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In this paper, the (1+1)-dimensional variable-coefficient complex Ginzburg—Landau (CGL) equation with a parity-
time (PT) symmetric potential U (x) is investigated. Although the CGL equations with a PT-symmetric potential are less
reported analytically, the analytic solutions for the CGL equation are obtained with the bilinear method in this paper. Via
the derived solutions, some soliton structures are presented with corresponding parameters, and the influences of them are
analyzed and studied. The single-soliton structure is numerically verified, and its stability is analyzed against additive and
multiplicative noises. In particular, we study the soliton dynamics under the impact of the PT-symmetric potential. Results
show that the PT-symmetric potential plays an important role for obtaining soliton structures in ultrafast optics, and we can
design fiber lasers and all-optical switches depending on the different amplitudes of soliton-like structures.
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1. Introduction

The concept of the parity-time (PT) symmetry was put
forward in the quantum mechanics firstly in 1998.11 Since
then, the research of the PT symmetry has attracted much at-
tention. The first relation between the PT symmetry and optics
field has been found by Musslimani,[?! and the first theoretical
relation of PT-symmetric matter waves in the Bose—Einstein
condensates with the harmonic potential had been found by
Yan et al.'>>! The realization of the PT symmetry in the opti-
cal materials had been achieved in 2009.[°! A more impressive
extension as the pseudo-PT symmetry has been proposed.!”]

In quantum theory, if a general Hamiltonian H =
(p*/2) +V(x) (p and x respectively signify momentum and
position operator) is PT-symmetric, it should obey the nec-
essary condition that (not sufficient) V(x) = V*(x) (* stands
for the complex conjugation).!?! In optics, the potential V' (x)
plays as an optical potential by a complex refractive-index
distribution n(x) = nr(x) + ing(x), wherein the real compo-
nent and the imaginary part denote respectively the refrac-
tive index profile and the gain (+) or loss (-) in the sys-
tem. The PT-symmetric conditions mean ng (x) = ng (—x) and
ni(x) = —ny(—x), that is to say, the index distribution must be
an even function of position, whereas the gain or loss must

8-13

be an odd function.!®13 In addition, the spectrums of the PT-

symmetry system would appear to be complex while chang-

[14-19

ing some appropriate parameters, ! which can be used
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to realize the PT symmetry coupler.!?’ Recently, symmetry
breaking of solitons in special types of PT-symmetric poten-
tials had been reported regardless of PT symmetry breaking or
not.[21-231

For the realistic optical systems, the optical lattices (OLs)
and waveguides with the PT-symmetry have been studied for
many different cases. The gap soliton had been found in
the linear OLs, and the influence of competing nonlineari-
ties had been analyzed. [24-26] Ty the nonlinear OLs, the mul-
tipole solitons, multistable solitons and matter-wave solitons
had been revealed.>”-2° With regard to the optical waveg-
uides, the rich dynamics and stability of solitons in differ-
ent structures as dual-core, double-channel and arrays has
been studied. %321 The dynamics of solitons are described by
the nonlinear Schrodinger equation (NLS),33#%! and can be
used in mode-locked fiber lasers.*!=#**] Moreover, compared
to those mentioned above, the research of the PT-symmetric
laser system is rarely reported. The pulse evolution can be
described by the complex Ginzburg-Landau (CGL) equation

s.[4%5481 With the triangle PT-symmetric

in the laser cavitie
potential, soliton drift and decay stemmed from the linear
loss modulation.!*! Some applications as realizing the single
mode transmission in the semiconductor laser have been re-
ported recently. 3011

Compared with the constant coefficient CGL equation,

those variable-coefficient CGL equations are able to de-
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scribe multifarious situations more powerfully in such nat-
ural phenomena as the coastal waters of oceans, optical-
fiber communications and blood vessels.[>>>4! In variable-
the general NLS equation and CGL

equation have been widely investigated than that with PT-
[55,56]

coefficient models,
symmetric potentials; especially, the variable-coefficient
CGL equation with a PT-symmetric potential has been less re-
ported but worthwhile to further research. [>7-8]

In this paper, we will study the (1+1)-dimensional
variable-coefficient CGL equation, which can be divided into
two situations: when the variable coefficients are real, it can be
described by the NLS equation. Nevertheless, when the vari-
able coefficients are complex, it is the CGL equation. Here,
we discuss the CGL equation with a PT-symmetric poten-
It will
In Section 2, we will describe the

tial, and regard the NLS model as its special case.
be organized as follows.
(1+1)-dimensional variable-coefficient CGL equation which
includes two different circumstances, and the solution method
will be constructed. In Section 3, we will illustrate and dis-
cuss different structures of the solutions received, and perform
numerical simulation with noises. In Section 4, results will be
summarized.

