarized SH mode calculate by force-
constant model and dielectric continuum model, respectively. The different curve represent the 14-ZGNR without defect (solid line), with
double-cavity defect (dashed line), and the 8-ZGNR without defect (dotted line), with double-cavity defect (dash-dotted line), respectively. (b),
(e) The phonon dispersion relation of 14-ZGNR (solid curve) and 8-ZGNR (dotted curve) without double cavity. (c), (f) The corresponding
total thermal conductance divided by temperature K/T . Reprinted with permission from Ref. [47]. Copyright (2011) by AIP Publishing LLC.

2.3. Molecular dynamics

In small size and low temperature limitation, only the
acoustic modes are excited in system so that the dielectric con-
tinuum model is an efficient method to calculate thermal con-
ductance. However, there are some non-physics caused by di-
electric continuum approximation, such as infinite mean-free-
path of phonon, different phonon thermal conductivity, zero
temperature gradient, etc. In fact, if the size of materials close
to the mean free path of phonon, the heat transport process
is not only ballistic but also diffuse, it is the combination of
both ballistic and diffuse,[48] and the phonon–phonon interac-
tion is objective existed in a real system so that the expansion
of potential energy must be considered to higher order terms
in thermal transport research.

The molecular dynamics simulation, which can take the
anharmonic effect into account, has been risen up as a pow-
erful tool in recent years for the researching of thermal con-
ductivity and frequency dependent thermal property. Com-
pared with the previous method as is discussed in above, MD
method based on force field (FF) which can get more infor-
mation without any initial physical environment settings. Be-
cause of that, the molecular dynamics simulation is an ideal
method for investigating the fundamental thermal property
for complex structure[49–53] and various structure dependent

property.[54–59] In addition, the MD simulation can also be
used in liquids,[60] surfaces,[61,62] clusters,[63–65] topological
insulators,[66] and so on.

There are two different methods to research the heat
transport properties in molecular dynamics simulation, i.e.,
the non-equilibrium (NEMD) and the equilibrium molecular
dynamics (EMD), respectively. The NEMD method is also
known as the direct method, which is based on the Fourier’s
law to calculate thermal conductivity. For the non-equilibrium
method, by introduced a temperature gradient into the both
ends of the entire system artificially, the heat flux will be
constructed when the entire system tends to the statistic non-
equilibrium steady state. The temperature of relative columns
atom along the longitudinal of materials is defined by energy
equipartition theorem, and the thermal conductivity can be
simply obtained by Fourier’s laws

J =−κ∇T. (34)

This method is more similar to real experiment measurement;
it is consistent with the actual physics process of heat conduc-
tion. More importantly, the way to control temperature such as
the Langevin thermostat, which is based on Brownian dynam-
ics, is a well-known motion laws of microscopic particle, and
is consistent with the fluctuation-dissipation theory. However,
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the shortcoming of NEMD method is the artificial heat bath.
For the Nose–Hoover thermostat,[67,68] the nonlinear response
of heat source and heat sink will result in fluctuation of heat
flux so that the nonequilibrium steady state is difficult to ob-
tain. For the Langevin thermostat,[69] the damping parameter
λ will be hugely influence temperature distribution. A smaller
λ results in the temperature being so difficult to reaching ex-
pect value, and a stronger λ will give rise to a large tempera-
ture jumping at the boundary of thermostate.

To calculate intrinsic thermal conductivity of materials,
the EMD method will be more suitable. Because there is not
any artificial heat bath introduced into the entire simulation
system. In short, the EMD method is based on Green–Kubo
formula[70,71] originating from fluctuation-dissipation theory.
It can be defined as follows:

K =
1

3V kBT 2

∫
τm

0
〈J(t)J(0)〉dt, (35)

where V is volume, kB is Boltzmann constant, T is average
temperature, τm is correlation time, and J(t)J(0) is heat flux
auto-correlation function. It is worth noting that both the
NEMD and EMD methods, which are based on the classic
Newton’s law, can not take quantum effect into considera-
tion. Therefore, the MD method cannot reproduce the well-
known quantization thermal conductance at low temperatures
and quantum structure. To remedy the shortcoming of MD
method, as a post-processing step after MD simulation, the
quantum correction technique can be appropriately expressing
temperature effect in MD simulation,[72] which assumes that
the heat flux is equal in the classical and quantum system. The
thermal conductivity can be redefined by quantum correction
as follows:

