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Stochastic resonance (SR) has been proved to be an effective approach to extract weak signals overwhelmed in noise.
However, the detection effect of current SR models is still unsatisfactory. Here, a coupled tri-stable stochastic resonance
(CTSSR) model is proposed to further increase the output signal-to-noise ratio (SNR) and improve the detection effect
of SR. The effects of parameters a, b, c, and r in the proposed resonance system on the SNR are studied, by which
we determine a set of parameters that is relatively optimal to implement a comparison with other classical SR models.
Numerical experiment results indicate that this proposed model performs better in weak signal detection applications than
the classical ones with merits of higher output SNR and better anti-noise capability.
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1. Introduction
Owing to an increasing demand for detecting weak sig-

nals in many fields, weak character signal detection technol-
ogy has gradually become a hot research topic. While tra-
ditional methods were limited to expensive devices and rel-
atively low signal-to-noise ratio (SNR), researchers have de-
voted themselves to seeking another way of measuring weak
character signals in strong noise. Since firstly discovered by
Benzi et al. in 1981 as an explanation for the observed period-
icity in the ice ages on earth,[1] stochastic resonance (SR) has
attracted much attention due to its most distinct merit of en-
hancing the weak signal by exploiting the noise energy. Dur-
ing the past few decades, SR has been explored experimentally
in a large variety of fields, such as physics, biology, optical
systems, and large mechanical fault diagnosis.[2–6]

The cooperative effect of noise, the periodic driving in
a bi-stable system, and the application of the SR system for
detecting a weak signal accompanied with heavy background
noise were investigated by Jung in 1991.[7] Signal amplifica-
tion in a nano-mechanical Duffing resonator via SR was pro-
posed by Gammaitoni in 1995.[8] Lutz applied SR in nonlinear
signal detection in 2001.[9] Gandhimathi and Mankin stud-
ied the condition for noise energy induced signal energy to
enhance weak signal detection performance.[10,11] Saikia pre-
sented a modified adaptive SR model to detect faint signals
with strong noise in sensors.[12] Some other researchers dis-
cussed the issues on coupling in SR models.[13–19] Besides, SR
systems with many new potential functions, like the tri-stable
potential, were also explored by researchers.[20–22]

However, for these existing SR models, the output SNR

is not high enough and the detection effect is still not satisfac-
tory. The detection effect of SR refers to the noise utilization
or the enhancement extent on the periodic input signals, whose
evaluation index is mainly the SNR or SNRgain of the system
response tracking periodic input signal in this study. In other
words, the greater the noise utilization or the enhancement ex-
tent on the periodic input signals, the greater SNR or SNRgain

of the system response is, and vice versa. Thus, it is necessary
to search new resonance models to further improve the capa-
bility of utilizing the noise to enhance the input signal through
the application of SR. Based on the studies of predecessors
and by combining the coupling and tri-stable potential func-
tion, a novel coupled tri-stable stochastic resonance (CTSSR)
model is proposed in this paper to improve the output SNR
and detecting performance of SR systems.

This paper is organized as follows. In the next section,
the principle of tri-stable stochastic resonance (TSR) is de-
scribed. Then we propose our novel model and analyze the
effects of the system parameters on the output SNR. In Sec-
tion 3, by comparing this new system with some other existing
SR models in the aspects of SNR and time-frequency domain,
we prove the merits of CTSSR compared to the conventional
SR models. The last section is devoted to the conclusion.

2. CTSSR
2.1. Tri-stable stochastic resonance model

The basis of the tri-stable SR phenomenon can be de-
scribed as follows. A particle is driven by a weak periodic sig-
nal and the Gaussian white noise in a tri-stable potential con-
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taining three potential wells and two potential barriers. The
periodic oscillation can be enhanced when the noise is at a
suitable level, which can be explained by the equation[22]

dx
dt

= − dU(x)
dx

+ s(t)+n(t)

= −x5

a
+

1+ c
b

x3− cx+ s(t)+n(t), (1)

where n(t) =
√

2Dξ (t) with 〈n(t),n(t + τ)〉 = 2Dδ(t) repre-
sents the noise term, in which D denotes the noise intensity and
ξ (t) depicts the Gaussian white noise with zero mean and unit
variance; s(t) = Asin(ωt +ϕ) is a periodic signal, in which
A is the amplitude, ω = 2π fd with fd being the driving fre-
quency, and φ is the phase.

