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The global monopole spacetime and its topological charge*
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We show that the global monopole spacetime is one of the exact solutions of the Einstein equations by treating the
matter field as a non-linear sigma model, without the weak field approximation applied in the original derivation by Barriola
and Vilenkin. Furthermore, we find the physical origin of the topological charge in the global monopole spacetime. Finally,
we generalize the proposal which generates spacetime from thermodynamical laws to the case of spacetime with global

monopole charge.
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1. Introduction

The global monopole charge resulted from the breaking
of global O(3) symmetry belongs to those eccentric objects
like cosmic strings and domain walls, and plays an impor-
tant role in modern physics.!!! Generally speaking, the global
monopole charge is one kind of topological defect which can
be produced by the phase transition in the early universe.
There are a series of important investigations about this kind
of topic before. For instance, Harari and Lousto found that the
gravitational potential of such topological defect is negative;*!
the same topic in the dS/AdS spacetime was explored in
Ref. [3] and the scholars found that the gravitational potential
can be either repulsive or attractive, depending on the value
of the cosmological constant. In addition, a new class of cold
stars called D-stars (defect stars) were proposed in Refs. [4]-
[6], in which the authors argued that the theory has monopole
solutions in the case that the matter field disappears. Besides,
the global monopole charge has also been considered in cos-
mology, see Refs. [7]-[10] for more details. Moreover, the
global monopole spacetime was first found by Barriola and
Vilenkin in 19891 in which this category of spacetime was
derived by applying the weak field approximation.

In Ref. [12], the general bulk/boundary correspondence, a
generalized version of the AdS/CFT correspondence, was pro-
posed. In order to find the evidence to support their proposal,
the authors put forward the thermodynamics on the bulk where
the topological charge was constructed. However, it should be
noted that the authors’ proposal of this new physical concept
(namely the topological charge) was based on some mathe-
matical tricks and the physical origin of the topological charge
was missed in this proposal.

In this paper, we prove that the global monopole space-
time is an exact solution of the Einstein equations if the mat-
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ter field is applied as the free nonlinear sigma model which
has been introduced in Ref. [13]. Additionally, we show that
our work can be applied to higher-dimensional spacetime as
well as another maximum symmetrical spacetime. Further-
more, the difficulties in Ref. [12] are investigated in our work
by showing that the physical background of the topological
charge is the sigma model (either linear or non-linear one, de-
pending on the topological structure of the spacetime), and this
topological charge will be reconstructed in a more reasonable
way inspired by Ref. [14].

This paper is organized as follows. In Section 2, we will
show our proposal to derive the global monopole spacetime
exactly. In Section 3, this proposal will be generalized to
more general cases. We will discuss the thermodynamics of
the global monopole spacetime in Section 4 and a brief con-
clusion will be presented in Section 5.

2. The topological charge as the non-linear
sigma model

In this section, we show that the global monopole space-
time can be derived as an exact solution of the Einstein equa-
tions if one applies the matter field as the non-linear sigma
model. This section contains three parts, in part 1, the mat-
ter field is introduced; in part 2, a derivation of the global
monopole spacetime is presented; in part 3, the general prop-
erties of the Lagrangian which could be applied to derive the
global monopole spacetime are discussed.

2.1. The matter field

As discussed before, the matter field is considered as the
non-linear sigma model whose Lagrangian is

b b
L-—1 (2—"’T]‘§)Vu¢“w¢“, M
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.,N is a set of N
should be distinguished

where 1 is a constant and ¢¢, a = 1,2,3,.
real scalar fields. The Latin letter “a”
from the Greek letter “u”, as the former is the inner index of
the scalar fields and the later is the tensor index. The Einstein’s
notation is applied here for the Latin letters.

Applying the variational principle
65=0, )

then the equation of motion (EOM) of the scalar field is

\v4 b b .VH pa b
.U((P ¢2) ¢ +<2 ‘P ¢ ) V/Jvu(Pa
n n?
\vJ bvﬂ b\ pa
_ _(VugViet) 5
n
The stress—energy tensor of the scalar field can be determined
as
2 OSm
Tyy = ——= 0, 4)
T Vsl s
and the result is
b
T/JV _ g;v(z ¢ (P >Vl¢avl¢
+ (2 — (Pn‘P) Vu9Vyo°. (5)

