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Further analysis of scintillation index for a laser beam propagating
through moderate-to-strong non-Kolmogorov turbulence based on

generalized effective atmospheric spectral model
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A new expression of the scintillation index (SI) for a Gaussian-beam wave propagating through moderate-to-strong
non-Kolmogorov turbulence is derived, using a generalized effective atmospheric spectrum and the extended Rytov approx-
imation theory. Finite inner and outer scale parameters and high wave number “bump” are considered in the spectrum with
a generalized spectral power law in the range of 3–4, instead of the fixed classical Kolmogorov power law of 11/3. The
obtained SI expression is then used to analyze the effects of the spectral power law and the inner scale and outer scale on SI
under various non-Kolmogorov fluctuation conditions. These results will be useful in future investigations of optical wave
propagation through atmospheric turbulence.
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1. Introduction
Recently, free space optical (FSO) communication has at-

tracted considerable attention owing to its unique advantages
compared with radio communication, such as a large band-
width, high data transfer rate, license-free usage, and good
confidentiality.[1,2] However, FSO communication is subject
to many challenges. One of the major difficulties is atmo-
spheric turbulence, which results in irradiance scintillation and
beam wander. In particular, irradiance scintillation can de-
grade the performance of FSO systems. For a long time,
the Kolmogorov power spectrums were extensively used to
describe atmospheric turbulence.[3–7] However, recent experi-
mental data[8–10] indicated that the turbulence in the upper tro-
posphere and stratosphere layers deviate from the Kolmogorov
model. In addition, theoretical investigations[11,12] have also
shown that the Kolmogorov spectrum is not the only possible
turbulence in the atmosphere. This prompted investigations
of optical wave propagation through the more general non-
Kolmogorov turbulence.

To model the non-Kolmogorov characteristics of upper
atmospheric turbulence, several power spectrums have been
proposed, such as the generalized Kolmogorov spectrum,[13]

the generalized von Karman spectrum,[14] the generalized
effective atmospheric spectrum,[15,16] the generalized modi-
fied atmospheric spectrum[16] and so on. Based on these
spectra, many theoretical works have been conducted to
study the irradiance scintillation for the plane and spherical
waves.[13,15,17–19] However, in many applications, these waves
are not sufficient to describe the propagation properties of

a laser beam.[20] Therefore, a detailed investigation of the
propagation properties of a Gaussian-beam wave propagation
through non-Kolmogorov atmospheric turbulence is important
and necessary. In Refs. [21] and [22] the expressions of the
scintillation index (SI) of a such a beam propagating through
weak non-Kolmogorov turbulence was investigated based on
the generalized Kolmogorov spectrum. However, because this
spectral model does not consider the effects of finite inner and
outer scales and the high wave number “bump”, in Refs. [23]
and [24], the irradiance scintillation for a Gaussian-beam wave
propagating through weak non-Kolmogorov turbulence using
the generalized von Karman spectrum and generalized mod-
ified atmospheric spectrum have been analyzed, respectively.
Under moderate-to-strong non-Kolmogorov turbulence, when
ignoring the effects of inner and outer scales, the expressions
of the SI of a Gaussian beam wave in moderate-to-strong tur-
bulence have been developed for a point receiver in Ref. [20]
and for an aperture-averaging receiver in Ref. [25] by exploit-
ing the extended Rytov approximation theory. However, pre-
vious work on the SI of a Gaussian beam has a few limita-
tions. In particular, the high wave number “bump” and the
finite inner and outer scales are not all considered in moderate-
to-strong non-Kolmogorov turbulence. In fact, the “bump” at
the high wave number is clearly revealed in the experimental
data,[26,27] and the outer scale is usually assumed to increase
linearly with the order of the height above ground level of the
observation point, in the surface layer up to about 100 m.[3,28]

The inner scale is typically of the order of 1–10 mm near the
ground and of the order of centimeters or more in the upper
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atmosphere.[3] Therefore, it is important to investigate the SI
of a Gaussian-beam wave propagating through moderate-to-
strong non-Kolmogorov atmospheric turbulence, while also
considering the high wave number “bump” and the inner and
outer scale effects. Although, Kolmogorov turbulence can be
regarded as a special case of the non-Kolmogorov turbulence,
the results derived for Kolmogorov turbulence[4] cannot be ap-
plied directly to the non-Kolmogorov turbulence case.[17] To
the best of our knowledge, the effects of inner and outer scales
on SI are less clear for a Gaussian-beam wave propagating
through moderate-to-strong non-Kolmogorov atmospheric tur-
bulence. This is one of the primary considerations which mo-
tivates this work.

Based on the aforesaid discussions, the contributions of
this paper are summarized as follows: by using the extended
Rytov approximation theory and the generalized effective at-
mospheric spectrum, which includes finite turbulence inner
and outer scales and high wave number “bump”, the SI for a
Gaussian-beam wave propagating through moderate-to-strong
non-Kolmogorov turbulence is derived. Analytic expressions
are obtained, which are more general compared to previous re-
sults. The expressions are then used to analyze the effects of
inner scale, outer scale, path length, and spectral power law on
SI.