2. Model and solution

The (1+1)-dimensional variable-coefficient CGL equa-
tion with the harmonic for the dimensionless light field u(z,x)

has the form, !

it + B ()t + y(x)|u*u+ U (x)u =0, (1)

where z is the dimensionless propagation distance, and the
variable coefficients (x), y(x), and U (x) are respectively the
diffraction, nonlinearity, and harmonic potential coefficients.
Using the separation of variables, we define the solution u(z,x)

as

u(z,x) = f(x)A(z,x). 2)

Substituting Eq. (2) into Eq. (1), we obtain two equations
as a result of the separation of variables. They are

A+ 280 5, + BWAw+ I FIAPA =0, )
Here, equation (3) can be abbreviated as
A, 4+ 0 (x)A(x) 4+ B(x)Aw + G (x)|APA =0 (5)
with
alx) =28 2. o) = 10 ©)

Firstly, we use the dependent variable transformation

G(z,x)
F(z,x)’

where G(z,x) and F(z,x) are complex differentiable functions.

A(z,x) = (7

Submitting expression (7) into Eq. (5), we can obtain the bi-

linear forms for Eq. (5) as
iD,G-F+a(x)D:G-F+B(x)D:G-F=0,  (8)
B(x)DIF -F —o(x)|G* =0, ©)

where D, and D, are the Hirota’s bilinear operators,[GO] which
can be defined by

DDA (a-b)
d IN"[/ad I\ ;o
= (5:97) (3o ae) a9

Here, the expressions of G(z,x) and F(z,x) are as follows:

G(z,x) = €Gy(z,x),
F(z,x) = 1 + £2F(z,x),
1

G = ekiFiky)+(wi(x)+iwa(x))+ 9|+i92)’ (10)

where € is a formal expansion parameter, k1, k;, 01, and 6, are
real constants. wy(x) and wy(x) are the differentiable functions
to be determined.

3. Analysis and discussion

This section can be divided into two cases with different
conditions depending whether the coefficients are complex or
not.

3.1. Coefficients are real

As a special example, equation (1) can be regarded as a
NLS model. Firstly, we consider Eq. (5).[°!! Substituting ex-
pressions (10) into bilinear forms (8) and (9), and equating co-
efficients of the same powers of € to zero yield the following
expressions of F;(x), o (x), o (x), B(x) about wy(x) and wy(x).

Fz(z,x) _ m(x) e2k1z+2wl(x)-§—2917 m(x) = esz—Zm(X),

= Cc3Xx+cC X) = C)'(x)
WZ(X) = (3 + 69 ’}/( ) ‘f(-x)lz’
dn=4mmﬂnwmxmmum< m' (x)

+mw<>+mu 1(0)))/ (w3 (x) 2wy (x)
+wa (6)3 = wy(X)w) (x) + wy (x)wy (1)),

B(x) = (—kiw, (x) — kawa (x))/ (] (x) 2wy (x) +wy (x)°
—%U”U+MU§U)

a(x) = (kiw, (x)* + 2kaw; ()w (x) — kywy (x)? + kywi (x)
+ kaw (x)) / (wy (1) (x) + iy () — w) (x)w ()

”
wy (%)),

2
+wy (x)
1 1
wi(x) = ¢cs+ = 5 (sz 2log <cos <204(—c%k% — 4¢3k
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\/—C%kl +4C%k1 —4caczkox
_ 1/2 _
S
1
(11)

where ¢; (i = 1,2,3,4,5,6) are real constants. Substituting
Egs. (10)—(11) into Egq. (7), we can get the expression of A(z,x)
as follows:

ce %+iC3x+Cs+iL‘6+k12+ik22+91 +i6;

A(Z’x) = 1 +cy esz+2k12+291 82

2k

\/—c%kl +4c§k1 —dcresky(caky — x)
X sec . (12)

Fig. 1. (color online) Different soliton structures of A(z,x) with the ap-
propriate parameters: (a) Single soliton structure with € =1, k; = 1,
ky =075 ¢c1=2,¢i=1(i=2,3,456) and 6, =1 (i =1,2). (b)
Dromion structure with e =1, k; =1 (i=1,2), ¢; =1 (i=1,2,3,4,5,6)
and 6; =1 (i=1,2).