2.2. Derivation of the global monopole spacetime

The metric ansatz we apply here is
ds* = —f(r)de* + h(r)dr? +r*d6* + P sin*0d >,  (6)

where f(r) and h(r) are both just functions of the variable r.
In such ansatz, the non-vanishing components of the Einstein

tensor are
G — A +rh(r) —h(r))
00 h(r)2r2 5
Gii = f(r)+rf(r) = f(r)h(r)
f(r)r? ’
Gy — _TROIPF ()2 + 200 £ (r)?]
2 4(r)?h(r)?
_ rf()[rf(r) h(r )’ 2h(r)(f (r) +rf ()]}
4f(r)*h(r)? ’
Goy = TS0 (1) 20 ()
) 4f(r)*h(r)?
_SOrf () h(r) = 2h(r)(f(r) + rf(1)")] )
4f(r)?h(r)? '
By applying the Einstein equations
Guy = 81G, Ty, ®)

and the EOM of the scalar field ¢¢, one can find the solutions

2MG
= 1787rG11 I

¢! =nsin@cosp, ¢>=nsinOsing, ¢>=ncosh, (9)

so the geometrical structure of the spacetime is obtained as

2M
ds? = —<1—8nGn2—G> dr?
r
1
+ dr?
2MG
1-87Gn? - —
p
+r?d6% + r*sin®6dg?. (10)

Thus the global monopole solution is derived strictly.
Furthermore, inspired by Ref. [14], we can construct the
topological charge of this spacetime as

~ 1
— o [ Eunad™ ™) Ad9™). D

Following such definition, the topological charge of the global
monopole spacetime can be calculated as 17°.

2.3. Lagrangian used to derive the global spacetime

In this subsection, we would like to discuss a class of La-
grangian which could be used to derive the global monopole
spacetime. To begin with, we choose the following ansatz for
the Lagrangian:

F(¢"¢")V,99VH o —V (¢99%). (12)

Then one can obtain the energy—stress tensor as
Tyy = FV 09V, 0°
“ow (SRR 1V ), 3
and the EOM of the scalar field is

FV,VEQ* +F'V (9" 9")VH ¢
= 2V +F' (V9P VH9P) 9, (14)

in which F’ donates that the functional F is varied by ¢¢¢°.
Following Ref. [11], we propose the ansatz of the scalar
0% as

¢“ =mng(r)—, 5)

x4
-
where g(r) is a function of r. In their paper, the authors re-
quired that g(r) ~ 1 while r — oo. However, in our discussion
here, we would like to find the conditions under which g(r)
could be equal to 1 exactly, so the expression of the scalar
field could be obtained as

o' = N sin6 cos @,
¢* = nsinBsing,
0> = ncosé. (16)
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To attain such aim, we should first consider the global
monopole spacetime, namely, Eq. (10). In such metric, the
non-vanishing components of the Einstein tensor could be cal-
culated as follows:

7'2 ’

2GM \ 87Gn?
Goo = <1—87an2—> on
;

8nGn?
G = — . 17
a (r28n0n2r22GMr> 1n
Besides, the non-vanishing components of the energy—stress
tensor are
(V(n*)r* +2F (n*)n*)(2GM + 8xGn*r —r)
Too = — 2,3 )
r
7. V() +2F(n*)n’
U 4GMr —2r2 +16Grn2?’
Vv 2 r2
TIn = — (le) ;
1
Ty3 = fEV(nz)rzsinz& (18)

By comparing the equations, one can find that the Einstein
equations could be verified once the following conditions are
satisfied:

v(n*) =0, F(n*)=1 (19)

Furthermore, the scalar field should satisfy the EOM (14). By
applying the results of Eqs. (14)—(16), one can obtain the EOM
as

2n?

2 !/ a /! a
=59 =2V'(n?)9  +F'(n*) =3¢ (20)

As discussed above, we have V'(n?) = 0, so V(n?) must be
independent of the variable r. So one can obtain

1
n?’
To conclude this section, we claim that once the non-linear

model satisfies the conditions listed in Egs. (19) and (21), it
could be used to derived the global monopole spacetime.

V(n*) =0, F(n?*)=- 1)

3. The generalization of the derivation

In this section, the method proposed above is generalized
to more general cases. Firstly, it will be applied to higher-
dimensional spacetime, and secondly, other classes of sym-
metrical spacetime with the global monopole charge will be

derived.

