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Weak wide-band signal detection method based on small-scale
periodic state of Duffing oscillator∗
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The conventional Duffing oscillator weak signal detection method, which is based on a strong reference signal, has
inherent deficiencies. To address these issues, the characteristics of the Duffing oscillator’s phase trajectory in a small-
scale periodic state are analyzed by introducing the theory of stopping oscillation system. Based on this approach, a novel
Duffing oscillator weak wide-band signal detection method is proposed. In this novel method, the reference signal is
discarded, and the to-be-detected signal is directly used as a driving force. By calculating the cosine function of a phase
space angle, a single Duffing oscillator can be used for weak wide-band signal detection instead of an array of uncoupled
Duffing oscillators. Simulation results indicate that, compared with the conventional Duffing oscillator detection method,
this approach performs better in frequency detection intervals, and reduces the signal-to-noise ratio detection threshold,
while improving the real-time performance of the system.
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1. Introduction

Research on weak signal detection is very important in

many fields.[1,2] Traditional weak signal detection methods

primarily involve the filtering of noise, but these methods can

potentially alter the useful signal during this process. There-

fore, in general, when the signal-to-noise ratio (SNR) is less

than −10 dB, it is difficult to extract weak signals against a

background of noise.[3] Chaotic systems are different from the

traditional methods in that they are immune to noise and sensi-

tive to a specific signal, which means that they are particularly

suitable for weak signal detection under noisy conditions.[4–7]

The Duffing oscillator is one of the classic nonlinear

systems that have been extensively studied for weak sig-

nal detection.[8–11] In addition, many researchers have in-

vestigated the combination of Duffing oscillators and other

detection methods for weak signal detection with positive

results.[12–14] The effectiveness of these approaches under

a low SNR has been investigated both experimentally and

theoretically.[15] Based on the intermittency transition be-

tween order and chaos, the detection and estimation of a

weak signal with unknown frequency can be quantitatively

studied.[16] As this method has been validated earlier, nu-

merous additional studies have been performed with regard

to the efficiency of the approach. For instance, using two

coupled Duffing oscillator systems, harmonious wave and

square wave signals can be detected under a strong colored

noise background.[17] Combining chaos theory with cross-
correlation detection, a weak signal can be detected when the
SNR is reduced to −77 dB.[18] All of the Duffing oscilla-
tor detection methods in Refs. [16]–[18] addressed the low-
frequency weak signals, and did not consider large-bandwidth
high-frequency signals. However, the SNR detection thresh-
old of Duffing oscillator systems deteriorates rapidly with the
irregularity and increase of the weak signal frequency. There-
fore, a Duffing oscillator capable of detecting weak signals
with arbitrary frequencies needs to be investigated.

An extended Duffing oscillator model was used to effec-
tively detect weak high-frequency partial discharge signals.[19]

A weak signal detection approach based on the generalized
parameter-adjusted SR (GPASR) model is proposed.[20] By
combining the advantages of FPGA and the Duffing oscilla-
tor, a novel state detector, phase trajectory auto-correlation, is
introduced for state detection of Duffing oscillators.[21] The
Duffing oscillator systems in Refs. [19]–[21] eliminated the
limitation of small frequency parameters. It should be noted
that all the Duffing oscillator detection methods previously
mentioned are based on a strong reference signal, i.e., they de-
pend on the phase transition from chaotic to large-scale peri-
odic motion. However, this phase transition process is difficult
to identify accurately, and the critical threshold corresponding
to the critical state is greatly affected by many factors.[22] In
addition, the inherent deficiencies of the conventional Duffing
oscillator detection method, which is based on a strong refer-
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ence signal, were not considered.[23]

In this investigation, our objective was to maximize the
frequency detection interval of a single Duffing oscillator,
while avoiding the effects of the inherent deficiencies of this
method on the detection accuracy. Firstly, based on the the-
ory of the stopping oscillation system, which is sensitive to
a certain driving force and immune to a zero mean random
small perturbation,[24] the Duffing oscillator detection system
based on the small-scale periodic state is proposed. Then, us-
ing the phase trajectory characteristics, a new method for weak
wide-band signal frequency detection based on this system is
also proposed. This method not only overcomes the disad-
vantages of a conventional Duffing oscillator detection method
which is based on a strong reference signal, but also realizes
the frequency detection of wide-band signals using a simpler
structure. Finally, we investigated the performance of the pro-
posed method. Simulation results show that this approach can
achieve a lower SNR detection threshold, which provides a
new solution for Duffing oscillator weak wide-band signal de-
tection.

