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Nowadays, massive amounts of data have been accumulated in various and wide fields, it has become today one of
the central issues in interdisciplinary fields to analyze existing data and extract as much useful information as possible from
data. It is often that the output data of systems are measurable while dynamic structures producing these data are hidden,
and thus studies to reveal system structures by analyzing available data, i.e., reconstructions of systems become one of the
most important tasks of information extractions. In the past, most of the works in this respect were based on theoretical
analyses and numerical verifications. Direct analyses of experimental data are very rare. In physical science, most of the
analyses of experimental setups were based on the first principles of physics laws, i.e., so-called top-down analyses. In this
paper, we conducted an experiment of “Boer resonant instrument for forced vibration” (BRIFV) and inferred the dynamic
structure of the experimental set purely from the analysis of the measurable experimental data, i.e., by applying the bottom-
up strategy. Dynamics of the experimental set is strongly nonlinear and chaotic, and it’s subjects to inevitable noises. We
proposed to use high-order correlation computations to treat nonlinear dynamics; use two-time correlations to treat noise
effects. By applying these approaches, we have successfully reconstructed the structure of the experimental setup, and the
dynamic system reconstructed with the measured data reproduces good experimental results in a wide range of parameters.

Keywords: dynamics, inverse problem, data analysis
PACS: 05.45.Tp, 05.45.—a

1. Introduction

In recent years, a large scale of data has been accu-
mulated in various fields, especially in social and biologi-

cal systems.!!™* However, the system structures generating

5,6]

these data are usually not clear.>®! Therefore, it is very

important in interdisciplinary fields to reveal system struc-

tures by analyzing their output data, called dynamic struc-

7-13

ture reconstructions.!”~13' A typical example in this regard is

a recent dialogue project on reverse engineering assessment
and methodology (DREAM), which has attracted consider-
able attention in the field of reconstructing gene regulatory

14151 Similar objectives are found in other areas,

16,17

networks. [
such as neural networks!'®!7) and ecosystems. 8] Mathemat-
ically, dynamics of systems considered are widely described

),119-221 gpg

as coupling ordinary differential equations (ODEs
the problem of system reconstructions is thus to reveal these
linear or nonlinear structures of the differential systems. So
far, many system structures’ reasoning methods had been pro-
posed to different fields to solve various structure reconstruc-
tion problems.['>23-27] In most of the practical cases, network
reconstructions from measurable data must encounter some
major difficulties: nonlinearity of network dynamics; and ef-
fects of unknown impacts, such as noise. The joint inter-

play of these difficulties makes the problem of network recon-
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structions challenging. In order to overcome these difficulties,
some new integrated physical thinking and intelligent methods
have been proposed.!!>2334 So far, most of the works of net-
work reconstructions have considered mathematical analyses
and numerical simulations of various models, and much fewer
works directly analyzed realistic experimental data. Moreover,
a majority of works of network reconstructions are in the so-
cial and biological disciplines. In physics, scientists have been
familiar with research strategies, starting from the first princi-
ples, i.e., so-called top-down analyses, and people have very
seldom inferred structures of experimental setups by analyzing
measurable data of experiments only. Due to some unknown
complexities of experimental sets; unknown experimental sur-
rounding; and strong nonlinearity and chaotic of dynamics, the
conventional top-down strategies are not always successful,
and direct analyses of experimental data, i.e., the bottom-up
strategies, may serve as useful tools to reconstruct experimen-
tal structures. In this paper, we collect data of oscillating angle
of the Boer resonant instrument under forced vibration with a
very high measurement frequency and try to reveal the dynam-
ical structure of the experimental set purely from measurable
data. For performing effective data analysis, we use high-order
correlations to treat nonlinearity of the experimental system,
and two-time correlations to deal with noises existing in the
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experiment. Then by analyzing the available angle data only,
we are able to infer the interaction structures between different
experimental subsets; fix some unknown and not measurable
physical parameters, and reconstruct the dynamic model of the
experimental system. In particular, the reconstructed mechan-
ical model can satisfactorily reproduce essential dynamic fea-
tures in a wide range of control parameters, though the data
under analysis are taken from the experimental measurement
at a fixed single parameter set.