3.1. The spherically symmetric case
In this case, the metric ansatz of the n-dimensional space-

time is

ds? = —f(r)de®> + h(r)dr* 4+ r?dQ, ,, (22)

where ,_» represents the n — 2 dimensional sphere. With
some complicated calculations, one can verify that the non-

vanishing components of the Einstein tensor are

_ f()[(n—=2)(n—3)h(r)* + (n—2)rh(r)’]
2h(r)2r2
~ (n=2)(n—=3)f(r)
2h(r)r? ’
(n=2)[(n=3)f(r) +rf(r) = (n=3)f(r)h(r)]

Gll = Zf( )r2 ;

8ii ’ "
Gii = WUUVWU)(("-@J‘(?) +rf(r)")
—rf(r)'h(r)1=h(r)[f (1) TP
4) f(r)*[h(r)* = h(r)]

—2(n=3)(n—
—2(n—3)f(r)*rh(r)'}, (23)

where g;; is the components of the reduce metric of the n —2
dimensional sphere.

Besides, the matter field applied here is still the non-linear
scalar field, meaning that equation (5) can be also applied here.
Combining the EOM of the scalar field (3) and the Einstein
equations (8), one can solve the equations as

2
ds? — <1 _2GaM _ 8mGun >dt2

=3 n—73
1
+ drr +r7dQ,_,, (24
| 2GaM 87G,n> e » (24
=3 n—3
with
o' = ncos6y,

¢2 = 1sin6; cos 6,

.sin6,_,cos6,_1,

.sin6,_,sin6,_. (25)

¢"2 = nsin6;sin6; ..
¢"! = nsinB;sinb;..
Then the topological charge should be defined as

~ 1 .
X (])al d((paz) A A d(q)anfl)7 26)

where A,,_; is the volume of the n — 2 dimensional sphere in n
dimensional spacetime

e TG G)
(7)) )

One can verify that the topological charge in the n dimensional

27

global spacetime is "~ ! by definition.
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3.2. The plane-symmetric case

We derive the global monopole-like spacetime in the
plane-symmetric case in this subsection. Firstly, we introduce
the metric ansatz as

ds® = —f(r)df* + h(r)dr* + r* dx' dx;. (28)

Here Einstein’s notation is applied and the index i range is
i=23,4,...
nents of the Einstein tensor as

o =D 3)h(r) ~ rh(r))]
" 2h(r)2r2 :

Gy, — =IO =3)1 () + ()
11 7

27}
Sr2h() (0= 3)F (1) + (1)) = rf () ()
AGPH)P

2(n—3)f(r)*[(n = 4)h(r) — rh(r)']

,n. One can calculate the non-vanishing compo-

Gii = gii

+ 8ii

4f(r)?h(r)2r
PP
T2 F(n2h(r)2r

Besides, the matter field applied here is the linear sigma

(29)

model, which is different from that in the spherically symmet-
ric case, and its Lagrangian is

1 1
- R— - V (ZVH a
167rG/ 2772/ upvie" 0

By applying the variational principle again, the EOM of the
scalar field can be obtained directly as

V, Vo =0, 31)

and the stress—energy tensor can be calculated by using Eq. (4)
as

1
me :gﬂV(_EVMI)avl(Pa)+Vu¢avv¢a- (32)

So the general solution of the Einstein equations in this case is

e _(_ 26,M 87rG,,n2> 4

=3 n—3
1 .
+ dr? +r2dx'dy;, (33
_2G,M _ 81G,n* no 33)
ph—3 n—3

and the solutions of the scalar fields are

¢1 = Mx2,
¢? = nxs,
0" = Nxpy. (34)

The topological charge is constructed as

» 1
Q= m/%laz---anqd(ﬂbal)/\ d(9%-2), (35)

where A,_, is the volume of a unit submanifold and the topo-
logical charge here is 1" ~2. We should mention that the plane-
symmetric space is not compact, so in order to make the con-
cept of topological charge more rational, the technology of
compactification should be applied here, and one can refer to
Refs. [15] and [16] for more details. In this case, our result can
match well with the topological charge proposed in Ref. [12].
Thus, the proposal of Ref. [12] is just one of our possible situ-
ations. Moreover, our calculation reveals that the physical ori-
gin of the topological charge is related to the global monopole
charge, namely, the sigma model exactly.

3.3. The hyperbolically symmetric case

We apply our proposal to the hyperbolically symmetric
case in this subsection, and the metric ansatz is

ds? = —f(r)de* + h(r)dr* + r*d6% + r*sinh6%Q,_3, (36)

with calculation, the non-vanishing components of the Ein-
stein tensor are

Goo — f(N)[(n=2)rh(r)’ — (n—2)(n—3)h(r)*
2h(r)2r?
~ (n=2)(n—3)h(r)]
2h(r)2r? ’
Gii (n—=2)[(n—3)f(r)+rf(r) +(n—3)f(r)h(r)]
2F(r)r |