The rest of this paper is organized as follows. Section 2
gives a preliminary description of the Duffing oscillator sys-
tem in a small-scale periodic state. In Section 3, a weak signal

frequency detection method based on the small-scale periodic

state of Duffing oscillator is presented together with MATLAB

simulations. In Section 4, the performance of the proposed

method is evaluated by simulations. Finally, conclusions are

presented in Section 5.

2. Weak signal detection system based on the
Duffing oscillator

2.1. Theory of the stopping oscillation system

The stochastic differential equation can be given as[24]

{
Dq𝑋 = 𝐹 (X , t)+ eξ (t),
𝑋(t0) = 𝑥0,

(1)

where 𝑋 and 𝐹 are both two-dimensional vector stochastic

processes; 𝑞 ∈𝑅 is the order of the differential equation, eξ (t)

is a random perturbation from system inputs, where e is the

amplitude; and 𝜂0 is the trivial solution (i.e., 𝐹 (𝜂0, t) = 0).

s.t.

i) lim
‖x0−η0‖→0

P

{
lim
t→∞

e→0

‖𝑋(t; t0,𝑥0)−𝜂0‖
}

= 1.

ii) When the input is a periodic signal, equation (1) has a

periodic or quasi-periodic solution.
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Fig. 1. (color online) Phase trajectories of the Duffing oscillator system at k = 0.5. (a) γ = 0.3, small-scale periodic motion; (b)
γ = 0.5, double-periodic motion; (c) γ = 0.82, chaotic motion; (d) γ = 0.83, large-scale periodic motion.

030702-2



Chin. Phys. B Vol. 27, No. 3 (2018) 030702

Under this circumstance, the system corresponding to

Eq. (1) is called the stopping oscillation system.[24] Condi-

tion i) indicates that the system is asymptotically stable with

probability 1 when the input is a small random perturbation,

and the corresponding state is called the stopping oscillation

state. Condition ii) indicates that the system is in a periodic or

quasi-periodic state when the input is a periodic signal.

According to the definition, in the stopping oscillation

system, the state transition from stopping oscillation state to

periodic or quasi-periodic state is sensitive to a periodic signal

and immune to noise. Thus, it provides a new idea for detect-

ing weak periodic signals with unknown frequencies.

2.2. Principles of the Duffing oscillator

The conventional Duffing oscillator detection system

based on a strong reference signal can be described by the fol-

lowing equation:[25,26]

ẍ(t)+ kẋ(t)− x(t)+ x3(t) = γ cos(ωt), (2)

where k is the damping ratio, −x(t)+ x3(t) is the non-linear

recovery force, and γ cos(ωt) is the reference signal. For fixed

k = 0.5, with an increase of γ , the Duffing oscillator varies

from small-scale periodic motion to double-periodic motion

and then to chaotic motion. When γ increases to a value

slightly greater than the critical threshold γc, the system trans-

forms to large-scale periodic motion through the critical state

(chaos, but on the verge of changing to the large-scale periodic

motion), as shown in Fig. 1.

Using the conventional Duffing oscillator detection

method which is based on a strong reference signal, a weak

periodic signal buried in noise can be detected via the phase

transition from chaos to large-scale periodic motion.[27]

However, there are several inherent deficiencies in the

conventional Duffing oscillator detection method.

i) There is a non-detection zone when detecting a weak

signal with a frequency which is identical to the reference

signal frequency. In this zone, the system always remains in

chaotic motion, which means that the signal cannot be detected

by the phase transition.[22]

ii) The critical threshold varies with the reference signal

frequency and the intensity of the background noise.[23]

iii) The frequency detection interval of a single Duffing

oscillator is very narrow. Therefore, for an unknown weak

signal, an array of uncoupled Duffing oscillators must be used

to cover the whole frequency domain, but it may also lead to

greater computational cost and time in the process.

iv) There is a transition section in the transition process
from the initial value or chaotic motion to the large-scale pe-
riodic motion. Therefore, more time is required to determine
the current state of the system. Otherwise, this may lead to
misjudgment, and to a reduction of the detection accuracy.[28]

2.3. Characteristics of the Duffing oscillator in small-scale
periodic state

To eschew these deficiencies without the reference signal,
a weak signal detection system driven only by a to-be-detected
signal buried in noise, can be given as

ẍ(t)+ kẋ(t)− x(t)+ x3(t) = Acos(ω0t +ϕ)+n(t), (3)

where Acos(ω0t +ϕ) is the to-be-detected signal (the driving
force), and n(t) is the Gaussian white noise.