The following sections of the paper are organized as fol-
lows. In Section 2, we introduce the generalized effective at-
mospheric spectrum. In Section 3, we present the expressions
of irradiance scintillation for a Gaussian-beam wave in non-
Kolmogorov turbulence. In Section 4, we provide numerical
results to analyze the effects of inner scale, outer scale and
the spectral power law on SI. Finally, conclusions are given in
Section 5.

2. Generalized effective atmospheric spectrum
In this paper, the generalized effective atmospheric spec-

trum model is used to describe the moderate-to-strong non-
Kolmogorov turbulence. This model includes finite turbulence
inner and outer scales and high wave number “bump”, and has
a generalized spectral power law value in the range of 3–4,
instead of the fixed classical Kolmogorov power law value of
11/3. It has the following form:[15,16]

Φn,eff (κ,α) = Φn (κ,α)G(κ,α, l0,L0) ,

(0≤ κ < ∞,3 < α < 4) , (1)

where Φn (κ,α) is the spectral model for weak non-
Kolmogorov turbulence and is given by[13]

Φn (κ,α) = A(α)C̃2
nκ
−α , (0≤ κ < ∞,3 < α < 4) , (2)

where κ is the magnitude of the three-dimensional wave num-
ber vector with units of rad/m and is related to the size of
the turbulence cells, α is the spectral power law exponent,
A(α) = cos(απ/2)Γ(α − 1)/(4π2), L0 and l0 are the turbu-
lence outer scale and inner scale, respectively, Γ(·) is the
gamma function, and C̃2

n is the generalized refractive-index
structure constant with units of m3−α . When α = 11/3, C̃2

n re-
duces to the known structure constant of the Kolmogorov tur-
bulence C2

n with units of m−2/3. Moreover, the equivalence of
the structure constants in non-Kolmogorov and Kolmogorov
spectra in a turbulent atmosphere has been derived[29] and is
as follows:

C̃2
n = − Γ(α)(k/L)α/2−11/6

8π2Γ(1−α/2)Γ2 (α/2)sin(πα/4)A(α)
C2

n

= h(α)C2
n , (3)

where k = 2π/λ is the optical wave number, λ is the wave-
length, and L is the path length of the optical link.

In Eq. (1), G(κ,α, l0,L0) is the amplitude spatial filter
function and given by

G(κ,α, l0,L0) = GX (κ,α, l0,L0)+GY (κ,α, l0) , (4)

where GX (κ,α, l0,L0) and GY (κ,α,L0) are the large-scale
and small-scale filter functions, respectively. Since the inner
and outer scales must be taken into account, the filter functions
are given by[3]

GX (κ,α, l0,L0) = f (κ,α, l0)g(κ,α,L0)exp
[
− κ2

κ2
X (α)

]
, (5)

GY (κ,α, l0) =
κα[

κ2 +κ2
Y (α)

]α/2 exp

[
ΛLκ2 (1− z/L)2

k

]
, (6)

with

f (κ,α, l0) =

[
1+a1

(
κ

κl

)
−b1

(
κ

κl

)β
]

exp
(
−κ2

κ2
l

)
,

g(κ,α,L0) = 1− exp
(
−κ2

κ2
0

)
, (7)

where z is the propagation distance, κX (α) and κY (α) rep-
resent cut-off spatial frequencies, Λ = Λ0/

(
Θ 2

0 +Λ 2
0
)

is the
output plane beam parameter that is related to the input plane
beam parameters Λ0 = 2L/

(
kW 2

0
)

and Θ0 = 1−L/F0, F0 and
W0 denote the phase front radius of curvature and the beam
radius at the transmitter, respectively. The remaining parame-
ters κ0 and κl are defined by κ0 = 8π/L0 and, κl = c(α)/l0,
respectively, with

c(α) =

{
πA(α)

[
Γ

(
3−α

2

) (
3−α

3

)
+a1Γ

(
2− α

2

)(4−α

3

)
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−b1Γ

(
3−α +β

2

) (
3−α +β

3

)]}1/(α−5)

.(8)

The values of the parameters a1, b1, and β in Eqs. (7) and (8)
depend on further experimental results.