= S OO (=31 () + (1))
LCINCike

—rf(r)'h(r)] -
+2(n=3)(n—4)f(r)*[A(r)* + h(r)]
h(r)'}. (37

=2(n=3)f(r)’r

We argue that the matter field here is also the non-linear sigma
model, which means that the Lagrangian (1) can still be ap-
plied in this case. However, it should be underscored that
the space where the scalar fields live in is Minkowski space,

namely, the EOM of the scalar fields is

o9
MpaVu (9799) - VF ¢ +1? (2 a3~ )-vuvw
—(Mpa V9"V 94) 9", (38)

and the stress—energy tensor is

bad
Tuv - —gﬂnac (2_ Nbd ¢n? >Vl¢avk¢c
oL o? :
+ NacNac (2 — Nba 772) Vuoivye©.  (39)

Using the Einstein equations (8) and the EOM of the
scalar fields (38), one can obtain the spacetime structure

2
a2 — _(—1— 2G,M  87Gun ar?
=3 n—73
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1
+ dr’ +r2de?
| 2G,M _8aG,n’ i
=3 n—3
+r?sinh6%Q,_3, (40)

and the solutions of the matter fields

¢' = ncoshé,
¢2 = M sinh 6; cos 6,

"% = N sinh 6;sin 6, ...sin6,_5cos 6,1,

(])”’1 = 1 sinh 6;sin6,...sin6B,_,sin6,_. 41

Indeed, one can construct the topological charge density in this
case as

1
(I’L — 2) !An—2

X ./‘Salaz...a,l,l (Pa] d(¢d2) ARERVA d((Pan_l )7 (42)

0=

and the result is 7!, and just like the plane-symmetric case,
compactification should be also applied here.

4. The thermodynamical properties of the global
monopole spacetime

In Ref. [12], while the authors constructed the black hole
thermodynamics with the topological charge in formula, it is
interesting to investigate the matter field in the spacetime that
plays an important role in the thermodynamics. In our pro-
posal, we suggest that the matter field is the sigma model, and
for convenience, we propose the first law of thermodynamics
in the plane case as

~4—n
167G,0n2S'

E=TdS—
d ds Ap_2(n—2)2(n—3)

o, (43)

Vaor "2
4G,
S’ denotes the entropy S derived by the variable r. One point

where S is the entropy of the black hole, S = , and

should be underscored here is that the power of the topological
charge in our proposal of the first law of the thermodynamics
is the same as that in the propose of Ref. [12], and the coeffi-
cient is chosen for convenience, implicating that our propose
is reasonable. With some calculation, one can obtain the fol-
lowing equation:

~4—n
AgQn—z 3 .
790 () = TdS. (44)

|
Mt D 3)

Here, it should be noted that there are two meanings of the
symbol “d”, namely, if it acts on the variable of the spacetime,
it stands for the normal differential, whereas if it acts on the
global parameters, it means variation.

Indeed, there is a quasi-local version of such black hole
thermodynamics, which is the so-called unified first law

(dE)a :An—Z(W)a"‘W(an—l)aa (45)

A1172rn7

1
which was proposed in Ref. [17], and V,,_| = . Here

- n—1
w is the work term, defined as the trace of the stress-energy in

leading two dimensions, namely,

4

- ltT rrT 46
(n—Z)A,,,2 (g n+8g rr)a (46)

w=—
and , is known as the energy flux
v =TV, r +wVer. 47)

In the quasi-local version of thermodynamics, the quasi-
local energy E can be defined as the so-called Misner—Sharp

energy
rn73
Ems = 2Gn (k - grr)v (48)
see Refs. [18]{20]. In our discussion, the value is
~ 2
Eny = M+ 27972 03 (49)
n—73
varying it, one has
47EQ~%I”173 A A2 4
dEms =dM + mdQ—f—él-ﬂQ"*z r dr. (50)

Comparing this with Eq. (44), we can obtain the unified first
law in this case as

AEnps = TdS+4n072 /4 dr. 1)

It should be noted that the global monopole charge plays a
significant role in the quasi-local version of the spacetime ther-
modynamics.

Besides, there are a series of works which generate
the spacetime construction from thermodynamics by using
the unified law and treating the spacetime as an adiabatic

[21-23] Thege works can be summarized as follow: one

system.
can derive the structure of the spacetime once there is a work
term defined by Eq. (46). However, there is a great limitation
in those works: the authors only applied this method to the
spacetime with the maximum symmetry. So one problem is
raised naturally: could such method be applied to more gen-
eral situations?