2. Experimental setup and data measurements

In this paper, we conduct an experiment of “Boer resonant
instrument for forced vibration”, i.e., we use a fine iron bar
with a matching nut adding on a Pohl’s torsion pendulum to
complicate the apparatus,®>! and further, introduce a double-
well potential into the basic torsion pendulum apparatus. This
experimental setup can produce very rich experiment results
such as complicated patterns of periodic and chaotic motions
and diverse bifurcations between these patterns, by varying a
single experimental parameter, the frequency of the driving

force, only.[36-391

2.1. Device setup

Pohl’s torsion pendulum is a torsional harmonic oscillator

that can oscillate with a rotational motion about the axis of a
torsion spring clockwise and counterclockwise. Its behaviors
are analogous to those of translational spring-mass oscillators,
and the corresponding linear iZed equation of the copper ro-
tating wheel is accepted for describing its dynamics, which is
d’e

@ o

do 2
+}/E + k6 :MCOSTEI,

connection screw to convolute spring
and vertical driving bar

convolute spring

¢

vertical driving bar °

suppoyﬁéolumn

where J is the moment inertia of the copper rotating wheel, 7 is
the friction parameter, k is the stiffness coefficient of the con-
voluted spring, G is the amplitude of the driving torque, and
T is the driving period. Such apparatus can support only very
simple periodic motion, and cannot be used to explain compli-
cated nonlinear dynamic phenomena such as chaotic patterns
and transitions between different types of motions. To over-
come this flaw, the linear oscillator is modified into various
nonlinear oscillators by adding various nonlinear terms to the
rotating wheel, and the set in Fig. 1 is one of them. In Fig. 1,
we add a fine iron bar with a matching nut in the vertical di-
rection going through the center of the copper rotating wheel,
which provides nonlinear factors of the system. Specifically,
the parameters of mass quality, diameter, and length of the fine
iron bar are set at 19.4 g, 4.8 mm, and 155 mm, respectively,
and the mass of the nut is fixed to 2.1 g. One can easily change
the nonlinear torque continuously by adjusting the position of
the nut on the iron bar. A number of works have studied such
an experimental setup and modeled the system by

,d20

deé

dr @

2
+ kB = Mcos 7t+mgrsin9,

where m is the total mass of the fine iron bar and the match-
ing nut (nonlinear component), and g is the gravity accel-
eration, and r is the distance between the barycenter of
the iron bar with matching nut and the center of the ro-
tating wheel. In experiments (Fig. 1), we can freely ad-
just period T (i.e., frequency 1/T) and damping item ¥y
by adjusting the periodic driving tuner and the damping

rotating wheel

fine iron bar and matching nut

connection screw to convolute
spring and wheel axis

wheel axis

horizontal driving bar

driving stepping motor <

I base —>

Fig. 1. (color online) Experimented setup of “Boer resonant instrument for forced vibration”,3%! a fine iron bar with a matching nut
is added to a Pohl’s torsion pendulum, and a double-well potential structure is introduced by a torsion pendulum apparatus through
adding weights to the copper rotating wheel of Pohl’s torsion pendulum basis. Extremely rich experiment results can be explored
in the torsion pendulum experiment, including rich patterns of periodic and chaotic motions and diverse bifurcations between these
patterns, by varying a single experimental parameter, the frequency of the driving force, only.
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controller. By shifting the position of the matching nut on the
fine iron bar, the parameter ¥ can be changed on purpose, that
modifies the depth of the double-well potential. With these
modifications, the modified Pohl’s torsion pendulum can ex-
hibit rich nonlinear behaviors of periodicities, chaoticities, and
various bifurcations between different patterns.