Generally, an equivalent transformation of Eq. (3) is per-
formed to detect a signal with an arbitrary frequency, its state
equation can be given as{

ẋ = ωy,
ẏ = ω(−ky+ x− x3 +Acos(ω0t +ϕ)+n(t)),

(4)

where ω is the angular frequency of the reference signal. To
ensure that the Duffing oscillator system works in the small-
scale periodic state, the value of A cannot exceed 0.36.[29,30]

Based on Hamiltonian system theory, when k > 0, driven
only by Gaussian white noise, the Duffing oscillator system
in Eq. (4) satisfies condition 1) of Eq. (1); while it is a dissi-
pation system when driven by a periodic signal.[31,32] There-
fore, when k > 0, the Duffing oscillator system in Eq. (4) is
a stopping oscillation system and can be used for weak signal
detection.

The phase trajectories of the Duffing oscillator system in
Eq. (4) are shown in Fig. 2. Driven by the Gaussian white
noise n(t)∼ N(0,0.12) with zero mean value and the variance
of 0.12, the system is asymptotically stable with probability
1, that is, the system is in the stopping oscillation state (see
Fig. 2(a)). Driven by the sinusoidal signal, the system has a
periodic solution, i.e., this system immediately changes from
the stopping oscillation state to the small-scale periodic state
(see Fig. 2(b)). Figure 2 also shows that regardless of the sys-
tem’s state, the focus of the phase trajectory is (1, 0).

To facilitate the subsequent analysis and calculations, it
is necessary to make the phase points uniformly distributed in
four quadrants as far as possible. Thus, equation (4) can be
modified as Eq. (5) to make the phase trajectory focus on (0,
0). 

ẋ = ωy,

ẏ = ω(−ky+(x+1)− (x+1)3

+Acos(ω0t +ϕ)+n(t)).

(5)
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Fig. 2. (color online) Phase trajectories of the system in Eq. (4) driven
by (a) Gaussian white noise n(t) ∼ N(0,0.12); (b) sinusoidal signal
0.004cos(2π×1000t).

In this paper, the Duffing oscillator system in a small-

scale periodic state in Eq. (5) is used for weak signal detec-

tion. Herein, we use the standard definition of the SNR in the

logarithm form as follows:

SNR = 10log
(

A2

2σ2

)
, (6)

where A is the amplitude of the to-be-detected signal, and σ2

is the noise variance. Figure 3 shows the phase trajectories

of the Duffing oscillator system in Eq. (5) when driven by

different signals. When driven by Gaussian white noise, fig-

ure 3(a) indicates that the system is in the stopping oscillation

state. Figure 3(b) shows the system is in the small-scale pe-

riodic state when it is driven only by a weak periodic signal

0.004cos(2π×1000t). The addition of strong noise to this

system when the SNR is −45 dB does not result in a change

in the system’s state as shown in Fig. 3(c), although the lo-

cal phase trajectory becomes rough. Therefore, even if the

SNR is very low, the system in Eq. (5) is still sensitive to a

specific signal and immune to random perturbations by simu-

lation. The phase transition from the stopping oscillation state

to the small-scale periodic state in the Duffing oscillator sys-

tem can then be used to detect the existence of a weak periodic

signal.
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Fig. 3. (color online) Phase trajectories of the system in Eq. (5) driven
by (a) Gaussian white noise n(t) ∼ N(0,0.12); (b) sinusoidal signal
0.004cos(2π×1000t) without noise; (c) sinusoidal signal at −45 dB
of SNR.

3. Weak signal detection method based on the
small-scale periodic state

In Section 2, the characteristics of the Duffing oscillator
in a small-scale periodic state are investigated, and it is demon-
strated that this system is suitable for weak signal detection
both from theoretical analysis and simulation results.

A large number of simulation results reveal that the phase
trajectory is irregular when the system is in the stopping os-
cillation state; while the phase trajectory is regular when
the system is in the small-scale periodic state. More impor-
tantly, when the Duffing oscillator system is in the latter state,

030702-4
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the phase trajectory has the same periodicity with the to-be-
detected signal. Using this knowledge, the phase space angle
can be used for weak periodic signal detection.

Defining φ as the phase space angle corresponding to the
phase point (x,y) in the phase plane, the sine and cosine func-
tions of φ can be given as

sinφ =
x√

x2 + y2
, cosφ =

y√
x2 + y2

. (7)

It is well known that x and y are the displacement and ve-
locity of the Duffing oscillator, respectively. Therefore, the pe-
riodic characteristics of the phase trajectory can be described
using sine and cosine functions.

