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The energy and trajectory of the electron, which is irradiated by a high-power laser pulse in a cylindrical plasma
channel with a uniform positive charge and a uniform negative current, have been analyzed in terms of a single-electron
model of direct laser acceleration. We find that the energy and trajectory of the electron strongly depend on the positive
charge density, the negative current density, and the intensity of the laser pulse. The electron can be accelerated significantly
only when the positive charge density, the negative current density, and the intensity of the laser pulse are in suitable ranges
due to the dephasing rate between the wave and electron motion. Particularly, when their values satisfy a critical condition,
the electron can stay in phase with the laser and gain the largest energy from the laser. With the enhancement of the electron
energy, strong modulations of the relativistic factor cause a considerable enhancement of the electron transverse oscillations
across the channel, which makes the electron trajectory become essentially three-dimensional, even if it is flat at the early

stage of the acceleration.

Keywords: laser—plasma interaction, direct laser acceleration, cylindrical plasma channel
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1. Introduction

In recent years, laser—plasma interactions have attracted
considerable interest.['8] Generation of energetic electrons
is a key feature of ultra-intense laser—plasma interactions

and has been successfully employed in a variety of ap-

plications, such as powerful terahertz (THz) radiation,*-!?]

13] 141 and

18-20]

particle sources,| x-ray and 7y-ray emission!
ion acceleration.!'5>"171  Laser-wakefield accelerator,!
the laser beat wave accelerator!”'~23l and ponderomotive
acceleration!?*3] have been developed in order to enhance the
electron energy gain from laser waves and generate high ener-
getic electrons. Electron acceleration with 4.2 GeV energy is
being achieved. 2%

Recently, it has been shown that laser-driven relativistic
electrons in plasma channels are a potential source of short-
wavelength radiation being emitted at the turning points of
the electron oscillations in the channel. This emission pro-
cess is treated in the framework of the direct laser acceleration
(DLA) scheme of electrons in plasma channels. This accel-
eration scheme can be used to explain the high electron en-

sI?7I'and in high-intensity

ergies observed in PIC simulation
laser experiments. [ In contrast to the laser wakefield acceler-
ation (LWFA),[28] the electrons are directly accelerated by the
self-focussed laser field without the presence of a longitudinal

wakefield. Direct laser accelerations of electrons in ion chan-
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nels and plasma bubbles have been considered analytically and
through extensive computational work.?*-31]

It is well known that the laser—plasma interaction and
thus the mechanism responsible for electron acceleration
strongly depend on the duration of laser pulse and the plasma

132,331 Tn the case of a long laser beam, its pondero-

density.|
motive pressure tends to expel plasma electrons from the beam
in the transverse direction. This expulsion can be overcome
by a plasma channel.*”! Hence, the laser pulse can propagate
through the plasma and its propagation is typically accompa-
nied by cavitation of the electron density when the density of
plasma is low.3*! It has been shown that a steady-state chan-
nel is formed in the plasma in this case with quasi-static trans-
verse and longitudinal electric fields and these relatively weak
fields significantly alter the electron dynamics.[**! In addition,
it has been shown that parametric instability?*=38] can cause
free oscillations of the electron perpendicular to the plane of
the driven motion to become unstable. 3331

In this paper, the energy and trajectory of the electron in a
cylindrical plasma channel with a uniform positive charge and
a uniform negative current have been discussed in terms of a
single-electron model of direct laser acceleration. We have
analyzed the dynamics of the electron which is irradiated by a
high-power laser pulse in the channel. We find that the energy
and trajectory of the electron strongly depend on the positive
charge density, the negative current density, and the intensity
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of the laser. The electron can be accelerated significantly only
when the uniform positive charge density, the uniform nega-
tive current density, and the intensity of the laser pulse in suit-
able ranges. Particularly, when their values satisfy a critical
condition, the electron can stay in phase with the laser and gain
the largest energy from the laser pulse. Meanwhile, the free
oscillations of the electron perpendicular to the plane of the
driven motion become unstable due to strong modulations of
the relativistic factor associated with the energy enhancement
if the electron is initially slightly displaced from the axis of the
channel. As a consequence, out of plane displacements grow
to become comparable to the amplitude of the driven oscil-
lations and the electron trajectory becomes essentially three-
dimensional, even if it is flat at the early stage of the acceler-
ation. Hence, the instability threshold for developing electron
acceleration and the electron energy gain from the laser can be
controlled by adjusting suitably positive charge density, nega-
tive current density, and the intensity of the laser pulse. The
free oscillations of the electron perpendicular to the plane of
driven motion are likely to become unstable when the electron
is accelerated.