κreal = κMD
∂TMD

∂Treal
. (36)

Although the discrepancy of classical temperature and quan-
tum temperature can be corrected by equating the total energy
in classical and quantum descriptions. However, the actual mi-
croscopic dynamics and mechanical property at low tempera-
tures is still unable to reproduce by this method so that there
is a huge discrepancy between MD simulation and fully quan-
tum approach in the calculation of thermal conductivity be-
low Debye temperature. Another quantum approximation has
been proposed to mitigate this limitation in classical molecu-
lar dynamics system, such as the quantum Langevin heat bath
technology, and the detail can be seen in Refs. [73] and [74].

2.4. Boltzmann transport theory

For the larger size materials, according to dynamics the-
ory, the lattice vibration can be approximate to phonon gas,
which satisfies with the Bose–Einstein distribution. The ad-
vantage of this method is the various nonlinear transport pro-

cesses, such as the Umklapp process, electron–phonon cou-
pling, can be considered in calculation. If the phonon dis-
tribution function in non-equilibrium state is little difference
with the the equilibrium state so that we can simply regard the
phonon scattering process as the phonon relaxation time. In
general, we can use Fermi’s golden rule to obtain all phonon
scattering rate.[75,76] However, the ultra-high computing cost
makes the scattering rate of different phonon modes so dif-
ficult to obtain. Hence, we can simplify the solution by re-
laxation time approximation. Usually, there are four differ-
ent kinds of phonon scattering processes:[77–80] three-phonon
scattering, impurity scattering, boundary scattering, and the
electron–phonon scattering. Based on Matthiessen’s rule and
without considering the coupling relations between them, the
total relaxation time can be written as

τ
−1 = τ

−1
U + τ

−1
i + τ

−1
B + τ

−1
ep . (37)

If the temperature gradient is along the α direction, in specify
boundary, the heat flux density is given by

Jα = ∑
k

Nλ h̄ωλ vα

λ
=
∫

Nλ h̄ωλ vα

λ
ρ(ω)dω, (38)

where vα

λ
is the group velocity of α component, ρ(ω) is

the phonon density of state. Then, combining Eq. (38) and
Fourier’s law, we can obtain the phonon thermal conductivity

κ =
1
3

Cvv2
τ, (39)

where Cv is the specific heat capacity, for a linear dispersion
relations ωλ = vλ , according to Deybe model, the distribution
of different phonon to thermal conductivity can be expressed
as

κ =
kB

2π2v

(
kB

h̄

)3

T 3
∫

θD/T

0
τ(β )

β 4

(eβ −1)2 dβ , (40)

β =
h̄ω

kBT
, (41)

where θD is Deybe temperature. However, to accurately solve
the Boltzmann transport equation requires that the researcher
have pre-knowledge for physical process of phonon scatter-
ing. Moreover, the fluctuation of phonon was ignored in this
method, there are many researches demonstrated that when the
size of material is comparable with the phonon wavelength,
the standing wave and phonon coherent phenomenon will be
observed. For a brief conclusion, the application range of dif-
ferent methods have limitation at present. It is very important
to choose appropriate method to study different problems in
nanoscale. We simply summarized the advantages and disad-
vantages of different method in Table 1.
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Table 1. Comparison of different calculation method for thermal transport.

Method Theoretical basis Advantage Disadvantage Application range
Nonequilibrium
Green’s function

Quantum theory Quantum effect Anharmonic effect 10–103 atoms

Scattering Matrix Dielectric continuum model Quantum effect Atomic interaction Mesoscopic
Molecular Dynamics Newton’s equation Anharmonic effect Quantum effect 103–108 atoms
Boltzmann Transport

Equation
Semi-classical

Quantum theory
Anharmonic effect Wave behavior of phonon Periodic structure

3. Thermal transport property in nanoscale
structures
With the increasing ICs chips integration level and the

device size shrinks, the thermal management has become an
extremely urgent issue. It is important to find the ultra-high
thermal conductivity materials to serve as the heat dissipa-
tion or conduct device. But on the other hand, the ultra-low
thermal conductivity materials, which can be used in thermo-
electric cooling or energy conversion, are also a ways to solve
these problems. All these problem requires an efficient way to
control heat flow in nanoscale. Because of that, the in-depth
understanding of thermal property of various materials is di-
rectly relates to the lifetime of electronic device and energy
conversion efficiency. In this section, we would like to give a
brief review on the thermal property of various nanostructure
and novel physical mechanisms from the theoretical simula-
tion standpoint.