Setting the system initial value (x,y) = (0,0), and adding
the to-be-detected signal 0.004cos(2π×1000t) with different

SNRs into the detection system in Eq. (5), figure 4 shows
the corresponding relationship among the time series of the
to-be-detected signal and the sine cosine curves of the phase
space angles. Without noise, or when the SNR is not less than
−20 dB, the to-be-detected signal and the sine cosine curves
have the same period (see Figs. 4(a) and 4(b)). When the
noise intensity is increased so the point that the SNR reaches
−45 dB, the time series of the to-be-detected signal is not
clearly identified, but the sine cosine curves are still relatively
clear (see Fig. 4(c)). A further increase of the noise intensity
level results in the complication of all three curves, and their
corresponding relationship is difficult to obtain at −50 dB of
SNR (see Fig. 4(d)).
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Fig. 4. (color online) Time series of the to-be-detected signal and the sine cosine curves (a) sinusoidal signal 0.004cos(2π×1000t)
without noise; (b) at −20 dB of SNR; (c) at −45 dB of SNR; (d) at −50 dB of SNR.

From the above analysis, it can be found that even though
the noise intensity is large, the sine cosine curves can still ac-
curately reflect the frequencies of the to-be-detected signals.
Therefore, when the Duffing oscillator is in the small-scale
periodic state and the SNR is higher than −50 dB, we can use
sine cosine curves for frequency detection.

In addition, when the frequency difference between the
reference signal and the to-be-detected signal is too large, the
output (x,y) of the Duffing oscillator cannot respond well to
the rapid changes of the to-be-detected signal, and the peri-

odic characteristics of the small-scale periodic state would be

destroyed. As seen in Fig. 5, a larger frequency difference be-

tween the two signals causes both the displacement and the

velocity to deviate from the origin (0, 0), where the deviation

of the displacement is even larger than that due of the velocity.

This means that the influence of noise on the displacement is

greater than the influence on the velocity. To conclude, in or-

der to decrease the influence of a large frequency difference,

the cosine function of the phase space angles is used to detect

the to-be-detected signal frequency in this report. More im-
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portantly, for the detection of weak signals with different fre-

quencies, we must estimate the approximate frequency range

[ω0start,ω0end] of the to-be-detected signal first, and then se-

lect an appropriate reference signal frequency according to this

pre-estimated frequency range to ensure that the frequency dif-

ference is not too large.
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Fig. 5. Time series of (x,y) when (a) ω0� ω; (b) ω0� ω .

Based on the above studies, a novel Duffing oscillator

weak signal detection method based on the small-scale peri-

odic state is proposed to detect weak wide-band signals. The

specific implementation can be described as follows.

i) Initializing the parameters: initial value of the Duffing

system (0, 0), the damping ratio k = 0.5.

ii) Selecting a value within [ω0start,ω0end] as the reference

signal angular frequency to obtain a small frequency differ-

ence between the reference signal and the to-be-detected sig-

nal.

iii) Adding the to-be-detected signal buried in noise to the

Duffing oscillator system in the small-scale periodic state in

Eq. (5), and calculating the corresponding cosine value using

Eq. (7).

iv) Setting the starting point of the search data to avoid

the influence of the transition section on the frequency detec-

tion accuracy. Then, using the peaks of the cosine curve and

its corresponding time series to calculate the cosine curve fre-

quency, which is considered to be the measured value of the
to-be-detected signal frequency.

Furthermore, we can detect periodic signals in different
frequency bands by changing the reference signal frequency.

4. Numerical experiments and analysis
In this section, three scenarios are considered which in-

clude the Duffing oscillator system is driven by (i) periodic
signals, (ii) divergent or attenuation oscillator signals, and (iii)
chirp signals. For each scenario, the initial value of the Duffing
oscillator systems is (x,y) = (0,0), the reference signal angu-
lar frequency is ω = 2π f = 2π×1000 rad/s, and the frequency
detection accuracy can be given as

η = 1−
∣∣ω0−ω ′0

∣∣
ω0

, (8)

where ω0 and ω ′0 are the real value and measured value of the
to-be-detected signal angular frequencies, respectively.

4.1. Weak periodic signals detection

In the first scenario, the periodic signal is used as a driv-
ing force and added to the Duffing oscillator system in Eq. (5),
which can be given as

s1(t) = Acos(ω0t) = 0.004cos(2π f0t), (9)

where s1(t) is the to-be-detected periodic signal.