2. Model and theoretical analysis

In order to discuss the electron acceleration in a cylindri-
cal plasma channel which is along the x axis with a uniform
positive charge density 7 and a uniform negative current den-
sity j, we consider the behavior of a single electron irradiated
by a plane electromagnetic wave with frequency @y and in-
tensity /, propagating along the channel with phase velocity
Vph A c. It is convenient to use a Cartesian system of coor-
dinates (x,y,z), with the x axis directed along the axis of the
channel and in the direction of the wave propagation. Without
any loss of generality, we set the wave electric fields and mag-
netic fields to be directed along the y and z axes, respectively.
Gaussian units are used. The electron is acted by the electric
fields (E) and magnetic fields (B). The electron motion can
be described by 3740

d
d—I;:—eE—gva, (1)

where p = ym.v denotes the electron momentum, ¢ denotes
the time in the laboratory frame of reference, m. denotes
the electron mass, —e denotes the electron charge, v denotes
the velocity of the electron, ¢ is the velocity of light and
1 + p2/(mZc?) is the relativistic factor. The electric field
is a sum of a static field of the space charge E. and an oscillat-
ing field of the wave Ey, thatis E = E.+ E,,. E,= -V &
and E,, = —(1/c)(d A/dt), respectively. The magnetic field
B in Eq. (1) is only due to the wave, B = By, By, =V x A.
The electromagnetic fields are derived from the potentials*!]

ed 1
— = —EkE(k()r)z, (2)

MmeC

A 1
= kg (kor)?e,+AgsinEey, 3)

mec? 2

where r = \/y? + 72 is the electron displacement from the axis
of the channel, and ko = @y/c, & = wy(t — x/c). The model
includes three dimensionless parameters kg = 7/(2enc), kg =
—jx/(2encc) and Ag = /1/y, being defined in terms of the
critical density n. = me3/(4me®) and the relativistic unit
of laser intensity Iy = c(mewoc/e)?/(87) with Iy = 1.368 x
10'® W/cm? for 1 um light.

In the following, the variables (x,y,z), p, v, t, E, and B
are normalized by ¢/ @y, mec, ¢, 1 /@, me@oyc/e, and mep /e,
respectively. For simplicity, a new dimensionless parameter 7
(normalized by 1/ay) is used instead of 7 and defined by the
relation dr/d7 = y. Hence, & =t — x can be derived into the
following form:

dg

V- — {— Px 4
P “

and then, we can obtain the following set of equations for the
electron motion:

dp: _ pyAocosE | ks (ypy +2p:)

dé Y— Da Y—pr ®
% = Agcos& — %)@ (©)
cci% % fypx’ ®
ccll% B }'fsz' ®

From Egs. (4), (8), and (9), we have dr?/dt = 2(yp, +
zp;), dsin&/d7 = (y— py)cos&, and then, by using Eq. (4),
equations (5)—(7) become

dpr _ pyAo dsiné ks dr? (10)
dt  y—pc dr 2 dt’

dp, dsiné

YA — 11

1~ Ao—g: (Yke + kB py)y, (1
dp,

— = —(Ykg+k . 12
az (Yke + ks px)z (12)

It can be derived from the relativistic factor y =

\/ 1+ p3+pj+ p? that

dy dpx dpy dp;
—r_ 2y Pz 1
ydT Px dt + Dy dt +p; dt’ (13)

and then, from Eqgs. (10)—(13), we can obtain an important in-
tegral of motion

1
Y= Pty (ke +hp)r? =C, (14)

where C is a constant determined by the initial conditions. The
dephasing rate ¥ — p, between the wave and electron motion
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can be determined from Eq. (14), which depends on the di-
mensionless parameters kg, kg (which denote the densities of
charge and current) and the amplitude of the electron oscilla-
tions r across the plasma channel. On the one hand, it sets an
upper limit for the amplitude of electron oscillations across the
plasma channel. The y-factor tends to enhance when the am-
plitude of the electron oscillations across the channel becomes
large for some special values of the dimensionless parameters
kg and kg. On the other hand, the dephasing rate ¥ — p, be-
tween the wave and electron motion limits the electron energy
gain from the wave. If the electron moves with laser together,
then it can gain more energy from the laser. However, the elec-
tron moves slower than the wave and is therefore subject to
dephasing. For the same initial displacement, the electron will
stay in phase with the wave for a longer time if the dephasing
rate Y — p, changes more slowly and y — p, keeps near zero
for a longer time, therefore, the electron can gain more energy
from the laser.