Unlike the bulk materials, the low dimensional structure,
such as graphene, will be hugely influenced by quantum con-
finement effect. It has drawn great attention in recent years

due to the unique physical properties, such as the robust nega-
tive differential resistance phenomena,[81] excellent mechan-
ical property,[82] ultra-high thermal conductivity,[83–85] and
quantum anomalous Hall effect,[86] and so on. Moreover,
other graphene-like materials, such as MoS2,[87] graphyne,[88]

borophene,[89] silicene,[90] etc., were emerging endlessly.
These discoveries make possible to understand the thermal
transport mechanism in nanoscale.

For 2D materials, there are various factors can influenc-
ing the thermal conductivity significantly,[91] such as size,[92]

defect and doping,[93,94] edge,[95] substrate,[96] and so on.
In general, the high-frequency phonon will be greatly influ-
enced by defects and impurities,[97,98] while the low-frequency
phonons are insensitive to these kinds of effect.[99] However,
the previous works does not take the different phonon modes
into account. Utilizing the NEGF method, Peng et al.[100] de-
scribed the influence of different types defect for thermal con-
ductivity of graphene nanoribbon. It is found that different
vibration modes will show different behaviors on different de-
fect sizes and types, as shown in Fig. 3.

Fig. 3. (color online) Phonon transmission function of 8-ZGNR: (a) without cavity; (b) with a cavity; (c) with two cavities; (d) with three
cavities, respectively. Different curves corresponding to the total transmission rate (blue solid line), transmission rate of IPMs (red dashed
line), and transmission rate of FPMs (black dotted line), respectively. (e), (f) Phonon local density of state of the (e) FPMs and the (f) IPMs at
ω = 25 cm−1. Reprinted with permission from Ref. [100]. Copyright (2014) by Elsevier Publishing.
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Interestingly, the two kinds of phonon modes show dif-
ferent characteristics in cut-off frequency after we separate the
phonon transmission spectrum into out-of-plane and in-plane
vibration. The further result shows that the flexural phonon
modes (FPMs), especially the high-frequency region, is more
influenced by cavity defect, which agrees well with previous
works. More interestingly, for the IPMs (in-plane phonon
modes) the low-frequency phonon is no longer sensitive to the
cavity defect, and even the high-frequency phonon has also al-
most not affected by this defect type. From the perspective
of the phonon density of state, the difference of FPMs and
IPMs will be more obvious. The FPMs is totally localized at
the frequency 25 cm−1. This indicates that the low-frequency
phonon influenced by vacancy defect on graphene and other
2D materials may be also strongly associated with the shape
of the defect rather than only the high frequency phonon will
be influenced by vacancy defect.

With the dimension further decreasing, the quantum
effect will affect the physical property of materials more
strongly. Before the discovering of graphene, the one/zero di-
mensional nano structure have been observed by many exper-
imental researches. The thermal property of nanowire,[101,102]

nanotube,[103–106] quantum dot[107] and another shaped quan-
tum structure[108] has been attracted increasing attention in re-
cent years. Many interesting physical phenomena associate
with these structures were observed by theoretical simulation
and experiment, such as the anomalous heat conduction,[109]

phonon-assisted heat generation,[110] splitting behavior of
acoustic phonon,[111] reversal of thermal rectification,[112] and
so on. For these structures, due to the size of device is much
smaller than mean free path of phonon so that the scattering
matrix method and nonequilibrium Green’s function method
can be more convenient to describe the transmission coef-
ficient of different phonon modes, which consist well with
the experimental result in low temperature. Like the spectro-
scope, the theoretical simulation can easily separate the dif-
ferent phonon modes contribution of thermal conductance so
that to study the underlying physical mechanism of thermal
transport, and this is usually unattainable in experiment mea-
surements.