Table 1. Frequency detection intervals of a single Duffing oscillator
driven by periodic signals at different SNRs. The notation – implies
that the detection failed.

f/Hz SNR/dB
Small-scale periodic Strong reference signal
fL/Hz fH/Hz fL/Hz fH/Hz

1000 0 1 166000 973.8 1033.3
1000 –10 1 85000 973.8 1033.3
1000 –20 50 6000 973.8 1033.3
1000 –30 140 4000 973.8 1033.3
1000 –40 430 2100 – –
1000 –45 900 1800 – –

For to-be-detected periodic signals, Table 1 shows the fre-
quency detection intervals [ fL, fH] of a single Duffing oscil-
lator using the Duffing oscillator detection method based on
the small-scale periodic state and a strong reference signal.
All of the frequency detection accuracies in these intervals are
higher than 99%. Considering the detection method based on
the small-scale periodic state, the frequency detection interval
of a single Duffing oscillator is very wide. However, based on
a strong reference signal, the frequency detection interval of
a single Duffing oscillator is limited, that is, the regular inter-
mittent chaos will take place and can be used for frequency
detection only when the relative frequency difference is less
than 0.03.[15] An increase in the noise intensity leads to a small
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amount of transient chaotic motions entering the phase trajec-
tory. Thus, the regular intermittent chaos no longer occurs,
and the strong reference signal method cannot be used for fre-
quency detection at −30 dB of the SNR. However, based on
the small-scale periodic state method, although the decrease
of the SNR results in narrower frequency detection intervals,
the intervals are still much larger than those of the detection
method based on a strong reference signal in Ref. [15]. As al-
ready demonstrated in this report, the proposed method greatly
expands the frequency detection interval of a single Duffing
oscillator. Thus, instead of an array of uncoupled Duffing os-
cillators, we can detect the existence of a weak wide-band sig-
nal and obtain its frequency using a single Duffing oscillator
with a faster speed, using the phase transition from the stop-
ping oscillation state to the small-scale periodic state. In addi-
tion, there is no strict limit to the reference signal frequency in
the proposed method, as long as it is within the pre-estimated
frequency range [ω0start,ω0end] of the to-be-detected signal.
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Fig. 6. Time series of the to-be-detected signal and cosine function
when (a) f0 < fL; (b) f0 > fH.

When the to-be-detected signal frequency is outside the
frequency detection interval, figure 6 shows that the character-
istic of having the same period between the cosine curves and
the to-be-detected signal will be abruptly deteriorated. Fur-
thermore, as seen in Fig. 7, the phase trajectories become ir-
regular spiral curves and cannot maintain the small-scale peri-
odic state. This is because the system’s output (x,y) decreases

rapidly when the frequency difference is too large, so that the
influence of noise is more prominent. This greatly reduces the
frequency detection accuracy. Therefore, it is no longer suit-
able for frequency detection when the frequency difference is
too large.
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Fig. 7. Phase trajectories when (a) f0 < fL; (b) f0 > fH.
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Fig. 8. Frequency detection accuracies (η) of periodic signals with dif-
ferent amplitudes.

The influence of the to-be-detected signal amplitudes on
the frequency detection intervals of a single Duffing oscilla-
tor also needs to be discussed. For example, when the SNR
is 0 dB, keeping other parameters unchanged and increasing
A to 0.01 or 0.02 from 0.004, respectively, as seen in Fig. 8,
fL remains at 1 Hz, and fH increases to 219 kHz and 432 kHz
from 166 kHz correspondingly. In summary, frequency detec-
tion intervals [ fL, fH] extends with an increase of the ampli-
tude. This is mainly because a larger amplitude requires the
system to have a longer time to maintain the stability of the
small-scale periodic state.
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4.2. Weak divergent and attenuation signals detection

In the second scenario, the divergent or attenuation oscil-
lation signals are used as driving forces, and are given as

s2(t) = Ae0.1t cos(ω0t) = 0.004e0.1t cos(2π f0t), (10)

s3(t) = Ae−0.1t cos(ω0t) = 0.004e−0.1t cos(2π f0t), (11)

where s2(t) is the to-be-detected divergent oscillation signal,
and s3(t) is the to-be-detected attenuation oscillation signal.