3. Scintillation index for Gaussian-beam wave
with inner- and outer-scale effects
The SI for a Gaussian-beam wave propagating through

weak non-Kolmogorov atmospheric turbulence is given by[3]

σ
2
I (α,r,L) = σ

2
I,r (α,r,L)+σ

2
I,l (α,L) , (9)

where

σ
2
I,r (α,r,L) = 8π

2k2L
∫ 1

0

∫
∞

0
κΦn (κ,α)exp

(
−ΛLκ2ξ 2

k

)
× [I0 (2Λrξ k)−1] dκ dξ , (10)

σ
2
I,l (α,L) = 8π

2k2L
∫ 1

0

∫
∞

0
κΦn (κ,α)exp

(
−ΛLκ2ξ 2

k

)
×
{

1− cos
[

Lκ2

k
ξ
(
1−Θ̄ξ

)]}
dκ dξ , (11)

where ξ = 1− z/L is the normalized distance variable, Θ̄ =

1−Θ is the complementary parameter, Θ =Θ0/
(
Θ 2

0+Λ 2
0
)

is
the output plane beam parameter that is related to the input
plane beam parameters, I0 (·) is a modified Bessel function of
the first kind, r is the distance from the beam center line in
the plane transverse to the propagation distance, σ2

I,r (α,r,L) is
called the radial component of the scintillation index (RSI) that
describes the off-axis contribution to the SI, whereas the lon-
gitudinal component of the scintillation index (LSI) σ2

I,l (α,L)
corresponds to the on-axis SI.

3.1. Scintillation index for saturation regime non-
Kolmogorov turbulence

According to the asymptotic theory, when the inner scale
is taken into account in the saturation regime, the SI for a
Gaussian-beam wave based on the generalized modified atmo-
spheric spectrum can be expressed as[3]

σ
2
I,R (α,L) = 1+32π

2k2L
∫ 1

0

∫
∞

0
κΦn (κ,α) f (κ,α, l0)

× exp
(
−ΛLκ2ξ 2

k

)
sin2

[
Lκ2

2k
ξ
(
1−Θ̄ξ

)]
× exp

{
−
∫ 1

0
Ds

[
Lκ

k
w(τ,ξ )

]
dτ

}
dκ dξ ,

σ̃
2
R(α)� 1, (12)

where τ is a normalized distance variable, and the exponential
function acts like a low-pass spatial filter defined by the phase
structure function (PSF) for a plane wave Ds (ρ,α). The func-
tion w(τ,ξ ) is defined by

w(τ,ξ ) =

{
τ
(
1−Θ̄ξ

)
,τ < ξ ,

ξ
(
1−Θ̄τ

)
,τ > ξ .

(13)

When the separation distance ρ is smaller than the inner scale

of turbulence l0, then based on the generalized modified atmo-

spheric spectrum, the PSF for a plane wave Ds (ρ,α) is given

(see Appendix A).

Ds (ρ,α) = 0.5π
2A(α)h(α)Ξ(α)C2

nk2L

× [c(α)]4−α lα−4
0 ρ

2, (14)

where

Ξ(α) = Γ

(
1− α

2

)(
1− α

2

)
+a1Γ

(
3−α

2

)(
3−α

2

)
−b1Γ

(
1+

β −α

2

)(
1+

β −α

2

)
. (15)

Substituting Eqs. (13) and (14) into Eq. (12), we obtain

∫ 1

0
Ds

[
Lκ

k
w(τ,ξ )

]
dτ

=
σ̃2

R (α)Ξ(α)

2g1 (α)
[Ql (α)]2−

α
2

(
Lκ2

k

)
ξ

2

×
(

1−Θ̄ +
Θ̄ 2

3
− 2ξ

3
+

Θ̄ξ 2

3

)
, (16)

where Ql (α) = [c(α)]2 L/
(
kl2

0
)
,

σ̃
2
R (α) = g1 (α)π

2A(α)h(α)C2
nk3−α/2Lα/2

is the non-Kolmogorov Rytov variance for a plane wave un-

der weak turbulence,[30] and g1 (α) = 4Γ(−α/2)sin(πα/4).

Under the geometrical optical approximation, we have

sin2
[

Lκ2

2k
ξ
(
1−Θ̄ξ

)]∼= L2κ4

4k2 ξ
2 (1−Θ̄ξ

)2
,

exp
(
−ΛLκ2ξ 2

k

)
∼= 1, (17)

then substituting Eqs. (16) and (17) into Eq. (12), the analyt-

ical expressions of σ2
I,R (α,L) for a Gaussian-beam wave is

obtained as

σ
2
I,R (α,L) = 1+

CG (α){
σ̃2

R (α) [Ql (α)]3−α/2
}2−α/2 , (18)

where

CG (α) =
4Γ(3−α/2)

g1 (α)

{
σ̃

2
R (α) [Ql (α)]3−α/2

}3−α/2

× [Z (α,0)+a1Z (α,1/2)−b1Z (α,β/2)] , (19)

with
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Z (α,v) =
∫ 1

0

Γ

(
3− α

2
+v
)[

Γ

(
3− α

2

)]−1
ξ 2
(
1−Θ̄ξ

)21+
σ̃2

R (α)Ξ(α)

2g1 (α)
[Ql (α)]

3−
α

2 ξ 2

(
1−Θ̄ +

Θ̄ 2

3
− 2ξ

3
+

Θ̄ξ 2

3

)v+3−α/2 dξ . (20)

When Θ̄ = 0, equation (18) reduces to the plane wave SI in
the saturation regime, or the spherical wave SI in the satura-
tion regime when Θ̄ = 1.