For the TSR model, U(x) represents a potential function

U(x) =
x6

6a
− (1+ c)x4

4b
+

c
2

x2, (2)

where a, b, and c denote the parameters of the tri-stable poten-
tial that owes three wells and two barriers as shown in Fig. 1.
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Fig. 1. (color online) The tri-stable potential function U(x) in CTSSR
model.

2.2. CTSSR model

Although the output SNR is improved by using the
method of tri-stable resonance, it is still not satisfactory. When
the intensity of noise becomes high, the detecting performance
will be poor. In order to obtain higher SNR and excellent per-
formance, based on the traditional TSR model, we propose a
novel model, CTSSR, which can be illustrated as follows:

dx
dt

=−x5

a
+

1+ c
b

x3− cx+ r(x− y)+ s(t)+n(t),

dy
dt

=−y5

a
+

1+ c
b

y3− cy− r(x− y)+ s(t)+n(t), (3)

where the first equation represents the controlled subsystem,
the second equation shows the controlling subsystem, r is the
coupling coefficient, while s(t) and n(t) depict the original si-
nusoidal signal and the additional white Gaussian noise, re-
spectively.

Under this circumstance, the potential function evolves
into a new form

U(x,y) =
x6

6a
− 1+ c

4b
x4 +

cx2

2
+

y6

6a
− 1+ c

4b
y4

+
cy2

2
− r

2
x2− r

2
y2 + rxy. (4)

Comparing Eq. (2) with Eq. (4), we can obviously ob-
serve that the dynamic behavior of the potential function in
CTSSR, as illustrated in Fig. 2, is much more complicated than
the classic one. As a result, our proposed model has ensemble
priority compared to the traditional SR models in nature.







↩



 

↩ ↩
↩ ↩ x

x













↩

↩
↩
↩

U
↼x
↪y
↽

y

y

(a)

(b)

Fig. 2. (color online) The potential function of CTSSR: (a) front view,
(b) top view.

2.3. Numerical implementation of CTSSR

In order to meet the demand for application in practical
engineering, we need to convert the continuous system into a
discrete form for convenience and high efficiency. We utilize
the fourth-order Runge–Kutta (RK4) algorithm to implement
the discretization of the continuous system. By selecting a cal-
culation step h, according to Eq. (3), the output discrete time
series x[n] and y[n] can be calculated as follows:

k1 = −cx(n)+
1+ c

b
x(n)3− x(n)5

a
+r(x(n)− y(n))+n(n)+ s(n),

k2 = −c
(

x(n)+
hk1

2

)
+

1+ c
b

(
x(n)+

hk1

2

)3

− (x(n)+hk1/2)5

a
+n(n)+ s(n),

k3 = −c(x(n)+
hk2

2
)+

1+ c
b

(x(n)+
hk2

2
)3

− (x(n)+hk2/2)5

a
+n(n+1)+ s(n+1),
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k4 = −c(x(n)+hk3)+
1+ c

b
(x(n)+hk3)

3

− (x(n)+hk3)
5

a
+n(n+1)+ s(n+1),

x(n + 1) = x(n)+
h
6
(k1 +2k2 +2k3 + k4),

m1 = −cy(n)+
1+ c

b
y(n)3− y(n)5

a
−r(x(n)− y(n))+n(n)+ s(n),

m2 = −c
(

y(n)+
hm1

2

)
+

1+ c
b

(
y(n)+

hm1

2

)3

− (y(n)+hm1/2)5

a
− r

(
x(n)−

(
y(n)+

hm1

2

))
+n(n)+ s(n),

m3 = −c
(

y(n)+
hm2

2

)
+

1+ c
b

(
y(n)+

hm2

2

)3

− (y(n)+hm2/2)5

a
− r

(
x(n)−

(
y(n)+

hm2

2

))
+n(n+1)+ s(n+1),

m4 = −c(y(n)+hm3)+
1+ c

b
(y(n)+hm3)