Figure 4(a) shows a GaAs catenoidal structure quantum
wire,[113] and the thermal conductance of different types of vi-
brational modes was little attention in this structure. As shown
in Figs. 4(b)–4(d), the thermal transport behavior shows dif-
ferent behavior with different structure. An obvious quantized
thermal conductance plateau can be observed in the perfect
quantum wire, and the two optical modes are coupling with
each other in perfect quantum wire so that to be distinguishing
them is so difficult. For catenoidal structure quantum wire, the
different transport behavior of different vibrational modes can
be found between optical mode and acoustic mode, and the

result shows that the universal quantized thermal conductance
value π2k2

BT/3h at low temperature originates from the low-
est four acoustic modes so that we can only observe four units
of the value π2k2

B/3h, and a previous theoretical research also
confirmed this result.[114] Moreover, it can be simply seen that
the single acoustic mode is more sensitive to the variation in
the structure parameters.

Fig. 4. (color online) (a) Heat source and heat sink with the temperature
T1 and T2 are connected by a catenoidal wire with a rectangular cross-
sectional area A(x) = hl(x), where h is thickness in the z direction and
l(x) = cosh2(x/λ ). (b) The total conductance divided by temperature K/T
reduced by the zero-temperature universal value π2k2

B/3h. The solid, dashed,
dotted, and dashed-dotted curves correspond to d1 = d2 = 50 nm; d1 = 60,
λ = 5021.6 nm; d1 = 200, λ = 1653 nm; and d1 = 2000, λ = 860 nm, respec-
tively. Here, the d2 = 50, a = 2176.9, and h = 50 nm. (c) and (d) correspond
to the thermal conductance for the lowest six types of vibrational modes di-
vided by temperature K/T reduced by the zero-temperature universal value
π2k2

B/3h. The solid, dashed, dotted, and dashed-dotted in (c) and (d) corre-
spond to dilatational mode, torsional mode, and two flexural modes in z and
y direction, respectively. The solid and dashed curves in inserted figure in
(c) and (d) correspond to two shear modes in z and y directions, respectively.
The structure parameters in (c) and (d) are d1 = 2000, λ = 860 nm; d1 = 60,
λ = 5021.6 nm, respectively. Here, d2 = 50, a = 2176.9, and h = 50 nm.
Reprinted with permission from Ref. [113]. Copyright (2010) by American
Physical Society.

From the prospective of informatics, the heat is destruc-
tive for information memory and transport. However, the
emergence of phononics make the people understand that the
heat can be regarded as the information or signal. Since then,
there are many novel mechanisms of thermal transport were
observed in experiment and theoretical calculation, such as the
thermal rectification, phonon resonance, negative thermal dif-
ferential resistance, thermoelectric, and so on. The analysis
of these different mechanism will be conducive to further im-
prove the performance of nanoscale function devices.
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The electron diode and spin filter device has been widely
researched by theory and experiment,[115–120] as same as the
electron diode, by coupling two different materials we can
construct a heterojunction to form the asymmetry of heat
current when the temperature difference is inverted. The
first model to open the possibility of building the ther-
mal rectifier[121] is proposed by Terraneo in 2002. Since
then, the application of thermal rectification effects, such
as thermal logic gates,[4] thermal transistor,[122] and thermal
memory,[123] have been widely studied in theory. The first

solid-state thermal rectifier experimentally also realized by us-

ing the asymmetrically mass-loaded carbon and boron nitride

nanotubes.[124] In short, finding the way to control the heat

transport and thermal rectification has been become an impor-

tant issue for the designing of thermal devices. However, the

origin of thermal rectification effect is not one-fold. Such as

the interface,[125] grain boundary,[126] defect and doping,[127]

mass and structure graded,[128–132] each of these can influence

the thermal rectification ratio.