Then, combining Eq. (11) with Egs. (4)—(6), we obtain

o(x)
f(x) = ce! BO®

\/—C%kl +4C§k1 — 4CzC3k2(C4k1 —X)
= , (13
c cos ( N > (13)

where c is a real constant similarly with ¢; (i = 1,2,3,4,5,6).

Specially, the value of U (x) is always a constant, and

—a(x)? =2 (x)B(x) +2a(x)B (x)
4B (x)

Here, C is a constant, and it varies with different parameters.

Substituting Egs. (12)—(13) into Eq. (2), we acquire the fol-

lowing expression of u(z,x):

Ux) = =C.

(14)

ec%—x+iC3x+05+ic6+k1z+ik2z+61+i62

u(z,x) = ce (15)

1+4¢ eC2x+2k12+26; g2

From Figs. 2(a) and 3(b), we find that they have diverse
amplitudes and pulse widths due to the different diffraction
coefficient §(x). With (x) enlarged, the amplitude becomes
higher, and the pulse duration becomes narrower. That is to
say, the energy of the soliton becomes bigger. In contrast to
B(x), from Figs. 3(a) and 3(b), we can find that the amplitude
becomes lower, and the pulse duration becomes wider with
the nonlinearity y(x) enlarged; in other words, the energy of
the soliton becomes smaller. In addition, changing the signs

of B(x) and y(x) simultaneously, they can change the direc-
tion of the propagation. However, when they have the same
sign, equation (1) does not have soliton solutions. Probably
due to the constant coefficient bound potential modulation, it
is only a single soliton structure of u(z,x).

Fig. 2. (color online) Influence of the diffraction f(x). Parameters are as
follows: (a) B(x) =2, y(x) = —2/e*, e =1,k =2,k =1, ¢; = 0.5,
i =1(i=2,3,4,5,6)and 6 =1 (i = 1,2); (b) B(x) = 1, y(x) = —2/¢2,
e=Lk=1(=12),c3=—1,ci=1(i=2,4,5,6),and ;=1 (i=1,2).

Fig. 3. (color online) Influence of the nonlinearity y(x). Parameters are as
follows: (a) B(x) = —1, y(x) =2/, e =1, k=1, ky=1,¢c5 =1,
ci=1(=2,4,56)and 6; =1 (i = 1,2); (b) B(x) = —1, y(x) = 1/e?,
e=lLk=-lLk=1lca=-1,¢=1(=2,4,56)and 6;,=1 (i=1,2).

To verify the accuracy of the analytic solution, we use
the split-step Fourier method!®! to simulate the beam propa-
gation. As shown in Fig. 4, the initial beam keeps balance to
propagate under the focusing and anomalous dispersion con-
ditions.

Fig. 4. (color online) Numerical simulation of solitons with the appropri-
ate parameters as: ¢ = 0.5, 3 = —1,and 0 = 2.

In order to study the stability of this structure, we consider
the influences of additive and multiplicative noises.®*! Firstly,
we discuss the structure against additive noises. We define that

030504-3
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the strength radio is noise variance compared to the input max-
imum amplitude. Here we set initial input sech(x), and we find
that the soliton is stable against 10% additive noises with some
compressions. When the strength radio increases to 50%, the
soliton evolves into breather-like structure, and gradually dis-
appears. Furthermore, the structure is completely destroyed
under 100% noises. In order to improve the signal transmis-
sion quality, decreasing nonlinearity to 0.5 can recover the sig-
nal.

(b)

z

-5 0 5

Fig. 5. (color online) With the same parameters as Fig. 4, the soliton sim-
ulation against additive noises with following strength radio: (a) 10%, (b)
50%, (c) 100%. (d) According to panel (c), we recover the signal setting
o =0.5.

As the other aspect, the multiplicative noises have more
disruptive to signals rather than the additive noises. The signal
is completely distorted while the strength ratio of the multi-
plicative noise is just 0.1%. If we increase the nonlinearity
to 9, we can obtain a rough channel to transfer the signal due
to the focusing effect. In addition, decreasing the dispersive
effect can further focus the signal, and form a breather-like

structure.