Without the charge density and current density (i.e., kg =
kg = 0) and assuming that initially the electron is at rest
and its initial displacement from the axis of the channel is
small (i.e., C = 1), equations (11), (12), and (14) indicate
that p, = (1/2)A2sin? &, p, = Agsin&, p, = 0. Then, we can
obtain y = 1+ (1/2)A3sin*> & and its maximum is obviously
Yoac = 1+ (1/ 2)A%. In order to get the result of ¥ > Y%c, the
dephasing rate Y — p, must be very small. From Eq. (14), we
can obtain the dephasing rate as

1
Y—DPx = 17*(kE+kB)r2.

2 5)

It can be seen easily from Eq. (15) that the dephasing rate
strongly depends on the density of charge, current in the
plasma channel, and the amplitude of the electron oscillations
across the plasma channel. The dephasing rate Yy — py, — 0 only
when the values of kg and kp satisfy the following relation:
kg + kg ~ i

2
T'max

(16)

18 4 e— numerical results
Tmax = 4 A0

T'max

Fig. 1. (color online) The value of rm,x as a function of A for a series of
values of kg and kg, the black dots on the line are the numerical results.
Obviously, the maximum amplitude of the electron oscillations across
the plasma channel ryax is proportional to the intensity of the laser Ag:
Fmax ~ 4A¢.

From dynamical and kinematical equations of the elec-
tron, we can know that the maximum amplitude of the electron
oscillations across the plasma channel 7y, 1S proportional to
the intensity of the laser Ag. In Fig. 1, the numerical results
are shown of the value of ry,x as a function of A for a series
of values of kg and kg. The green line with the black dots rep-
resents the numerical result, the red line satisfies rp,x = 4Ap.
As we can see from Fig. 1, those two lines are approximately
coincident with each other, hence, we can say that the value of
rmax 18 surely proportional to the intensity of the laser A for a
series of values of kg and kg and the relation of them satisfies
Fmax ~= 4Ag. It should be noted that, when the intensity of the
laser Ag becomes large enough, the maximum amplitude of
the electron oscillations across the plasma channel rp,,x tends
to be saturated for some values of Ayg. However, rya increases
with Ay overall. Then, the values of kg and kg should be ad-
justed suitably and the dephasing rate Y — p, — 0 only when
the values of them satisfy the following relation:

kg + kg ~ 17

8A3

The electron can be accelerated obviously with the result
of ¥ > Nac at this moment. Hence, there is a maximum value
area of Ymax/ ac in (kg, kg) space where kg +kp ~ 1/ (SA(%) is
satisfied. In addition, equation (16) indicates that the value of
rmax becomes large with the decrease of kg, kg when the elec-
tron is accelerated, so, the dephasing rate ¥ — p, keeps near
zero for longer time and the electron can gain more energy
from the wave. Hence, we conclude that the electron energy
gain from the wave strongly depends on the values of kg, kp
and Ag. For the fixed value of Ay, the electron can be accel-
erated significantly and gain more energy from the laser only
when kg + kg = 1/(8A3). The variation of the maximum am-
plitude of the electron oscillations across the plasma channel
rmax and the electron maximum energy gain from the wave
Ymax against the value of dimensionless parameters kg, kg and
A have similar characters. The electron trajectory may change
from planar two-dimensional motion to three-dimensional mo-
tion when the electron is accelerated significantly and gain
more energy from the laser due to strong modulations of the
relativistic y-factor. Therefore, the instability threshold for de-
veloping electron acceleration and the electron energy gain can
be controlled by adjusting suitably the values of kg, kg and Ag.
The numerical results confirm these predictions.

3. Numerical results

To confirm the theoretical prediction, we solve Egs. (4)—
(9) numerically when the initial conditions are given. We use
the initial conditions of x(0) = 0, y(0) = 0.01, z(0) = 0.05,
Px(0) = py(0) = p,(0) = 0 in all cases.