2.2. Data collection and dynamic phenomena

In all experiments, the data of swing angle 0 are measured
by an organic glass turntable and collected. The frequency of
measurements are very high as f,, = 50 Hz, and the duration of
angle measurement is rather long up to L = 7200 s, so that all
behaviors of different types of motions can be well captured.
By recording the swing angle for different driving periods,
complicated bifurcation diagrams of 6, responding to changes

6/rad-s~1

of parameter 7' are manifested. In Fig. 2, we show some typ-
ical patterns of 6 trajectories where periodic and chaotic mo-
tions are observed at different parameters. Figure 3 shows the
bifurcation pattern in the experimental data against the varia-
tion of the driving frequency with all other parameters fixed.
Note that all plots in Figs. 2 and 3 are presented purely from
the measured experimental data. Fast-varying as well as noisy
impacts are obviously observed, for all periodic and chaotic
trajectories in Fig. 2 have wide widths and fast-varying fluctu-
ations. Equation (2) can be regarded as being derived from the
first principles of the analysis of mechanisms of experimental
set, i.e., from the top-down strategy. A number of problems are
not solved by Eq. (2). First, some parameters, like friction y
and spring constant k, may be unknown. Second and most im-
portant, the dynamic form prior assumed in Eq. (2) may not be

(b)

—1.0 0 1.0 2.0

1.5
1.0
0.5
0
—0.5
—1.0

—-1.5
-1.0 —-0.5 0 0.5 1.0 1.5

Fig. 2. (color online) By changing the driving period, the & motion of the BRIFV experiment transits between rich patterns of periodic
and chaotic motions. (a) T =10.42s,(b) T =5.38s,(c) T =3.27 s,and (d) T =2.60 s.
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Fig. 3. (color online) Bifurcation diagram of the experimental setup in
Fig. 1, plotted by data at time moments r = kT, k > 2300. “Getmax”
means the max angle in period 7. A rich and fine bifurcation struc-
ture is observed by varying periods of the driving and fixing all other
parameters the same as these in Fig. 2.

correct, and other complicated and unknown nonlinear facts
not included in Eq. (2) may essentially affect the experimental
dynamics. In this paper, we adopt purely bottom-up strategy
of the investigation. Namely, we assume that all parameters
of Eq. (2), and even the form of Eq. (2) itself are unknown,
and we have a task to explore the dynamic structure under-
lying the experimental processes purely from the measurable
0 data through standard dynamics reconstruction procedures
explained in the next section.

3. Formula derivation of dynamic structure re-
construction

In this section, we consider the dynamics structure recon-
struction of the experimental sets (Fig. 1) from the measured
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data (Figs. 2 and 3). First, we describe the general theory for
the reconstruction.

Since phase angle data 6(¢) of the BRIFV set are col-
lected, the rule governing the pendulum evolution can be gen-
erally written as

O(t)=F(6(1),0(1),t)+(t), 3)

where noise term I'(¢) is assumed from microscopic impacts,
which varies much faster than the time scale of pendulum dy-
namics (see Fig. 2 for the evidence), and can be approximated
as white noise

(L(1)) =0,(C(1)I(1")) = D(B)o(t —1). ©)

Both field F and noise intensity D(6) are unknown. The fre-
quency of deterministic periodic driving can be controlled and
known while the amplitude (which may or may not be 0 de-
pendent) of driving and all the other dependencies of F' on 6
and 6 are unknown. The central task of this section is to infer
an explicit form of F (6, 0,t) from available data 6(¢) only.

This task can be formally done as follows. By expanding
F on a certain function basis set as

M
F(6(1),6(t),1) = Y FZi(6(t),6(t),cos(wr),sin(or)), (5)
i=1

with Z; being known functions of 8(t), 8(t), cos(wt) sin(wt).
Defining the partner basis set Z/(0(¢), 6(t), cos(wt),
sin(t)), i=1,2,...,M, and multiplying both sides of Eq. (3)
by partner bases Z'T(t — 1); (the transposition of vector Z')
and computing all related connections, we arrive at a set of
algebraic equations

B=FC+(I'()Z'(t—71)), (6)
where constant vector F' given in Eq. (5) as
F=(FF,...,Fu), (7a)
vector B is computable from data
B = (By,Bs,...,By),

1 L .
P XT: O(t1)Zi(0 (1 £ ), 0t 2 ),16— ), (7b)
- E k=x+1

Bi=

and matrix C is computable as well from the measured data as
C = (Cj), i,j=1,2,...,M,
Cj=—=% Y, Zib®),0n)n)
xZj(0(t_z), 0 ).hz) (7c)
In Eq. (6), the last correlation should vanish

(I'(1)Z(t - 7)) =0, (8)

because of the approximation in Eq. (4), for any fast-varying
noise at time ¢ is not correlated to any variable functions at
earlier time 7 — T with 7 being larger than the correlation time
of noise.