-5 0 5

Fig. 6. (color online) With the same parameters as Fig. 4, the soliton simu-
lation against multiplicative noises. (a) The strength radio is 10%. (b) We
set 0 =9. (c) Based on (b), we set § = —0.34.

3.2. Coefficients are complex

Obviously, equation (5) is a GL model. We also consider
Eq. (5) firstly. The solution is the same with Section 3.1, but in
this part the complex coefficients should be taken into account.
That is to say, the expressions of the complex coefficients are

a(x) = oy (x)+iop(x),
o(x) =o01(x) +ioca(x),

B(x) = Bi(x) +ipa(x), (16)

where o;(x),0;(x), and B;(x) (i = 1,2) are all real functions.
By calculating the expressions of o;(x),o;(x) (i = 1,2), and
Bi(x) (i=1,2), we obtain

FZ(Z,X) _ m(x) 62k12+2w1(x)+291’

m(x) _ C2ec1x72w1(x)’
) — o1 (x) + oz (x)
=T r

01(x) = 263ce M B (x),

02(x) = 2o e MW B, (),

S W AR

W (1) +w (x)2

+Ba(x )w x)%w <x>+w;<x><—k1 + Ba (x)wy (x)?

Olz(x) = —

(x) 2w (x >+wl (x) (k1 + B (x)wi (x)?
+ Ba(x)w 1(x)+[31( Ywa (x)) +ws (x)
% (ko + Br (x)wy (x)> = By (x w1< )+ Ba(x)w

Bi(x) = (crhkawy(x)? —2kywa(x)> —wy (x)?

X (crky +2k1w) (x)) — kws (x) (e} + 2w (x))

+c1(kzw~(x)—k1w2( ))+w1(x)

X (c%kz + 261k1w/2 (x) + 2k1w2 (x))

[(e1(=2c1w; (x)> +w; (x)* +wox)

+w) (1)2(cF + 2wa (%) — 2wy (x >>+wl< )2

+wy (x)2(cF + 2wy (x)) + 2¢1w) (x)w, >+w2’(x>

— 2w, (x) (c1wa (%) — 1wy (x) +2w5 (x)wy (1)),
Bax) = (Berkiwy (x)2 = 2kyw) (x)° + crkywy (x) +w) (x)

x (—c3ky 4 2¢1kawn (x) — 2kywy (x)% + 2kyw) (x))

+ wa(x) (—Pka + 2kywo (x)) — c1 (kyw' (x)

+kawy (x))) /(1 (=2crwy () 4wy (0)* +wa (x)*

+ ) (0)2(cF + 2wy (x)2 — 2w (x)) 4w (x)

+wy (x)2(cF + 2wy (), a7

2(%))),

030504-4



Chin. Phys. B Vol. 27, No. 3 (2018) 030504

where ¢ and ¢; are real constants. Substituting Eqgs. (10) and
(17) into Eq. (7), we get the following expression of A(z,x) as

€ eklz+ikgz+01 +i63+wy (x)+iwy (x)

A(z,x) = (18)

1 + C282 eclx+2klz+291
Then, combining Eq. (17) with Egs. (4) and (6), we get

the brief expression of f(x) as

al(x)+1oc2(x) dx

f(x) =ce’ MBr+hW (19)

Here c is a real constant similar with ¢; and ¢;. In this part,
=V(x)+iW(x). V(x) and
W (x) are real functions which represent the real and imaginary

the potential function is that U (x)

parts, respectively. Through Eq. (4), we can get the foolowing
expression of V(x) and W (x):

V() = Bo() (I3 () + 2 (B())

~ B (R0 +H () - L),

W) = ~B(x) ()~ () + I ()
B (B )+ 2 (IBE).