Adding the divergent oscillation signal as a driving force
to the Duffing oscillator system in Eq. (5), it can be seen from
Fig. 9(a) that the system maintains the small-scale periodic
state, and the phase trajectory spirally diverges from the ini-
tial value. When the amplitude of the input signal exceeds the
threshold of 0.36, the phase transition from the small-scale pe-
riodic state with slowing increasing amplitude to the double-
periodic state takes place, as shown in Fig. 9(b). Therefore, the
to-be-detected signal should be multiplied by a weighting fac-
tor ε (0 < ε < 1) to ensure that the system is in the small-scale
periodic state.
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Fig. 9. Phase trajectories driven by the divergent oscillation signals in
(a) small-scale periodic motion; (b) double-periodic motion.

Similarly, taking the attenuation oscillation signal as a
driving force, figure 10 shows the system maintains the small-
scale periodic state, and the phase trajectory spirally shrinks
from the initial value. If the simulation time is sufficiently
long, the amplitude of the input signal will be reduced to
an infinitely small value, and the Duffing oscillator system

will be infinitely close to the stopping oscillation state. How-
ever, the weak signal frequency detection method proposed in
this paper only requires a few cycles, and the signal ampli-
tude changes slowly during this time. Therefore, the proposed
method can meet the requirements for detection accuracy and
real-time performance.
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Fig. 10. Phase trajectory driven by an attenuation oscillation signal.

Figure 11 shows the frequency detection accuracies for
the periodic signal, the divergent and the attenuation oscilla-
tion signal, with A = 0.004 and −45 dB of SNR. It can be
seen that in all cases, the frequency detection accuracy can ex-
ceed 99% in the frequency interval [900 Hz, 1800 Hz] when
driven by the periodic signal. When driven by the divergent
oscillation signal, the frequency detection interval is expanded
to [850 Hz, 1950 Hz]. The frequency detection interval is re-
duced to [950 Hz, 1620 Hz], when the attenuation oscillation
signal is used as a driving force.

SNR=-45 dB

            800 1000 1200 1400 1600 1800 2000 2200
0.2

0.4

0.6

0.8

1.0

driven by periodic signals

driven by attenuation oscillation signals

driven by divergent oscillation signals

f/Hz

η

Fig. 11. Frequency detection accuracy (η) for different driving signals.

For divergent or attenuation oscillation signals, in order to
compare the detection ability of the proposed method with the
detection method based on a strong reference signal, Tables 2
and 3 provide the frequency detection intervals of a single
Duffing oscillator at different SNRs. When the SNR is higher
than −20 dB, both methods can be used for frequency detec-
tion, but the proposed method presents wider frequency detec-
tion intervals. When the SNR is less than −20 dB, the method
proposed in this paper has a better detection rate. However,
the detection method based on a strong reference signal fails
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to do it because the regular intermittent chaotic phenomenon
no longer occurs. In addition, compared to the frequency de-
tection intervals driven by the periodic signals in Table 1, it
can be concluded that, when the divergent oscillation signal
is used as a driving force, the slow increase of the amplitude
leads to an increase of the frequency detection interval. How-
ever, when using the attenuation oscillation signal as the driv-

ing force, the frequency detection interval drops slightly al-

though the drop scope is very small, due to the slow decrease

of the amplitude. Therefore, compared with the conventional

method, the proposed method can accurately obtain the fre-

quencies of divergent and attenuation oscillation signals in a

wider frequency band and a lower SNR.

Table 2. Frequency detection intervals of a single Duffing oscillator driven by divergent oscillation signals. The notation – implies the
detection failed.

f/Hz SNR/dB
Small-scale periodic state Strong reference signal method
fL/Hz fH/Hz fL/Hz fH/Hz

1000 0 1 167000 973.8 1033.3
1000 –10 20 86000 973.8 1033.3
1000 –20 40 6300 – –
1000 –40 420 2300 – –
1000 –45 850 1950 – –

Table 3. Frequency detection intervals of a single Duffing oscillator driven by attenuation oscillation signals. The notation – implies
the detection failed.

f/Hz SNR/dB
Small-scale periodic state Strong reference signal method
fL/Hz fH/Hz fL/Hz fH/Hz

1000 0 1 165000 973.8 1033.3
1000 –10 20 84000 973.8 1033.3
1000 –20 50 5700 – –
1000 –40 450 2000 – –
1000 –45 950 1620 – –
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Fig. 12. Effect of initial amplitudes on frequency detection accuracy
(η) when the driving signals are (a) divergent oscillation signals and (b)
attenuation oscillation signals.