There was a try before. In Ref. [24], the authors put
forward a similar method by using the Komar mass and the
ADM mass, rather than the Misner—Sharp mass to generate
the spacetime from thermodynamics. In that work, the authors
applied their proposal to the global monopole spacetime suc-
cessfully. However, when they generated the global monopole
spacetime, some subtle trick was applied, which may cause

argument.
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Here, we argue that the original method can be applied to
the spacetime with the global charge exactly. We consider the
plane case first and choose the metric ansatz for convenience
as

1

ds* = —f(r)de* + 7o) dr? + r?dx;dx’. (52)

In this case, the Misner—Sharp energy can be calculated as

rn73

Ems = —
ms 2G,

h(r). (53)

We can use the unified first law in an adiabatic condition to
derive h(r). According to Eq. (51), we can obtain the equation
of h(r) as

1
2G,

[(n—3)h(r)"* 4+ h(r) " ]dr = 4m07 2" 4dr. (54)

The solution of this differential equation is

_2G,M  87G.m*

=3 n—3 "

h(r) =

(55)

where M is the integration constant, known as the ADM mass.

Our next task is to find f(r). To do this, we need to ap-
ply the so-called geometric surface gravity, which was first
proposed in Ref. [17] and generalized to higher-dimensional
spacetime in Ref. [22], defined as

Ens

Kc = (n— Z‘E)Gnrn—_2 — A2 Gurw. (56)

In the topic we discuss here, the work term w is

4w n?
A, T 57

w =

So the geometric surface gravity can be calculated as

Kg = w (58)

=2
The traditional surface gravity is defined as

h(r)
=200

Following the previous works, we assume that the surface

fr)'. (59)

gravity is equal to the geometric surface gravity, thus

h(r) , (n=3)G,M
= 60
2! T 0
By solving the equation, we have
2G,M  81G,n>
=— — . 1
) =3 n—73 61
So the metric can be derived as
2G.M Nk
ds? = — (= 2GM _BTGiI7Y 0
=3 n—73

1 .
+ dr? + r*dx;dx’.
2:6,M  8aGm?
n—3

Furthermore, the previous discussion can be applied to the

(62)

=3

global monopole spacetime. However, in this situation, the
thermodynamics of the spacetime with topological charge
should be redefined as

dM + 470, d0 = TdS (63)
(n—=1)(n—3) N '
On the other hand, the Misner—Sharp energy is
~ 2
A OnT
Eno =Mt 2L s (64)
n—3
and the unified first law is
AEps = TdS+4n07T /4 dr. (65)

Using the same method proposed above, one can obtain the
global monopole solution

ds® = —(1

_2G.M SnG,,n2> i

pn=3 n—73
1
+ drX +r7dQ,_,. (66
2G,M  87G,n> n2. (66)
1— _
=3 n—3

The same discussion can be applied to the hyperbolic symmet-
rical case directly.

Here, we generalize the method that one can derive the
spacetime structure from thermodynamics to the spacetime
with global monopole charge, which is not the maximum sym-
metrical spacetime, and the topological charge plays a center
role in the work term.

5. Discussion and conclusion

The global monopole spacetime was first presented in
Ref. [11], in which the matter field is treated as an approxi-
mate one. Thus, one of our works is deriving this spacetime
exactly and revealing that the matter field which can be used
to derive this spacetime is the non-linear sigma model. More-
over, the derivation is also generalized to higher-dimensional
spacetime (n > 4) and the spacetime with other class of sym-
metry, namely, the plane symmetry and the hyperbolic sym-
metry. The plane-symmetric case was proposed in Ref. [25],
where the matter field is applied as a charged complex scalar
field. Nevertheless, in our work we find that the linear sigma
model can also be used to derive the same spacetime structure.
A similar idea which argues that the matter field of the global
monopole spacetime is a sigma model was first proposed in
Ref. [26]. However, it should be mentioned that in that paper,
the author just gave us a very simple claim without any detail
in discussion. Moreover, in their proposal, the authors only fo-
cused on the spherically symmetric case in four-dimensional
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spacetime. Thus we believe that our work makes an improve-
ment in such aspect of research.

Our another work is that we reconstruct the topologi-
cal charge which was first proposed in Ref. [12]. We find
that the physical origin of the topological charge is the sigma
model (both the linear one and the non-linear one). Moreover,
our result can match the original proposal well in the plane-
symmetric case, so it could be claimed that our work is an
apposite generalization of the construction in Ref. [12].

Moreover, we investigate the thermodynamics of the
spacetime by applying the Misner—Sharp energy in our discus-
sion, and then we construct the unified first law for this class
of spacetime. We propose that the global monopole spacetime
can be generated from the unified first law.
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