(

o = AP +a(0)p(x)
N = G B
~on(x)Br(x) — o (x)Ba(x)

) .

o (
f3(x) BZ() 1 B2(x)

In order to obtain the expression of u(z,x), we substitute

(20)
X

Egs. (18)—(19) into Eq. (2). Since its expression is very com-
plex, here we only give its simplified form

ay () +iog(x) dx
u(z7_x) = cee’ 2Br1M+B )

ek12+ik22+91 +160+wy (x)+iwy (x)

1 + 0282 eclx+2klz+291 (21)

Taking advantage of the parameters in Fig. 7, we can get di-
verse soliton structures of u(z,x), and the corresponding po-
V(x) 4+ iW (x) meet PT-symmetric that
V(—x), and the imaginary component

tential function U (x) =
the real part V(x) =
W(x)=-W(x).
From Fig. 8 to Fig. 11, we can see that the structures of
u(z,x) vary with the potential function U (x). In Figs. 8 and 9,
the periodic wave structures were formed under the modula-
tion of the potential function changing regularly. The periodic

fields V (x) can be regarded as the tight-binding model. Espe-
cially, in Fig. 8, the field center is a lattice defect that results
in a more deeper trap. In Fig. 9, the structure of the periodic
wave is more smooth. In Fig. 10, the soliton-like structure ap-
pears raised in the middle because of the system generating
a gain which was decided by the trap of the bound potential.
The PT gain distribution is balanced with the nonlinear and
dispersive gain or loss exactly, which has not obvious influ-
ence on the soliton structure. In contrast to Fig. 10, the bound
potential forms a barrier result in the system generating a loss
in Fig. 11, so soliton-like structure appears sunken in the mid-
dle. From Figs. 10 and 11, we can design optical switches
depending on the different amplitude of soliton-like structures
which are formed by convex or concave in the middle of the
structures.®?! In addition, the diffraction coefficient 3(x) and
the nonlinearity y(x) can influence the amplitudes and pulse
duration of the structures, and they can also change the propa-

gation direction to a certain extent.

Fig. 7. (color online) Different soliton structures of A(z,x) with the ap-
propriate parameters as: € =1, kj =1, kp =0.75, ¢; =2, ¢o = 1, and
6; =1 (i=1,2). (a) Periodic wave structure wj (x) = x+ cos(x) — 1 and
wy(x) = 0.1sin(x). (b) Soliton-like structure wy(x) = x+0.8e and
wa(x) = 0.1sin(x). (c) Solition-like structure wj(x) = x — 0.5¢~* and
wa(x) = 0.1sin(x). (d) Single soliton structure wy(x) = x and wy(x) =

0.1sin(x).
(a) V(z) (b) W(z)
50 50
p AN AL 3
o Vo 4V NIy D3\ V2 g
—50 ~50

Fig. 8. (color online) The appropriate parameters are: wj (x) = x-+cos(x) — 1, wp(x)

=0.1sin(x),e=1,k; =1,k =0.75,¢c; =2,cp=1,and 6; = 1 (i=1,2).

(a) The real part of the corresponding potential function. (b) The imaginary component of the corresponding potential function. (c) Periodic wave structure

of u(z,x). Figure 9.

030504-5
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(a) V() (b) W(z)
1.0 1.0
\/0/5\_/ 0-5
YT R g 4
—0.5 —0.5
_1.0 —1.0

Fig. 9. (color online) The appropriate parameters are: wy(x) = x+0.86”‘2, wa(x) =0.1sin,e =1,k =1,k =0.75,¢; =2,co =1and 6; =1 (i =1,2).
(a) The real part of the corresponding potential function. (b) The imaginary component of the corresponding potential function. (c) Soliton-like structure of
u(z,x).

(a) V(z) (b) W(x)
3 3
3 0.13
\ .
2
24 é\/l "2 1 4 2 . 2 1 vl
) )
—3 _3

Fig. 10. (color online) The appropriate parameters are: w (x) :x—O.Se‘XZ, wo(x)=0.1sin(x),e=1,k1 =1,ky =0.75,¢; =2,co=1,and ;=1 (i=1,2).
(a) The real part of the corresponding potential function. (b) The imaginary component of the corresponding potential function. (c) Soliton-like structure of
u(z,x).

(a) V(z) (b) W(x)
30 30

120 20 {\

w0} | 10

R 1 k ' 1 5 g i \J\i 2
N T —10 N _ﬁlo

20
—-30 —30

Fig. 11. (color online) The appropriate parameters are: wy(x) =x, wa(x) =0.1sin(x), e =1,k =1, k, =0.75,¢c1 =2, c =1, and 6; = 1 (i = 1,2). (a)
The real part of the corresponding potential function. (b) The imaginary component of the corresponding potential function. (c) Periodic wave structure of
u(z,x).
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