If all terms in Egs. (7) and (8) are identified, equation (6)
can be thus explicitly computed as

B=FC,
leading to
F=BC. )

Since all elements of B and C are computable with mea-
sured data 6(¢), dynamic structure of F' in Eq. (5) can be in-
ferred. In the remaining part of this paper, we simply use iden-
tical expansions for the basis set Z’ and partner set Z’

Zi(6(),0(1),1) =Z (6(1),0(t),1), i=1,2,....M.

Up to now, there are still several points to be made clear
before Eq. (9) can be used in the realistic reconstruction of
experimental set. First, one has to choose proper bases in
Eq. (5) for field expansion; second, it is crucial to choose suit-
able truncation M for fixing basis set, too large M can be too
computationally consuming and can cause low reconstruction
accuracy while too small M may give wrong reconstruction
results; third, in Eq. (9) one has to compute the inverse of ma-
trix C , and thus this C should be invertible. Any singularities
(zero eigenvalues) of matrix C can make the inverse computa-
tion fail. These problems will be treated one by one as follows.

i) Since we are considering a pendulum system and mea-
suring phase angle 6(¢) as our data, Fourier expansion can
serve as suitable expansion bases, and equation (3) can be very
generally specified as

ny

0(t) = Z (F;, cos(i10) + F;, 4m, sin(iy 0))0 4 Foy 16
i=1
1 my

+ Y (Fys2m, c08(i20) + Fiy 1 2m; +m, sin(i26))
=1
ms3

+ Z (Fiy+2m, +2m, c0s(i30)

=1

+ Fig+2my +2my+m3 Sin(i3 9)) COS(Wt)
m3

+ Y (Fiy2m; +2my+2my €08(i36)
=1

+ E'3+2m1 +2my+3m3 Sin(i3 6)) Sin(Wt)
+ Fomy 1 2my+dms 41 (10)

In Eq. (10), the terms multiplied by 8 represent friction effects
which may or may not be angle-dependent in the given exper-
iment. The terms of pure Fourier expansion provides possi-
ble choices for the angle-dependent potential. The last part
of terms multiplied by cos(wt) and sin(wt) show the general
form of periodic driving.

ii) In Eq. (10), suitable truncations mj,my,m3 (or the total
truncation M = 2m; + 2my + 4m3 + 1) are to be determined,
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and both too large or too small truncations can seriously in-
fluence the quality of structure reconstruction. For seeking
proper truncations, we apply the compressive sensing (CS)
method.!*%) The main idea is to adapt a sparse approximation
algorithm called orthogonal matching pursuit (OMP),[#1:421 to
handle the signal recovery problem and to choose suitable
terms for the computation of Eq. (9).

iii) After truncation M is fixed in Eq. (5), C matrix in
Eq. (9) can be computed. If C has some zero (or near to
zero) eigenvalues, some linear correlation relations exist be-
tween some vector bases, and one has to delete some bases
one by one until C becomes invertible.