Fig. 5. (color online) (a) Cross-sectional view of GaAs/InAs (zinc blend) and InAs/GaAs (wurtzite) core-shell nanowire. The As, In, and Ga
atoms are identified by black, blue, and orange, respectively. (b) Time-averaged temperature profile of the InAs/GaAs core-shell nanowire.
(c)–(f) Distribution of heat flux in the cross section of InAs/GaAs core-shell nanowire. (c) is for pure InAs nanowire. (e), (f) are for InAs/GaAs
core-shell nanowire with shell thickness of 0.43 nm, 0.86 nm, and 1.29 nm, respectively. Reprinted with permission from Ref. [133]. Copyright
(2013) by AIP Publishing LLC.

Recently, an important mechanism to better control the
heat flux in nanoscale structure was proposed by Liu et al.[133]

They demonstrated that the core-shell nanowires have great
potential to serve as a heat cable to control the channel of ther-
mal transport. As shown in Fig. 5, in simple terms, by control-
ling the thickness of the cladding layers, we can effectively
tune the group velocity of phonons in the nanostructure and
further reengineering the phonon dispersion relations so as to
obtain more excellent thermal property in nano-device. The
heat flux distribution can be flexible tuned by different shell
thickness and core-shell materials. In addition, this mecha-
nism was also proved to be strongly enhancing the thermo-
electric energy conversion efficiency.[134]

Accordingly, a more efficient mechanism to enhance

thermal rectification ratio[135] was further examined by MD

simulations. As shown in Fig. 6, the great temperature

fluctuation[136] can be observed in an asymmetric graded

nanowires. This phenomenon means that there are periodi-

cal nodes and antinodes formed in the entire system so as to

suppressing the heat flux along the heat transport direction.

These results show that the standing wave which exists in the

graded nanowires can be serve as a powerful mechanism to

enhance the thermal rectification effect, and serve as a fun-

damental mechanism for the relevant thermal transport prob-

lem. From the perspective of theory, the standing wave will be

formed when the length of the nanowire and the wavelength

of the thermally induced lattice wave satisfy the following re-
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lationship:

L = n
(

λ

2

)
, n⊂ N. (42)

Considering the basic formula for calculating the wavelength
and the determining factors of the wave velocity

λ =
v
f
, v =

√
F
ρl
, (43)

where F and ρl denote the tension and mass density of the
system. From these equations, we can easily determine that
both of the different mechanical properties and the unequal
vibration frequency of different materials contribute to the in-
equality of the wavelength. This indicates that the resonance
state can be flexibly controlled by changing the length of the
graded nanowires.

Fig. 6. (color online) (a) Thermal rectification ration of the two kinds of
graded nanowire. Heat current versus temperature difference ∆ is also
given in the insets. (b) Structure and temperature profile of a pure InAs
nanowire with wider steps, ∆ =−0.3. The As and In atoms are identi-
fied by brown and orange, respectively. Reprinted with permission from
Ref. [135]. Copyright (2014) by AIP Publishing LLC.

Fig. 7. (color online) (a) Effect of temperature parameter TL on the non-
linear thermal transport. (b) Typical contour of local atomic heat flux
under different ∆ . Here, TL = 700 K. Reprinted with permission from
Ref. [138]. Copyright (2017) by AIP Publishing LLC.

The success of thermal rectifier and heat cable suggests
that the heat flux can be manipulated as the signals. Most
applications of thermal devices are relevant to heat conduc-
tion in the nonlinear regime. Controlling the heat flux plays
a vital role in the operation of these devices. As shown in
Fig. 7, there is a phenomenon similar with thermal rectifica-
tion which is named negative differential thermal resistance
(NDTR).[122,137,138] The NDTR can be observed at the con-
dition of huge temperature gradient in graphene/h-BN het-
erostructure, which is caused by the mismatch of lateral vibra-
tion mode in graphene and h-BN domain. More interestingly,
the nonlinearly thermal transport process only occur on the
condition of the heat flux direction is graphene to h-BN. These
results indicate that we can control the intensity of NDTR by
tuning the temperature and edge size of this system. The ther-
mal diodes and triodes, which are based on these mechanism
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as discussed in above, allowing us to manipulate the heat cur-
rent just like the electric current.