3.2. Longitudinal component of the scintillation index

When the inner scale and outer scale effects are taken
into account, under moderate-to-strong non-Kolmogorov tur-
bulence, by using the extended Rytov theory, the LSI takes the
following form:

σ
2
I,l (α,L)

= exp
[
σ

2
l,lnX (α, l0)−σ

2
l,lnX (α,L0)+σ

2
l,lnY (α, l0)

]
−1, (21)

where σ2
l,lnX (α, l0) and σ2

l,lnX (α,L0) are the large-scale log-
irradiance variance under the presence of finite inner scale and
finite outer scale, respectively, and σ2

l,lnY (α, l0) is the small-
scale log-irradiance variance.

In the presence of a finite inner scale, the large-scale log-
irradiance variance for a beam wave is given by[3]

σ
2
l,lnX (α, l0)

= 8π
2k2L

∫ 1

0

∫
∞

0
κΦn (κ,α)GX (κ,α, l0)exp

(
−ΛLκ2ξ 2

k

)
×
{

1− cos
[

Lκ2

k
ξ
(
1−Θ̄ξ

)]}
dκ dξ . (22)

Based on the change of parameters η = Lκ2/k, ηX (α) =

Lκ2
X (α)/k, and using the geometrical optical approximation

(Eq. (17)), equation (22) reduces to

σ
2
l,lnX (α, l0)

∼=
2σ̃2

R (α)

g1 (α)

∫ 1

0
ξ (1−ξ )2

∫
∞

0
η

2−α/2

× exp [−η/Ql (α)−η/ηX (α)]

×

[
1+a1

(
η

Ql (α)

)1/2

−b1

(
η

Ql (α)

)β/2
]

dη dξ . (23)

Upon evaluation of the integral, we obtain

σ
2
l,lnX (α, l0)

=
2Γ(3−α/2) σ̃2

R (α)

g1 (α)

(
1
3
− Θ̄

2
+

Θ̄ 2

5

)
×
(

ηX (α)Ql (α)

ηX (α)+Ql (α)

)3−α/2

×
{

1+a1
Γ [(7−α)/2]
Γ(3−α/2)

(
ηX (α)

ηX (α)+Ql (α)

)1/2

−b1
Γ [3+(β −α)/2]

Γ(3−α/2)

(
ηX (α)

ηX (α)+Ql (α)

)β/2}
. (24)

Similarly, the large-scale log-irradiance variance with
outer scale effect can be expressed as

σ
2
l,lnX (α,L0)

=
2Γ(3−α/2) σ̃2

R (α)

g1 (α)

(
1
3
− Θ̄

2
+

Θ̄ 2

5

)
×
(

ηX0 (α)Ql (α)

ηX0 (α)+Ql (α)

)3−α/2

×
{

1+a1
Γ [(7−α)/2]
Γ(3−α/2)

(
ηX0 (α)

ηX0 (α)+Ql (α)

)1/2

−b1
Γ [3+(β −α)/2]

Γ(3−α/2)

(
ηX0 (α)

ηX0 (α)+Ql (α)

)β/2}
, (25)

where ηX0 (α) = ηX (α)Q0/ [ηX (α)+Q0] and Q0 =

64π2L/
(
kL2

0
)
.

Since the form of the filter function is the same as that
of the small log-irradiance scintillations in this case as well
as the zero inner scale case, the corresponding log-irradiance
variance of the small-scale process for a beam wave is again
described by Eq. (38) in Ref. [20]

σ
2
l,lnY (α, l0) =

8σ̃2
R (α)

(α−2)g1 (α)
η

1−α/2
Y (α) . (26)

However, when the inner scale is taken into account, ηY (α)

is related to the SI based on the generalized modified atmo-
spheric spectrum.

To determine the unknown parameters in Eq. (24) and in
Eq. (26), using Eq. (18) and following the same procedure as
discussed in Refs. [19] and [20], we obtain

1
ηX (α)

=

[
2Γ(3−α/2)
0.49g1 (α)

(
1
3
− Θ̄

2
+

Θ̄ 2

5

)] 2
6−α
(

σ̃2
R (α)

σ̃2
B (α)

) 2
6−α

+

 CG (α)g1 (α)

4Γ

(
3− α

2

)(1
3
− Θ̄

2
+

Θ̄ 2

5

)


2
α−6

× σ̃
2
R (α)Ql (α)2− α

2 , (27)

ηY (α) =

[
0.51(α−2)g1 (α)

8

] 2
2−α
(

σ̃2
G (α)

σ̃2
R (α)

) 2
2−α

×

[
1+
(

ln2
0.51

) 2
2−α

σ̃

4
α−2

G (α)

]
, (28)

where σ̃2
B (α) and σ̃2

G (α) are the LSI for a Gaussian-beam
wave based on the generalized Kolmogorov spectrum[22] and
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the generalized modified atmospheric spectrum,[24] respec-
tively.