Figure 2 Shows ¥max/Yac> "maxs |Z|max/‘y‘max as a func-
tion of kg, kg, and Ay, respectively. Ymax/%ac > | indicates
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that the electron can be accelerated significantly and gain more
energy from the wave. The value of ry,x represents the max-
imum amplitude of electron oscillations across the plasma
channel. The |z|max/|Y|max < | indicates that the electron
trajectory is a stable planar two-dimensional motion, while
|z|max/|Y|max ~ 1 indicates that the electron trajectory is un-
stable and three-dimensional motion occurs. From Fig. 2,
we can easily find that the developing of instability and the
electron energy gain strongly depend on three parameters kg,
kg, and Ag. For the fixed value of Ap, as we can see obvi-
ously from Figs. 2(a)-2(c), the electron energy is very low
(Ymax/Wac < 1) when the values of kg and kg are far below
the line of kg + kg ~ 1/(8A3), which is marked by a red line in
Fig. 2, it indicates that the electron gets litter energy from the
wave and cannot be accelerated in these ranges. In this case,
as we can see from Figs. 2(d)-2(i), the corresponding value of
Fmax 18 also very small and the electron trajectory is a stable
planar two-dimensional motion due to the low energy of the
electron. However, there is a maximum value area of Ymax / Fac

0.05

kg
o
S
at

0.05

0 0.05 0.10 0

where equation (17) is approximately satisfied, it indicates that
the electron can stay in phase with the wave for a longer time
and gain more energy from the wave. In the meantime, the cor-
responding value of rp,y is also maximum and the electron tra-
jectory begins to become instable and tends to become a three-
dimensional motion due to strong modulations of the relativis-
tic y-factor associated with the energy enhancement when the
values of kg and kg approximately satisfy kg + kg = 1/(8A3).
Finally, the electron energy tends to decrease gradually with
the increase of the values of kg, kg when the values of kg
and kg are far beyond the line of kg + kg ~ 1/(843), i.e.,
kg +kp > 1/(8A3). The maximum value area of Ymax/Tvac
(indicated by the line of kg + kg ~ 1/(8A3)) shrinks to small
values of (kg, kg) region with the increase of Ag. As we can see
from Figs. 2(g)-2(i), the electron trajectory becomes unstable
and the possibility that the electron trajectory becomes a three-
dimensional motion from a stable planar two-dimensional mo-
tion increases when kg + kg > 1/(8A3). This is particularly
significant when A is larger.

3.0 6.0 9.0 12.0 15.0

0.05 0.10 0 0.05
ks

0.10

Fig. 2. (color online) Ymax/Wac ((@)—=(c)), rmax ((d)—(f)), and |z|max/|¥|max ((g)—(1)) as a function of kg, kg, and Ay, respectively. The red line is

given by Eq. (17).

These conclusions demonstrate our theoretical predic-
tions from the integral of motion. We can see that the electron
can gain the largest energy only when the values of kg, kg,

and Ag are in a suitable range, i.e., equation (17) is approxi-

mately satisfied. Hence, the instability threshold for develop-
ing electron acceleration and the electron energy gain can be
controlled by adjusting suitably the values of kg, kg, and Ag.

However, with the enhancement of the electron energy, strong
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modulations of the relativistic factor cause a considerable en-
hancement of the electron transverse oscillations across the
channel, which makes the electron trajectory become a three-
dimensional motion.

Figure 3 shows the electron energy ¥/¥vac and the dephas-
ing rate Y — py as a function of the axial distance x travelled by
the electron in a uniform plasma channel for different values
of positive charge density kg and negative current density kg,
the values of kg and kg are marked by a black pentagram in
Fig. 2(b). ¥/%ac > 1 and the period of /¥, becomes large
indicating that the electron can be accelerated significantly and
gain more energy from the wave. The dephasing rate ¥ — p,
changes more slowly and keeps near zero for a longer time
indicating that the electron can stay in phase with the wave
for a longer time and gain more energy from the wave. From
Fig. 3, we can easily find that the values of ¥/ ¥ac and y— py
strongly depend on the values of kg and kg. As we can see
from Fig. 3, both the energy and acceleration period of the
electron are very small and the dephasing rate Y — p, changes
very quickly and keeps near 1 for a longer time when the val-
ues of kg and kg are far below the line of kg + kg = 1/(8A3)