4. Thermoelectric property in nanoscale struc-
tures

Besides the management and manipulation of thermal en-
ergy, with the growing energy shortages, looking for a new
energy of environment protection and pollution-free has been
received considerable attention in recent years. Thermoelec-
tric materials can generate electricity directly from waste heat,
and thus provide a solution to these problems. It plays an im-
portant role in new energy resources field. The energy conver-
sion efficiency of thermoelectric materials is determined by the
thermoelectric figure of merit (ZT). It is defined as follows:

ZT =
σS2T

κel +κph
, (44)

where σ is the electronic conductance, S is the Seebeck co-
efficient, T is temperature, κel and κph is the electronic and
phonon thermal conductivity, respectively. From Eq. (44),
we can simply see that the high ZT required the minimized
thermal conductivity and maximum power factor σS2. How-
ever, the enhancement of ZT is not a simple process. The
Widermann-Franz laws[139] found that the electronic thermal
conductivity κel and electrical conductance have a positive cor-
relation with each other. The coupling relationship of these
parameters can be described as follows:[140]

S =
8π2k2

B
3eh2 m∗T

(
π

3n

)2/3

, (45)

σ = neµ =
ne2τ

m∗
, (46)

κel +κph = LσT +κph, (47)

where n is the carrier concentration, τ and m∗ is the density
of states effective mass and relaxation time, respectively, L
is the Lorenz number. In general, the power factor is influ-
enced by scattering rate, energy state density, carrier mobility,
and fermi level. However, the former three property was de-
termined by the intrinsic property of materials, so that, from
the above relationship we can see that there are two better
pathways to enhance the performance of thermoelectricity in
present, i.e., band structure engineering and reduction of lat-
tice thermal conductivity. On one hand, through the careful
and effective adjustment of bandstructure,[141,142] we can ob-
tain higher effective mass of electron and more valley struc-
ture in band structure so as to enhance the ZT value. On the
other hand, the reduction of lattice thermal conductivity or the

intrinsic ultra-low thermal conductivity materials can also im-
prove overall performance of the thermoelectric energy con-
version. The lower phonon thermal conductivity means the
higher temperature difference will be induced in both ends of
system so as to enhance the ZT in a constant temperature.

On the one hand, there are various ways to en-
hance thermoelectric energy conversion efficient of inor-
ganic crystals, such as defect[143–145] and doping,[146–148]

core-shell structure,[149–151] superlattice,[152,153] branch
structure,[154,155] strain[156,157] and electric field
engineering,[158] phonon-drag effect,[159] and so on, which
are widely studied in experiment and theoretical simulation.

For the thermoelectric performance regulation, the defect
and doping plays vital roles in reduction of phonon thermal
conductivity, which can be obviously suppress the phonon vi-
bration density of states in the entire frequency range, As is
shown in Fig. 8. Compared with the case of without defect,
the phonon thermal conductivity is only around one fourth of
its in the condition of vacancy defect existence. Both of the
low and high frequency phonon modes are remarkable sup-
pressed by vacancy defect. Moreover, the power factor have
also not affected by vacancy defect in middle and high tem-
perature region so that the ZT increases with increasing tem-
perature obviously.

Another efficient way to obtain high ZT is superlattice
structure, as shown in Fig. 9, Chen et al.[152] demonstrated
that with the increase/decrease in period length, there will exist
a minimum thermal conductivity in superlattice system. The
temperature behavior presents a wave-like characterize, which
indicates that the phonon transport will experience transition
process from coherent to incoherent when the periodic length
Lp tends to be a specific length. A follow-up work also shows
that the ZT value of similar structure could be as large as 2.7 at
300 K,[160] which indicates that these structures have great po-
tential to serve as powerful thermoelectric energy conversion
device.

While as for the strain engineering, we can see that, the
phonon frequency will redshift with the strain loaded, as show
in Fig. 10, so as to hold down the thermal conductivity of en-
tire system. These methods discussed above can be combined
with each other to enhance the performance of thermoelec-
tric materials more efficiently. In short, the underlying phys-
ical mechanism for thermoelectric, such as the correctness of
the Widermann–Franz laws, is still unclear in low dimensional
and extreme physical environment. From the theoretical stand-
point, the decoupling of each parameter of ZT also a direction
with challenges and potential, which can be further enhance
the performance of thermoelectric energy conversion efficient.
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Fig. 8. (color online) (a), (b) The ZT value and power factor of perfect and defect β -graphyne; (c) phonon thermal conductivity with defect
and without defect; (d) phonon transmission coefficient with defect and without defect; (e) localized phonon density of state for pristine and
defective β -graphyne at the different typical frequencies. Reprinted with the permission from Ref. [145]. Copyright (2017) by Elsevier.