Therefore, substituting Eq. (27) into Eqs. (24) and (25),
and inserting Eq. (28) into Eq. (26), the LSI for a Gaussian-
beam wave in moderate-to-strong non-Kolmogorov turbulence
can be obtained as

σ
2
I,l (α,L) = exp

{
σ

2
l,lnX (α, l0)−σ

2
l,lnX (α,L0)

+
0.51σ̃2

G (α)[
1+
(

ln2
0.51

) 2
2−α

σ̃

4
α−2

G (α)

]α/2−1

}
−1. (29)

3.3. Radial component of the scintillation index

As pointed out in Section 9.6.3 in Ref. [3], the RSI is
relatively insensitive to the effects of the inner scale. There-
fore, we will include the outer scale effects only for the RSI.
Based on the outer scale model for this parameter as given in
Ref. [3] and using the method of effective beam parameters,
the RSI of a Gaussian-beam wave under weak-to-strong non-
Kolmogorov turbulence can be approximated as follows:

σ
2
I,r (α,r,L)

=
8σ̃2

R (α)Γ(2−α/2)
g1 (α)(α−1)

×

[
1+

Γ(α/2−2)(α−1)
3Γ(α/2)Γ(2−α/2)

(
ΛeL
kL2

0

)2− α
2
]

Λ
α
2 −1

e
r2

W 2
LT

,

0≤ r <W, (30)

where the effective beam parameters Λe and WLT are defined
by[31]

Λe =
2L

kW 2
LT

=
Λ

1+4qΛ/3
, WLT =W

√
1+4qΛ/3, (31)

with q = L/
[
kρ2

p (α)
]
, where ρp (α) is the coherence length of

a plane wave. For non-Kolmogorov turbulence, ρp(α) is given
by[32]

ρp (α) =

[
−23−α Γ(1−α/2)

Γ(α/2)
A(α)h(α)C2

nπ
2k2L

]− 1
α−2

. (32)

As α = 11/3, equation (30) reduces to the RSI (Eq. (62) in
Ref. [4]) in the conventional Kolmogorov turbulence.

3.4. Scintillation index for Gaussian-beam wave

For moderate-to-strong non-Kolmogorov turbulence, by
combining the longitudinal component Eq. (29) and the radial
component Eq. (30), the SI for a Gaussian-beam wave with the
inner scale and outer scale effects can be represented as

σ
2
I (α,r,L)

=
8σ̃2

R (α)Γ(2−α/2)
g1 (α)(α−1)

×

[
1+

Γ(α/2−2)(α−1)
3Γ(α/2)Γ(2−α/2)

(
ΛeL
kL2

0

)2− α
2
]

Λ
α
2 −1

e
r2

W 2
LT

+ exp

{
σ

2
l,lnX (α, l0)−σ

2
l,lnX (α,L0)

+
0.51σ̃2

G[
1+
(

ln2
0.51

) 2
2−α

σ̃

4
α−2

G

]α/2−1

}
−1, 0≤ r <W. (33)

Compared with the SI for the case of zero inner scale and
infinite outer scale,[20] to obtain Eq. (33), the minor modifi-
cations in both the radial and longitudinal components that
might arise from beam wander pointing error effects are ig-
nored. Therefore, the usefulness of Eq. (33) might be limited
to untracked collimated or divergent beams and to convergent
beams with initial beam diameters which are not too large.
When α = 11/3, equation (33) reduces to the expression for
Kolmogorov turbulence.[4,20]

4. Numerical results
In this section, some numerical results are presented to

analyze the characteristics of the SI for a Gaussian-beam wave
propagating through moderate-to-strong non-Kolmogorov tur-
bulence obtained above, including the effects of the spectral
power law α , the inner scale l0 and outer scale L0. Unless oth-
erwise noted, all the results presented are based on the param-
eters of λ = 1550 nm, C2

n = 5× 10−13 m−2/3, W0 = 0.01 m,
Θ0 = 1, and the parameters of the spectrum are set to be
a1 = 1.802, b1 = 0.254, β = 7/6.[19,24] In addition, when the
parameters λ , C2

n , α in σ̃2
R(α) are fixed, the increase of L cor-

responds to the strength of the turbulence increase.
To analyze the influence of the inner and outer scale on