3

− (y(n)+hm3)
5

a
− r(x(n)− (y(n)+hm3))

+n(n+1)+ s(n+1),

y(n + 1) = y(n)+
h
6
(m1 +2m2 +2m3 +m4), (5)

where x[n] is selected as the output series to perform the sub-
sequent calculations, one of which is the signal-to-noise of the
output signal, SNRout. By calculating the power spectrum of
discrete x[n] via fast Fourier transform (FFT), SNRout can be
obtained as

SNRout = 10log10
Ad

N/2
∑
1

Ai−Ad

, (6)

where N denotes the length of the time series, Ad depicts the
power of the driving frequency in the calculated spectrum, and
the item Ai represents the total power of noise. Furthermore,
to more effectively and clearly evaluate the performance of
the system, unlike the traditional definition, i.e., the ratio of
SNRout to SNRin, SNRgain is defined in a new form to judge
the system’s performance in another way, whose expression is

SNRgain = SNRout−SNRin = 10log10
Psout

Pnout
−10log10

Psin

Pnin

= 10log
Psout/Pnout

Psin/Pnin
, (7)

where SNRin means the signal-to-noise of the input noise sig-
nal, and Psout, Pnout, Psin, Pnin represent the power of output use-
ful signal, output noise, input useful signal, and input noise, re-
spectively. Based on this definition, we can determine whether
the input useful signal has been strengthened according to the

value of SNRgain (positive or negative), instead of numerical
comparison with 1. Besides, from the formula, we can see that
this measure index indicates a comparison of relative intensity
of the useful signal component between the original noise sig-
nal and the output signal processed by the CTSSR system.

2.4. The effects of the system parameters

In this study, the intensity of the input useful signal is
constant, so when the noise intensity increases, SNRin will de-
crease, and SNRout and SNRgain will vary accordingly. Then
an optimal noise intensity in this system corresponds to an op-
timal SNRin, leading to the highest SNRgain which obviously
signifies the occurrence of stochastic resonance. Herein, with
a view to the definition of SNRgain and analyzing the SR mod-
els from the point of view of SNR thoroughly, we focus on the
changes of SNRgain with SNRin to evaluate the performance
of the SR models. Besides, the four parameters in the CTSSR
system would have an impact on the system’s performance and
are variable at the same time. It is extremely hard to seek out a
set of optimal parameters. Thus, we adopt the single variable
method to investigate the influence of each parameter on the
system SNRgain, by which we select a set of parameters that
are relatively optimal to conduct the weak signal detection. In
our numerical simulation, the amplitude of sinusoidal signal A
is 0.3 A, the driving frequency f is 0.01 Hz, the initial phase
is 0◦, sampling frequency fs is 10 Hz, and step size h equals to
1/ fs.

Firstly, we explore the effects of the parameter b. SNRgain

as a function of SNR of the input signal with noise with differ-
ent system parameter b and a = 25, c = 0.5, r = 0.5 is shown
in Fig. 3. Herein, the values of SNRgain are the averages of
the repeated 100 calculations. It is illustrated evidently that
the peak shifts to the right and the SNRgain under strong back-
ground noise decreases when b increases. Besides, when b= 4
or 5, although SNRgain under strong background noise is rela-
tively high, it is low when SNRin ∈ (0,5) dB. Considering this
factor, we set b = 6 to conduct the following studies.
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5

Fig. 3. (color online) SNRgain as a function of SNRin of input noise
signal with different system parameter b and a = 25, c = 0.5, r = 0.5.