In addition, to study the influence of the initial amplitude

on the frequency detection intervals of a single Duffing oscil-

lator, figure 12 shows a series of frequency detection accuracy

curves for divergent and attenuation oscillation signals with

initial amplitudes A of 0.004, 0.01, and 0.02. According to
Fig. 12, the curves with different amplitudes have similar be-
havior, that is, the frequency detection intervals extend with
an increase of the initial amplitude. In addition, compared
with the frequency detection intervals for periodic signals as
shown in Fig. 8, when the driving forces are divergent oscil-
lating signals, the frequency detection intervals with different
initial amplitudes are increased. In the case of the attenuation
oscillation signals, all the frequency detection intervals are re-
duced.

4.3. Weak chirp signals detection

In the last scenario, the chirp signal is used as a driving
force, which can be given as

s4(t) = Acos2π( f0 +0.5bt)t

= 0.004cos2π(1000t +0.5bt2), (12)

where the initial frequency of the to-be-detected chirp signal
s4(t) is 1000 Hz, and b is the frequency change rate. For exam-
ple, when b = 2000, figure 13 shows that the phase trajectory
occupies much more space in the phase space compared with
the phase trajectory driven by a periodic signal. However, the
phase trajectory is still in the small-scale periodic state and can
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be used for frequency detection by the proposed method.
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Fig. 13. Phase trajectory driven by a chirp signal.

Adding chirp signals with different frequency change
rates to the Duffing oscillator system in Eq. (5), figure 14 re-
veals that when the SNR is not less than −20 dB, and the fre-
quency change rate is between 1 Hz/s to 2500 Hz/s, the de-
tection accuracy of the initial frequencies is higher than 99%.
The frequency detection accuracy decreases with an increase
of the noise intensity and frequency change rate. When the
SNR is between −25 dB and −45 dB, the maximum value of
b is 2000 Hz/s in order to ensure the stability of detection ac-
curacy. If b is too large, then the instantaneous frequencies of
the to-be-detected signals may exceed the frequency detection
intervals, which lead to a decrease of the system’s detection
accuracy and stability.
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Fig. 14. Frequency detection accuracy (η) for chirp signals based on
the small-scale periodic state of the Duffing oscillator.

Using the conventional detection method based on a
strong reference signal, we can obtain the frequency of the to-
be-detected signal only when the SNR is not less than−20 dB
and the frequency change rate is less than 15. Otherwise, this
approach cannot complete the chirp signal frequency detec-
tion, as shown in Fig. 15. This is due to the fact that when
the reference signal frequency is fixed, the resulting rapid
frequency change will result in a large frequency difference,

so the regular intermittent chaotic motion cannot take place.
Therefore, for chirp signals, a better frequency detection rate
can be achieved using the proposed method.

η

-30 -20 -10 0

SNR/dB

0.90

0.92

0.94

0.96

0.98

1.00

b/

b/

b/

b/

b/

Fig. 15. Frequency detection accuracies for (η) chirp signals based on
a strong reference signal.

Besides, instead of an array of uncoupled Duffing oscil-
lators, the proposed method only requires a single Duffing
oscillator for weak signal detection which has a significantly
lower computational burden compared to the method based on
a strong reference signal.

5. Conclusion
In this paper, a weak wide-band signal detection method

based on the small-scale periodic state of a Duffing oscillator
is proposed. In order to eschew the deficiencies of a conven-
tional Duffing oscillator detection method based on a strong
reference signal, the to-be-detected signal buried in noise is
considered as the driving force. Then, the cosine function
of the phase space angles was used to detect the weak sig-
nal frequency when the system is in the small-scale periodic
state. Simulation results demonstrate that the frequency de-
tection interval of a single Duffing oscillator was significantly
improved, which means that the proposed method is more suit-
able for detecting the existence of a weak wide-band signal
and extracting its frequency with a higher speed. In addi-
tion, the approach reduces the detection threshold of the in-
put SNR and improves the detection accuracy and real-time
performance.

It is noteworthy that the frequency detection interval of
a single Duffing oscillator is reduced when the SNR is low,
which improves the adaptability of the reference signal fre-
quency. By modifying the developed algorithm, the frequency
detection interval could be further expanded.
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C R 2016 Digit. Signal Process. 55 32
[15] Wang G Y, Chen D J, Lin J Y and Chen X 1999 IEEE Trans. Ind. Elec-

tron. 46 440
[16] Wang G Y and He S 2003 IEEE Trans. Circ. Syst. 50 945
[17] Li Y, Lu P, Yang B J and Zhao X P 2006 Acta Phys. Sin. 55 1672 (in

Chinese)
[18] Nie C Y and Shi Y W 2001 Chin. J. Sci. Instrum. 22 33
[19] Zeng Z Z, Zhou Y and Hu K 2015 Acta Phys. Sin. 64 070505 (in Chi-

nese)