the Gaussian-beam wave SI, in Fig. 1, we illustrate the LSI for
a collimated Gaussian-beam wave from Eq. (33) with r = 0 as
a function of L, with inner scale values l0 = 2 mm and 8 mm
and outer scale values L0 = 1 m and ∞. We set α = 3.1, 10/3,
11/3, and 3.9 in the Figs. 1(a), 1(b), 1(c), and 1(d), respec-
tively. Regardless of the values of α , l0, L0, from the fig-
ure, LSI increases steeply with the initial increase of L, until it
reaches a peak value in the focusing regime (location of peak
LSI) where large-scale inhomogeneity achieves its strongest
effect. It then decreases with an increase of L and tends to sat-
urate at a level. This occurs because with a further increase of
L, the focus effect is weakened by multiple scattering. Then in
the saturation regime, the multiple scattering leads to optical
wavelike extended multiple sources, and causes each source
to scintillate with a distinct random phase. Also, for different
l0, L0 and α , the peak LSI has various values and occurs at
different L. This is because under strong fluctuations, the SI
is associated with three critical turbulence cell sizes which in-
clude the spatial coherence radius, the scattering disk radius
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and L0. Besides, the spatial coherence radius (ρ0, Eq. (A13))
and the scattering disk (L/(kρ0)) depend on the l0 and α .

In addition, we noted that for some fixed α , the outer
scale has a negligible effect on the LSI for short path lengths,
which corresponds to weak fluctuations. However, when L >

2 km the presence of a finite outer scale starts to reduce the LSI
at a steeper rate compared to the case of an infinite outer scale,
and the rate of reduction depends on l0 and α . This observa-
tion is similar to that for the plane and spherical waves in a
previous report.[15] We also note that in the saturation regime,
for a fixed inner scale value, the gap of LSI between the fi-
nite outer scale and the infinite outer scale increases with in-
creasing α . This indicates that for a larger α , the effects of
the outer scale on the LSI cannot be ignored over long dis-
tance FSO communication. Moreover, for any α , the presence
of an inner scale does not significantly influence the LSI un-

der weak fluctuations. Under moderate-to-strong fluctuations,
larger inner scale value leads to stronger LSI, and a significant
increase occurs near the focusing regime. In particular, the
gap of the LSI near the focusing regime between the larger in-
ner scale value (l0 = 8 mm) and the smaller inner scale value
(l0 = 2 mm) is the largest for α = 10/3 and is smallest for
α = 3.9. This occurs because the inner scale plays a role in
defining the scattering disk, and the difference of the scatter-
ing disk between l0 = 8 mm and l0 = 2 mm for α = 10/3 is
larger than that for α = 3.9. In addition, the difference of the
LSI between the larger inner scale and the smaller inner scale
decreases with increasing path length, which means that the
influence of the inner scale tends to diminish with increasing
turbulence strength, especially in the presence of a finite outer
scale case. For instance, when L > 8 km and L0 = 1 m, the
influence of the inner scale can be considered negligible.
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Fig. 1. (color online) Longitudinal component of the SI (LSI) of a Gaussian-beam wave as a function of L for different l0 and L0
values. (a) α = 3.1, (b) α = 10/3, (c) α = 11/3, (d) α = 3.9.

Figure 2 shows the LSI for a collimated Gaussian-beam

wave as a function of α , for inner scale values l0 = 2 mm and

8 mm. In this case, the outer scale parameter is set at L0 = ∞.

Another group of curves is obtained using the same parame-

ters except L0 = 1 m, as comparable LSI values. Regardless

of the values of L, l0, L0, as shown in Fig. 2, the LSI increases

with increasing α up to peak values, then the LSI decreases

rapidly as α approaches value 4. The peak values of the LSI

for different L, l0, and L0 have various values and occur at dif-

ferent α , especially for the larger L cases which correspond

to the stronger fluctuation conditions. In Fig. 2(a), we set the

path length L = 200 m, which corresponds to weak fluctua-

tion conditions. As shown, for a fixed inner scale value, the

curves with L0 = 1 m almost coincides with the curves for

L0 = ∞. This means that the outer scale has no noticeable ef-

fect on the LSI under weak fluctuations, for all values of α .

This is consistent with weak fluctuation theory as previously

reported.[23] As for the inner scale effects, we noted that the

larger inner scale value (l0 = 8 mm) results in a larger LSI,

except for α close to 4. This can be explained by consider-

ing the behavior of the generalized effective atmospheric spec-

trum. In Fig. 2(b), the path length L is set to 1000 m, which

corresponds to stronger fluctuation conditions. We clearly ob-

serve that when 3.2 < α < 4 the gap of the LSI between the

finite outer scale case and the infinite outer scale case begins

to increase, meaning that the finite outer scale begins to re-
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duce the LSI. For a fixed given L0, the LSI with l0 = 8 mm
is significantly larger than with l0 = 2 mm, except when α is
close to 3 and 4. In Fig. 2(c), we set L = 2000 m. We de-
duce that for a fixed inner scale value, the finite outer scale
results in a greater reduction of the LSI compared with that in
Fig. 2(b). This implies that the effects of the outer scale on
the LSI becomes stronger with the increasing strength of the
turbulence. Moreover, the gap of the LSI between l0 = 8 mm
and l0 = 2 mm tends to decrease, especially for finite outer
cases. This indicates that the influence of the inner scale on
the LSI decreases with an increase of the turbulence strength.
In Fig. 2(d), the path length was set at L = 6000 m. Under
this extremely strong turbulence conditions, we noted that for
both the larger inner scale and smaller inner scale cases, the
finite outer scale significantly reduces the LSI except at both

ends of the α range. In addition, for the fixed inner scale, the

gap of the LSI between the finite outer scale case and the infi-

nite outer scale case increases compared with that in Fig. 2(c).