Then, the simulation experiment aiming to study the pa-
rameter a is performed, as shown in Fig. 4. As we can ob-
serve, with the increase of a, the position of the peak shifts to
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the right and the SNRgain under the strong noise environment
increases, which is opposite to the trend with b. So a higher
value of a is more suitable for weak signal detection under
strong noise. However, there is still a problem we need to take
into account: the ability of detecting a weak signal under rel-
atively weak noise will fall rapidly when the value of a is too
high. Hence we fix a = 30 to explore the effects of parameter
c.
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Fig. 4. (color online) SNRgain as a function of SNRin with different
system parameter a and b = 6, c = 0.5, r = 0.5.

Figure 5 shows the SNR versus SNRin with different sys-
tem parameter c. After an in-depth analysis, it can be con-
cluded that the influence of parameter c on the SNR under
strong noise is so faint that we ought to concentrate on the
value of SNR under a relatively weak noise environment to se-
lect a relatively optimal value of parameter c. Hence, in view
of the higher SNR among the range of (−5, 0) of SNRin, we
fix c = 0.5.
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Fig. 5. (color online) SNRgain as a function of SNRin with different
system parameter c and a = 30, b = 6, r = 0.5.
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Fig. 6. (color online) SNRgain as a function of SNRin with different
system parameter r with a = 30, b = 6, c = 0.5 of CTSSR.

At last, we focus on the effects of r on system SNRgain,
which is shown in Fig. 6. From Fig. 6, we draw the conclusion
that the position of the peak really shifts to the right when r
increases, indicating that the system with a higher value of r
has a higher SNR under stronger noise. Thus we can choose
a suitable value of r according to the intensity of the back-
ground noise to meet our needs. However, the noise intensity
is usually high in an actual situation and the performance un-
der strong noise is usually concerned. Therefore, the value of r
should be high. Then we select several different relatively high
values of r to conduct a thorough study on it, as illustrated in
Fig. 7.
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Fig. 7. (color online) SNRgain as a function of SNRin with different r.

From Fig. 7, we unexpectedly find that it is not true that
the higher the value of r, the better the performance of the sys-
tem is. The peak really shifts to the left when r increases, but
there is a problem that the system with a too high r would per-
form badly in detecting range. It is worth mentioning that the
system performs very well synthetically when r equals to 0.5.
Accordingly, we choose this value finally to construct a rela-
tively optimal system. As a result, the values of parameters a,
b, c, and r have been determined to carry out weak character
signal detection.

3. Comparison with other SR models
In order to prove the superiority of the CTSSR, we adopt

the above parameters to conduct simulation experiments to
compare it with other existing SR models, including bistable
SR (SR) (a = 1 and b = 1, it is widely considered as a set of
empirical values in the field of stochastic resonance which can
induce excellent performance of the system), coupled bistable
SR (CSR) (with four variable parameters a, b, r, and SNRin,
it is difficult to seek out optimal values of the parameters in
the system, and there are no studies which have ever discussed
this. Accordingly, we intend to seek out an optimal value of r
on the basis of keeping a = 1 and b = 1 and then make the
comparison. Finally, r is determined as 0.25 in considera-
tion of maximum SNRgain and range within which the sys-
tem has excellent performance (SNRgain > 15), as shown in
Fig. 8), and TSR (comparison with TSR is implemented un-
der the condition that the two systems’ parameters a, b, and c
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are the same, by which we mean to explore the effects of r).
At first, we make the comparison in the aspect of SNRgain, as
illuminated in Fig. 9.
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Fig. 8. (color online) SNRgain as a function of SNRin with different
system parameter r with a = 1, b = 1 of CSR.
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Fig. 9. (color online) SNRgain as a function of SNRin of different sys-
tems.
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Fig. 11. (color online) (a) The original sinusoidal signal and its spectrum. (b) The noise signal and its spectrum. (c)–(f) The output
signals with their spectra processed by SR, CSR, TSR, and CTSSR, respectively, when D is equal to 6.0.