Fig. 9. (color online) Temperature distribution of single-layer BNC with different periodic length Lp at 200 K. Reprinted with the permission
from Ref. [152]. Copyright (2017) by AIP Publishing LLC.
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Besides the bulk materials, with the progressing of molec-

ular synthetic technique, the organic molecular system[161–168]

has also been paid more attention in recent years. The molec-

ular junction[169–173] and molecular crystals,[174] and so on

were both expected to serve as the powerful thermoelectric

materials. The electrode and molecule are coupling with

each other,[175] which is dynamics coupling between transmit-

ted electrons and molecular vibration that can strongly affect

the transmission process of electron so that we have to con-

sider the electron–phonon coupling effect in molecule devices.

Without considering electron–phonon coupling effect, based

on nonequilibrium Green’s function method, Cao et al.[176]

confirmed that compared with the perfect graphene nanorib-

bon, the single molecular will dramatically enhance the scat-

tering rate of phonon so as to greatly reduces the thermal con-

ductivity of both acoustic and optical phonon, as shown in

Figs. 11(a) and 11(b).

Fig. 10. (color online) (a)–(d) Phonon dispersion relations with strain
of 0.04, 0.08, 0.12, 0.16 at 300 K. (e) Normalized thermal conductiv-
ity and stress (κ/κ0 of h-BN/graphene heterostructure as a function of
strain, where the strain along the x direction. The stress distribution is
given in insert. Reprinted with the permission from Ref. [156]. Copy-
right (2017) by IOP Publishing.

Furthermore, an interesting phenomenon will be founded

when we take the electron–phonon interaction into account in

molecule system, that is, the electric current will obviously

enhanced by electron–phonon coupling,[177–179] as shown in

Figs. 10(d)–10(f). It is easy to see that both of the electric and

magnetic properties was hugely influenced by the propagation

of phonon. From the perspective of the weight of specific

phonon mode in phonon dispersion relations, the electron-

phonon coupling effect in the dynamical area of graphene

device originates mainly from the optical phonon. And the

spin current with and without considering the electron–phonon

coupling effect makes huge different. Obviously, the spin fil-

ter phenomenon was destructed by lattice vibration. As shown

in Figs. 10(a)–10(c), a recent study also confirm this phe-

nomenon by combining MD and NEGF method.[180] These

results mean that the spin filter phenomenon may not be ob-

serving in room temperature unless the phonon vibration was

suppressed by another physical or chemical method. Almost

simultaneously, the experiment is confirmed the room temper-

ature spin filter by using the Ni/graphene/Fe van der waals

heterostructure,[181] which is a direct evidence for the sig-

nificance of electron–phonon coupling effect in nano-device.

However, the present theory for electron–phonon coupling

is just considering the interaction of ballistic phonon and

electrons,[182–185] it is still insufficient for reconstruct the real

physical process. This in turn requires further understanding

of electron-phonon interaction in real system. It may promote

greatly the progress of thermoelectricity and electric devices.