(kg = 0.01, kg = 0.01) in Fig. 2(b), which indicates that the
electron gets less energy from the wave and cannot be accel-
erated in this case. However, both the energy and acceleration
period of the electron enhance obviously and the dephasing
rate Y — py changes very slowly and keeps near zero for longer
time when the values of kg and kp satisfy Eq. (17), which indi-
cates that the electron gets larger energy from the wave and can
be accelerated significantly in this case. The electron energy
decreases when the values of kg and kg are far beyond the line
of kg 4k ~ 1/(842) (kg = 0.03, kg = 0.01) in Fig. 2(b). In
addition, we can also find that the maximum value of ¥/ ¥ac
and the acceleration period of the electron tend to increase
with the decrease of the values of kg and kg when the electron
is accelerated. At the meanwhile, the dephasing rate Y — p;
changes more slowly and keeps near zero for longer time with
the decrease of the values of kg and kg. These conclusions
are consistent with the former discussion about the integral of
motion and the information in Fig. 2(b). Hence, the electron
energy gain from the laser wave can be controlled by adjusting

suitably the values of kg, kg, and A.

15
(a) kg =0.01 (b) ke =0.07
— kp=0.01
kg, = 0.02
. 0T — kp=0.065
<]
>
g
~
S _ pya'd
(d)
\ ‘I '
\ '
| ‘
IR “
| - ‘\
/!
0 . . . :
0 100 200 0 100 200

T

T

Fig. 3. (color online) The y-factor ((a) and (b)) and the dephasing rate ¥ — p, ((c) and (d)) as a function of the axial distance travelled by the
electron in a uniform plasma channel for different values of positive charge density and negative current density. The values of kg and kg are

marked by a black pentagram in Fig. 2(b). We set A9 = 2 in all cases.

Figure 4 shows that the electron trajectories change with
the values of kg and kg when Ay is fixed (Ag = 2), which cor-
responds to Fig. 2(h). From Fig. 4(a), we can easily find that
the electron trajectory is a stable planar two-dimensional mo-
tion and the distance that the electron moves with the laser is
very short when the values of kg and kg are far below the line

of kg +kp ~ 1/(8Ag) (kg =0.01, kg = 0.01) in Fig. 2(h). Fig-
ures 4(b)—4(f) indicate that the electron trajectory begins to be-
come unstable slightly due to strong modulations of relativistic
Y-factor and the distance that the electron moves with the laser
enhances obviously when the electron is accelerated (the val-
ues of kg and kg satisfy kg + kg > 1/ (SA%)). We conclude that
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the electron trajectory can be a stable planar two-dimensional
motion due to the low energy of the electron when the electron
is not accelerated, but the free oscillations of the electron per-
pendicular to the plane of driven motion are likely to become
unstable due to strong modulations of relativistic y-factor as-

0.14 —4

1.27-5

sociated with the energy enhancement when the electron is ac-
celerated. As a consequence, out of plane displacements grow
to become comparable to the amplitude of the driven oscil-
lations and the electron trajectory becomes essentially three-
dimensional, even if it is flat at the early stage of acceleration.

0.5
“10s 10 —4

Fig. 4. (color online) The electron trajectories in a cylindrical plasma channel for different values of negative current density (kg=0.01
for (a)—(c) and kg=0.07 for (d)—(f)) and positive charge density kg. We set Ag = 2 in all cases.

4. Summary

In conclusion, the energy and trajectory of the electron,
which is irradiated by a high-power laser pulse in a cylindrical
plasma channel with a uniform positive charge and a uniform
negative current, have been discussed in terms of a single-
electron model of direct laser acceleration. We find that the
energy and trajectory of the electron strongly depend on the
positive charge density, the negative current density, and the
intensity of the laser pulse. The electron can be accelerated
significantly only when the uniform positive charge density,
the uniform negative current density, and the intensity of the
laser pulse in suitable ranges due to the dephasing rate between
the wave and electron motion. Particularly, when the values
of them satisfy a critical condition, the electron can stay in
phase with the laser and gain the largest energy from the laser.
Hence, the instability threshold for developing electron accel-
eration and the electron energy gain from the laser can be con-
trolled by adjusting suitably positive charge density, negative
current density and the intensity of the laser pulse. Besides,
we also show that strong modulations of the relativistic factor
cause a considerable enhancement of the electron transverse
oscillations across the channel when the electron is acceler-

ated, which makes the electron trajectory become essentially

three-dimensional, even if it is flat at the early stage of the
acceleration.
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