The superiority of CTSSR (r = 0.5) in contrast to other
SR models is obvious and significant. Among almost all the
range of SNRin, the SNRgain of CTSSR is the highest, indicat-
ing that the CTSSR has not only an excellent performance in
improving the SNR in weak signal detection, especially under
the strong noise environment, but also a better performance in
detecting range. In other words, the SNR of the CTSSR sys-
tem could maintain high in a wider range. Besides, we can
observe that the ranking by performance in SNR from high to
low is: CTSSR, TSR, CSR, and SR.

In the aspect of SNR, we are informed that the CTSSR
is much better than the others. Furthermore, we implement a
study in time domain and frequency domain to compare their
performance. Based on the above conclusion that the CTSSR
has better performance not only under relatively weak noise,
but also under strong noise, to confirm this superiority, we

choose different values of noise intensity D to conduct simula-
tion experiments in both time domain and frequency domain.
Firstly, we set noise intensity D= 3.0. Figures 10(a) and 10(b)
show the original signal without white Gaussian noise and the
noise signal with white Gaussian noise and their spectra. We
can see that it is pretty hard to distinguish the original sinu-
soidal signal in Fig. 10(b). Figures 10(c)–10(f) show the out-
put signals and their spectra processed by the SR, CSR, TSR,
and CTSSR, respectively. We can intuitively draw the conclu-
sion that the performance of SR and CSR is worse than that
of CTSSR under the strong noise background, and the perfor-
mance of TSR is nowhere near as excellent as that of CTSSR,
although it is better than that of the two others. Thus, the supe-
riority of CTSSR is explained by a flagrant contrast. In addi-
tion, we can prove that the merits of coupling and multi-stable
state by contrasting these subfigures. That is to say, by con-
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trasting Fig. 10(c) to Fig. 10(e), or by contrasting Fig. 10(d)
with Fig. 10(f), we can be informed that the complexity of po-
tential that is a symbol of complexity of system’s dynamics
is equivalent to the performance of the system. Analogously,
if we compare Fig. 10(c) with Fig. 10(d) or Fig. 10(e) with
Fig. 10(f), we will be conscious that coupling could play a
powerful role in improving the performance of the SR system.
These two conclusions support the superiority of CTSSR nat-
urally.

By increasing the noise intensity D to 6.0, we obtain a
new telltale figure, as shown in Fig. 11. At first, we can find
out that the original signal has already been overwhelmed in
the strong noise from Fig. 11(b). Obviously, it is impossi-
ble to distinguish the sinusoidal signal out from the SR and
CSR systems (Figs. 11(c) and 11(d)). Moreover, if we analyze
Figs. 11(e) and 11(f), we will find that the coordinate value
is hardly the highest in the frequency spectrum of TSR when
f = 0.01 Hz. Usually, it could result in an erroneous judg-
ment. On the contrary, we can still determine the frequency of
the sinusoidal signal from Fig. 11(f). So, the advantage of the
CTSSR system is proved once again. Hereto, we have proved
the merits of the system we put forward from two perspectives:
time-frequency domain and SNR.

4. Conclusion
In this paper, a novel SR model CTSSR is proposed. We

study the effects of the system parameters on its characteristics
firstly and then select a set of system parameters that are rel-
atively optimal according to its performance in SNR. Finally,
the comparisons between the CTSSR and other SR models in
SNR and time-frequency domain are carried out. The results
of numerical experiments on SNRgain show that the SNRgain of

CTSSR is higher than that of other SR models including SR,
CSR, and TSR under strong background noise. It is confirmed
by numerical experiments in the time and frequency domain
that the ability of our proposed system in detecting a weak sig-
nal is better than that of the others, especially when the noise
intensity is high. In view of all its merits, it has been proved
theoretically that the proposed model is beneficial to detect a
weak signal overwhelmed in strong noise. We hope it has a
broad prospect of application to engineering in the future.
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