This implies that the outer scale effects cannot be ignored un-

der extremely strong turbulence conditions, especially for the

cases with a larger spectral power law. In addition, the in-

ner scale has no appreciable effect on the LSI for the cases

with L0 = 1 m, whereas when L0 = ∞, the effects of the inner

scale on the LSI decreases compared with that in Fig. 2(c). It

is shown that the general inner scale and outer scale behav-

ior depicted here for a Gaussian-beam wave is basically the

same for the infinite plane wave and spherical wave in a pre-

vious report[15,19] under moderate-to-strong non-Kolmogorov

turbulence.

α α

αα

3.0 3.2 3.4 3.6 3.8 4.0
0.05

0.10

0.15

0.20

0.25

0.30

3.0 3.2 3.4 3.6 3.8 4.0
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

3.0 3.2 3.4 3.6 3.8 4.0
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

3.0 3.2 3.4 3.6 3.8 4.0
0.5

1.0

1.5

2.0

2.5

3.0

3.5

4.0

(b)(a)

L
S
I

L
S
I

(c) (d)

L
S
I

L
S
I

l0=2 mm, L0=1 m
l0=2 mm, L0=@

l0=8 mm, L0=1 m
l0=8 mm, L0=@

l0=2 mm, L0=1 m
l0=2 mm, L0=@

l0=8 mm, L0=1 m
l0=8 mm, L0=@

l0=2 mm, L0=1 m
l0=2 mm, L0=@

l0=8 mm, L0=1 m
l0=8 mm, L0=@

l0=2 mm, L0=1 m
l0=2 mm, L0=@

l0=8 mm, L0=1 m
l0=8 mm, L0=@

Fig. 2. (color online) Longitudinal component of the SI (LSI) of a Gaussian-beam wave as a function of α with different l0 and L0
values; (a) L = 200 m, (b) L = 1000 m, (c) L = 2000 m, (d) L = 6000 m.

All the conclusions above are based on the LSI for a col-
limated Gaussian-beam wave for r = 0. To further analyze the
effects of the radial component on SI, we plot both on- and
off-axis results deduced from Eq. (33) in Fig. 3, where we set
α = 10/3, l0 = 2 mm, L0 = 1 m under the conditions cited
for Fig. 1(b). It is clear that the addition of the radial compo-
nent results in an increase in the SI compared with the on-axis
SI. This means that the off-axis fluctuations are stronger than
the on-axis fluctuations. However, once the beam has passed
through the focusing regime, the radial dependence of the SI
tends to diminish. For instance, when L > 8 km, the radial
component has no appreciable effect on the SI. In addition, as
the value of r/W increases, the SI power exponent increases

under weak to focusing regime fluctuation conditions.
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Fig. 3. (color online) SI of Gaussian-beam wave as a function of L for
various values of r/W .
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5. Conclusion
In this paper, we have derived a theoretical expression

for the SI of a Gaussian-beam wave propagating through
moderate-to-strong non-Kolmogorov turbulence, using the
generalized effective atmospheric spectrum and the extended
Rytov method. The derived expression was used to analyze the
effects of the spectral power law, inner scale, and outer scale
on the SI.

The numerical results reveal that for moderate-to-strong
non-Kolmogorov turbulence, the SI increases with increasing
path length up to a peak value at the focusing regime, then de-
creases and tends to saturate at a level. For different l0, L0,
and α , the peak SI has various values and occurs at different
L. Moreover, the SI power exponent increases under weak to
focusing regime fluctuation conditions with increasing r/W .
For outer scale effects, it has a negligible effect on the longi-
tudinal component of the SI under weak fluctuation. However,
for all values of α and larger path lengths, it reduces the SI
at a steeper rate compared to the SI for an infinite outer scale,
and the rate of reduction depends on l0 and α . In addition,
the presence of an inner scale does not significantly influence
the SI under weak fluctuations. However, under moderate-to-
strong fluctuations, larger inner scale values lead to stronger SI
and a significant increase occurs near the focusing regime. The
influence of the inner scale on the SI tends to diminish with in-
creasing turbulence strength. These results will contribute to
further investigations and the understanding of optical wave
propagation in the atmospheric turbulence.