[20] Lai Z H and Leng Y G 2015 Sensors 15 21327
[21] Rashtchi V and Nourazar M 2015 Circuits Syst. Signal Process. 34

3101
[22] Li Y, Yang B J, Lin H B and Liu X X 2005 Acta Phys. Sin. 54 1994 (in

Chinese)
[23] Fan J, Zhao W L and Wang W Q 2013 Acta Phys. Sin. 62 080502 (in

Chinese)
[24] Zhou X X, Lai L and Luo M K 2013 Acta Phys. Sin. 62 090501 (in

Chinese)
[25] Shaw S W and Holmes P J 1983 J. Sound. Vib. 90 129
[26] Wiggins S 1987 Phys. Lett. A 124 138
[27] Yan B N, Liu C X, Ni J K and Zhao L 2016 Chin. Phys. B 25 100502
[28] Liu H B, Wu D W, Jin W and Wang Y Q 2013 Acta Phys. Sin. 62

050501 (in Chinese)
[29] Li M P, Xu X M, Yang B C and Ding J F 2015 Chin. Phys. B 24 060504
[30] Lai Z H, Leng Y G, Sun J Q and Fan S B 2012 Acta Phys. Sin. 61 60

(in Chinese)
[31] Zhu W Q 2003 Nonlinear Stochastic Dynamical Systems and Control

(Beijing: Science Press) pp. 330–335
[32] Zhang Z F, Ding T R, Huang W Z and Dong Z X 1997 Qualitative The-

ory of Differential Equation, 2nd end (Beijing: Science Press) pp. 450–
451

030702-11

http://dx.doi.org/10.1016/j.ymssp.2016.04.002
https://doi.org/10.1155/2014/849670
http://dx.doi.org/10.1016/j.ymssp.2016.05.012
http://dx.doi.org/10.1016/j.ymssp.2016.05.012
https://doi.org/10.1109/ijcnn.1992.226876
https://doi.org/10.1109/ijcnn.1992.226876
http://dx.doi.org/10.1103/PhysRevLett.69.2607
https://doi.org/10.1016/j.compeleceng.2014.11.007
http://dx.doi.org/10.7566/JPSJ.85.044005
http://dx.doi.org/10.7566/JPSJ.85.044005
http://dx.doi.org/10.1016/S0022-460X(03)00002-6
https://doi.org/10.1016/j.ymssp.2014.05.015
https://doi.org/10.1016/j.ymssp.2014.05.015
http://dx.doi.org/10.1016/j.dsp.2016.04.008
http://dx.doi.org/10.1109/41.753783
http://dx.doi.org/10.1109/41.753783
http://dx.doi.org/10.1109/TCSI.2003.812606
http://dx.doi.org/10.7498/aps.55.1672
http://dx.doi.org/10.7498/aps.55.1672
http://dx.doi.org/10.19650/j.cnki.cjsi.2001.01.009
http://dx.doi.org/10.7498/aps.64.070505
http://dx.doi.org/10.7498/aps.64.070505
http://dx.doi.org/10.3390/s150921327
http://dx.doi.org/10.1007/s00034-014-9948-5
http://dx.doi.org/10.1007/s00034-014-9948-5
http://dx.doi.org/10.7498/aps.54.1994
http://dx.doi.org/10.7498/aps.54.1994
http://dx.doi.org/10.7498/aps.62.080502
http://dx.doi.org/10.7498/aps.62.080502
http://dx.doi.org/10.7498/aps.62.090501
http://dx.doi.org/10.7498/aps.62.090501
http://dx.doi.org/10.1016/0022-460X(83)90407-8
http://dx.doi.org/10.1016/0375-9601(87)90240-4
https://doi.org/10.1088/1674-1056/25/10/100502?
http://dx.doi.org/10.7498/aps.62.050501
http://dx.doi.org/10.7498/aps.62.050501
http://dx.doi.org/10.1088/1674-1056/24/6/060504
http://dx.doi.org/10.7498/aps.61.050503
http://dx.doi.org/10.7498/aps.61.050503

	1. Introduction
	2. Weak signal detection system based on the Duffing oscillator
	2.1. Theory of the stopping oscillation system
	2.2. Principles of the Duffing oscillator
	2.3. Characteristics of the Duffing oscillator in small-scale periodic state

	3. Weak signal detection method based on the small-scale periodic state
	4. Numerical experiments and analysis
	4.1. Weak periodic signals detection
	4.2. Weak divergent and attenuation signals detection
	4.3. Weak chirp signals detection

	5. Conclusion
	References