On the other hand, the parameters coupling relationship

of ZT has always plagued us so that the energy conversion ef-

ficiency is difficult to improve. Except the traditional thermo-

electric effect, the piezoelectric effect and triboelectric effect

also have great potential to convert disorder energy into us-

able energy. Since the realization of piezoelectric in Zinc Ox-

ide nanowires[186] in 2006, piezoelectricity have been a real

hotspot in recent years. Various nanogenertors based on dif-

ferent materials have been developed,[187–189] and the applica-

tion of these nanogenertors has covered electronics powering,

signal sensing and so on. However, the energy source of piezo-

electricity is usually irregular ambient natural energy like wind

or manually provided mechanical energies, and consequently,

either the output electric potential is aperiodic or the energy

source is not the basic energy like heat in our nature. The

advantage of thermoelectric can directly convert heat energy

into electricity, but the output is limited to direct current and

the difficulty in increasing the efficiency is widely known.
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Fig. 11. (color online) (a) Structure deformation of 8-ZGNR induced by temperature effect. The C and H atoms at two different moments are represented by
gray and silver, and red and green, respectively. (b) and (c) The spin I–V curve of the ideal 8-ZGNR and 8-ZGNR with phonon effect. (d) The phonon band
structure of infinite GNRs. The widths of the red bands are proportional to the weight function of electron-phonon interaction, where the (1-6) represent the
phonon modes at the Γ point of the six most effective bands. The dashed line shows the structural symmetric mirror plane δ through the center of GNR. (e)
The magnetoresistances (MR) of ferromagnetic 6-ZGNR with (solid line) and without (dashed line) consideration of electron-phonon interaction at 4.2 K.
(f) The spin up current of the elastic Iel and phonon-influenced Iph parts in parallel and antiparallel configurations at 4.2 K. Reprinted Figs. 10(a)–10(c)
and 10(d)–10(f) with permissions from Ref. [177] and Ref. [180], respectively. Copyright (2017) by AIP Publishing LLC and copyright (2016) by IOP
Publishing.

Encouragingly, utilizing the molecular dynamics simula-
tion, Liu et al.[190] predicted a novel mechanism for thermo-
electric energy conversion based on the combination of lat-
tice dynamic and piezoelectric effect. As is known, the lattice
wave can be approximately regarded as the harmonic vibration
so that the amplitude of the vibration can be easily estimated
by the following classical equation:

E =
1
2

mA2
ω

2, (48)

where the m is the mass of atom, ω is vibration frequency.
Considering the quantized of phonon energy, which is given
by

E j(T ) =
1
2

h̄ω j +
h̄ω j

exp
(

h̄ω j

kBT

)
−1

. (49)

We can approximately obtaining the amplitude of lattice wave
by combining the Eqs. (48) and (49) under the harmonic
approximation. Interestingly, the result suggests that the
vibration amplitude in nanoscale will be more larger than
macroscopic materials. However, the vibration amplitude of

nanowires in constant temperature is still insufficient to ap-
plied on piezoelectric materials. To enlarge the deflection de-
gree of this phenomenon, we introduce a temperature gradi-
ent along the nanowires into all system so that the periodic
deflect can be obtained by direct heating the local few lay-
ers atom of GaN nanowire. The maximum bending radius as
large as 9 nm and 5 nm in ZnO and GaN nanowire respec-
tively. These values has been many times larger than the am-
plitude of the lattice wave excited by unitary heating. And the
obvious piezoelectric potential, which is reached 0.34 V, can
be observed in this condition. This energy conversion process
provide another way to convert the thermal energy to electric
energy rather than dependent on Seebeck effect. Moreover, the
realization of this mechanism is independent of the materials.
We can thus realize this mechanism not only in GaN and ZnO
nanowires, but also in other III–V semiconductor nanowires
and II–VI semiconductor nanowires, and so on.

5. Conclusion
We present a brief overview of the different theoretical

model in nanoscale thermal transport field, and a serial of nov-
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elty phenomena were predicted by these model. At first, we
introduced several kinds of theoretical method and the appli-
cation range of different theories from the ballistic to diffusion
transport. At present, the theoretical research of heat transport
still lacking a standard model for different systems so that the
choice of method is so important, which has a direct impact
on the correctness of the results. The introduction and com-
parison of different theoretical methods aim to provide better
choice and guidance to study the heat transport properties in
different system.

Based on these theoretical models, we present several ef-
ficient ways to manipulate the heat flux. And the various novel
thermal transport mechanism in nanoscale structure were pre-
dict by theoretical simulation, such as the various defect effect,
standing waves, negative differential thermal resistance, the
destructive of spin filter by phonon. These studies are mainly
focus on the regulation of electron and phonon properties.
Moreover, we designed a series of approaches to remarkable
enhance the thermoelectric performance in nanoscale struc-
ture. For the follow-up researches, these discovers could be
provide a guideline for design and theory research on micro-
electronic device so that to further promote the application of
thermal and thermoelectric energy conversion devices.
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