Appendix A
In this appendix, the expression of the phase structure

function (PSF) for a plane wave based on the generalized mod-
ified atmospheric spectrum for the case L0 = ∞ is derived.

The plane wave structure function (WSF) is given by[3]

Dpl(α,ρ) = 8π
2k2L

∫
∞

0
κΦn(κ,α) f (κ,α, l0)

× [1− J0 (κρ)] dκ. (A1)

Substituting Eqs. (2), (3) and (7) into Eq. (A1), we obtain

Dpl (α,ρ) = 8π
2A(α)h(α)C2

nk2L
∫

∞

0
κ

1−α [1− J0 (κρ)]

×

[
1+a1

(
κ

κl

)
−b1

(
κ

κl

)β
]

exp
(

κ2

κ2
l

)
dκ.

(A2)

Using the series representation of the Bessel function of the
first kind,[3]

J0 (x) =
∞

∑
n=0

(−1)n (x/2)2n+p

n!Γ(n+ p+1)
, |x|< ∞, (A3)

equation (A2) can be re-expressed as

Dpl (α,ρ) = 8π
2A(α)h(α)C2

nk2L
∞

∑
n=1

(−1)n−1 (ρ/2)2n

n!Γ(n+1)

×
∫

∞

0
κ

2n+1−α

[
1+a1

(
κ

κl

)
−b1

(
κ

κl

)β
]

× exp
(

κ2

κ2
l

)
dκ, (A4)

and then using the definition of Gamma function Γ(·) and hy-
pergeometric 1F1(·),[3]

Γ(x) =
∫

∞

0
κ

x−1 exp(−κ) dκ, (κ > 0,x > 0), (A5)

1F1 (a;b;z) =
∞

∑
n=0

(a)n zn

(b)n n!
, (A6)

the analytical expression of Dpl (α,ρ) is obtained.

Dpl (α,ρ)

= 4π
2A(α)h(α)C2

nk2Lκ
2−α

l

{
Γ

(
1− α

2

)
×
[

1− 1F1

(
1− α

2
;1;−

ρ2κ2
l

4

)]
+a1Γ

(
1− α−1

2

)[
1− 1F1

(
1− α−1

2
;1;−

ρ2κ2
l

4

)]
−b1Γ

(
1− α−β

2

)[
1− 1F1

(
1− α−β

2
;1;−

ρ2κ2
l

4

)]
.

(A7)

For ease of calculation, the following approximation is
adopted as previously reported[33]

1− 1F1

(
1− α

2
;1;−x

)
≈
(

1− α

2

)
x
{

1+
2

(α−2)Γ(α/2)
x
}α/2−2

. (A8)

Hence, equation (A7) can be expressed as

Dpl (α,ρ) = π
2A(α)h(α)C2

nk2L [c(α)]4−α lα−4
0 ρ

2

× [∆ (ρ,α)+a1∆ (ρ,α−1)−b1∆ (ρ,α−β )] ,
(A9)

with

∆ (ρ,x) = Γ

(
1− x

2

)(
1− x

2

)
×

{
1+
[

2
(x−2)Γ(x/2)

]2/(x−4)
ρ2 [c(α)]2

4l2
0

}x/2−2

.

(A10)

When ρ � l0, equation (A9) reduces to

Dpl (α,ρ) = π
2A(α)h(α)Ξ(α)C2

nk2L [c(α)]4−α lα−4
0 ρ

2,
(A11)
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with

Ξ(α) = Γ

(
1− α

2

)(
1− α

2

)
+a1Γ

(
3−α

2

)(
3−α

2

)
− b1Γ

(
1+

β −α

2

)(
1+

β −α

2

)
. (A12)

By setting Dpl (α,ρ) = 2, the implied plane wave spatial
coherence radius for the case L0 = ∞, is

ρ0 (α, l0) =
{

0.5π
2A(α)Ξ(α)h(α)C2

nk2L

× [c(α)]4−α lα−4
0 ρ

2}−1/2
. (A13)

Moreover, for ρ� l0 the PSF is equal to one half the WSF.[34]

Hence, the analytical expression of the plane wave PSF is ob-
tained as

Ds= 0.5π
2A(α)Ξ(α)h(α)C2

nk2L [c(α)]4−α lα−4
0 ρ

2, (A14)

when α = 11/3, equation (A14) reduces to
Ds= 1.89C2

nk2Ll−1/3
0 ρ2 which agrees with the result based

on the conventional modified atmospheric spectrum.[5] How-
ever, the minor difference is that equation (A14) contains the
term c(α).

Note that we used the method in a previous report[3] to
derive the PSF through WSF, which is different from the re-
sults of another previous report.[19] The reason for this is that
the SI obtained using Eq. (A14) matches better with the ex-
perimental and simulation results (Sections 9.5.3 and 9.6.4 in
Ref. [3]) than Eq. (A10) in Ref. [19].
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