Considering all the above three items, a well-defined and
closed algorithm Eqgs. (5), (7), and (9) with a suitably chosen
truncation M can be conducted. In our experiment and with
the available data collected in the chaotic regime, we adopt
the following candidate system, based on the results of CS:

O(t) = F10+ Fcos(ot) + F3sin(wt) + Fycos(0)
+ F5sin(0) 4 Fscos(26) + F7sin(20)
+ Fgcos(30) + Fysin(36), an

and Z and F’ can be specified as

Z = (6,cos(ot),sin(ot),cos(8),sin(8),
cos(20),sin(26),cos(36),sin(30)),
F = (FlaF27F3aF47F53F67F77F8,F9)' (12)

4. Data analysis and structure reconstruction

Using the data collected from the chaotic states at dif-
ferent 7’s of Fig. 3 and computing Eq. (9) with the basis set
in Eq. (11), we can reconstruct all different parameter sets of
Eq. (11), and thus reconstruct a model system to represent the
dynamics of the experimental set (Fig. 1).

In order to justify the sufficiency of M truncation in
Eq. (11), we can apply a self-consistent checking method. [+3]
After inferring structure F' with the truncation of Eq. (11), we
further consider a truncation M’ > M to infer structure of F”.
M’ includes all bases in Eq. (11), and adds some more bases
with slightly lower ranks in CS basis sequence. If F' of M
truncation is identically reproduced in F” with M’ truncation,
and if all other parameters Fy;;,i = 1,2,...,M’ — M, not in-
cluded in Eq. (11) are approximately zero, the reconstruction
of M truncation of Eq. (11) is self-consistently justified. In
Fig. 4, we plot F' against F' where both F’ and F' are com-
puted by applying Eq. (9) with data collected in several ex-
periments at different 7" in the range of 0078 s-0.198 s. M is
given by Eq. (11) and M’ includes all bases of Eq. (11) and
two other bases of cos(66) and sin(60). All dots, represent-
ing the M parameters in Eq. (11) computed in both F and F”,
are around the diagonal line and all parameters included in
F' while not included in the bases of Eq. (11) are nearly zero
(red circles in Fig. 4(a)). These results support convincingly

the structure reconstruction of Egs. (9) and (11). In Fig. 4(b),
we do something just opposite, i.e., we decrease truncation
numbers M from Eq. (11) to M’ = 7 by deleting the terms of
cos(26),sin(26), and do the same thing as that in Fig. 4(a).
Dots distribute considerably away from the diagonal line, in-
dicating M’ = 7 used here is not a suitable truncation.

10 . . .
= oo (&)
Il
g 0 @/
-5
Ry st
_10 L "
-8 —6 -4 =2 0 2 4 6 8
F(M=9)
v
= 4
cﬁ (b)
E 0 rg;::’ o
E—4
-8 G
—8 —6 —4 -2 0 2 4 6
F(M="1)

Fig. 4. (color online) (a) and (b) Parameters reconstructed with 2 differ-
ent truncations M’s (vertical lines) plotted against those reconstructed
by M truncation adopted in Eq. (11). M’ >M (M’ =11, Zyy = (8,
cos(t), sin(wt), cos(8), sin(0), cos(20), sin(26), cos(36), sin(30),
COS(GO), sin(66)), F = (F1,FQ,F3,F4,F5,F6,F7,Fg,Fg,F1(),F11)) and
M’ includes all M parameters of Eq. (11), all dots are around the di-
agonal line and all parameters not included in the M of Eq. (11) bases
are nearly zero (red circles), justifying the sufficiency of truncation of
Eq. (11). (b) The same as panel (a) with two terms of cos(26),sin(26)
in Eq. (11) deleted (M =7, Zy = (6, cos(wt), sin(wt), cos(8), sin(8),
cos(30), sin(30)), F = (Fi, F», 3, Fy, Fs, Fs, F7). Dots distribute
considerably away from the diagonal line, concluding such truncation
of M =7 not suitable.

With parameters reconstructed by using Egs. (9) and (11),
we can model the dynamics of the experimental set by using
Eq. (11), i.e., we can numerically run Eq. (11) and compare
the data of simulations with data directly collected by exper-
imental measurements. In Fig. 5, we use different data sets
collected in experiments at four different periods of Fig. 2,
and reconstruct parameters of Eq. (11), and numerically run
Eq. (11) and produce bifurcation figures as we did for exper-
imental data from the experiments for different and fixed T”s
in Fig. 3. It is surprising that though parameters in the four
figures are obtained from experimental data collected at dif-
ferent and fixed T”s, the whole bifurcation structure observed
in experiment Fig. 3 for a large range of T is fully (approxi-
mately, of course) reproduced in all the four figures. A number
of characteristic features such as distributions of periodic re-
gions, chaotic domains, and transitions between different pat-
terns appearing in the four reconstructed nonlinear systems
(Fig. 5) are rather similar and all of them are similar to the ex-
perimental results of Fig. 3 with certain fluctuation and shifted
distributions.

In Fig. 6, we do exactly the same as that in Fig. 2, with
the trajectories produced by numerical simulations of Eq. (11)
with parameters of Fig. 5(a). The four pairs of experimen-
tal (Fig. 2) and numerical (Fig. 6) trajectories are rather simi-
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lar to their periodicity, chaoticity and the trajectory structures,
though all four trajectories in Fig. 6 are reproduced by Eq. (11)
with parameters reconstructed with an experimental data set
collected at a single fixed period 7 = 10.42 s. It is emphasized
that the experimental data of periodic orbits are not very good
for structure inference (see Fig. 5(b)) because periodic data

Getmax/rad
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(1/T)/Hz

V)
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g1
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by SN

-1

0 0.2 0.4 0.6
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have low dimensionality and include less information than
those of chaotic states. On the other hand, data from different
fully chaotic states can be used for the reconstruction task, and
data collected at different driving frequencies can equally and
rather robustly reproduce experimental behaviors as shown in
Figs. 5(a), 5(c), and 5(d).
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Fig. 5. (color online) Numerical results of constructed Eq. (11). Four figures use parameters reconstructed with four data sets collected
in experiments at 7 = 10.42 s (a), 5.38 s (b), 3.27 s (¢), and 2.60 s (d), respectively. T step for producing numerical results is the same
as that of the experiment, Az = 0.05 s. A number of characteristic features such as distributions of periodic regions, chaotic domains
and their turning points of the four reconstructed systems are rather similar to each other and all of them show essential features of the

experimental results of Fig. 3.
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Fig. 6. (color online) The same as Fig. 2, with trajectories produced by numerical simulations of Eq. (11) using parameters reconstructed
in Fig. 5(a). (a) T = 10.42 s, (b) 5.38 s, (c) 3.27 s, and (d) 2.60 s (the same as these in Figs. 2(a)-2(d), respectively). The four pairs of
experimental (Fig. 2) and numerical (Fig. 6) trajectories are rather similar to their periodicity, chaoticity and the trajectory structures, though
all four trajectories in Fig. 6 are reproduced by Eq. (11) with parameters reconstructed with an experimental data set collected at a single fixed

period 7 =10.42s.
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5. Conclusion

In conclusion, we have performed the dynamic structure
reconstruction of an experimental set “Boer resonant instru-
ment for forced vibration” based on measured experimental
data only. So far, most of the works on the system reconstruc-
tions have considered various model systems. In this paper,
the systematical analysis fully based on experimental data will
be useful for practical applications in wide fields. In physics,
we are familiar with various derivations, starting from physi-
cal first principles, i.e., a top-down investigation strategy. In
this paper, we assume no prior knowledge of the experimental
structure, except some general and well-known understand-
ing of friction, driving and angle property of measured data.
Purely from experimentally measured data, we can infer the
structure of the experimental set. This bottom-up strategy
can explore not only the “first principles”, i.e., the main dy-
namic structure, of the experiment, but also reveal the con-
crete parameter values in the experimental set, which cannot
be directly derived from the first principles. In Figs. 5 and 6,
we show that the dynamic systems reconstructed from exper-
imental data sets can produce numerical data having features
rather similar to those of the experimental data, and can pre-
dict experimental behaviors at conditions where no data mea-
surement has been conducted. This prediction is possible only
as both physical principles and detailed parameter reconstruc-
tions are explored. Both top-down and bottom-up investiga-
tion strategies are important in exploring system structures.
We hope that jointly combining these two strategies in many
practical systems may provide powerful tools in reconstruc-
tions of realistic systems.
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