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The effect of the Raman-pulse duration related to the magnetic field gradient, as a systematic error, is playing an
important role on evaluating the performance of high-precision atomic gravimeters. We study this effect with a simplified
theoretical model of the time-propagation operator. According to the typical parameters, we find that this effect should
be taken into account when the gravimeter reaches an accuracy of 10~19g, and the larger the pulse duration is, the more

obvious the systematic effect will be. Finally, we make a simple discussion on the possibility of testing this effect.
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1. Introduction

Since the atom interferometer was first demonstrated
in 1991, this technology has been developed rapidly and
It has

1 such as
[8-10]

highly sensitive instruments have been realized.
been applied to many precision measurements, >
measurements of local gravity gl*~7! and its gradients,
the fine-structure constant c,!''~13! the Sagnac effect,[!4-10]
Newton’s gravitational constant G,!'718] the weak equiva-
lence principle,'®24 and even for searching gravitational

[25.26] Recently, the atom interferometer has been uti-

[27,28]

waves.
lized to precisely measure the map of a magnetic field
and the quadratic Zeeman coefficient.[?>31 The sensitivity
of an atom interferometer linearly scales with the space—
time area enclosed by the matter waves.[®!l Researchers
are struggling to achieve ambitious high-precision mea-
surements through producing large-momentum-transfer atom
optics*23%1 and a long coherence time.*’-3°! For instance,
Kasevich’s group!*”! has achieved a light-pulse atom inter-
ferometer with wave packets separated by up to 54 cm on
a timescale of 1 s. Precision measurements of g are of in-
terest in a wide range of applications in geophysics, !l in-
ertial navigation,*?! and fundamental research.*3] For high-

[44] the atom gravimeters have

3,4]

precision gravity measurements,
achieved an accuracy of a few uGal (1 uGal = 10"%g),!
which are able to obtain the absolute gravity value directly ref-
erenced to atomic standards. However, the ultimate accuracy
of the measurement still depends on the understanding of the
potential systematic errors.

In the mature atom interferometer, some significant sys-

DOI: 10.1088/1674-1056/27/3/030303

tematic errors have been considered, such as the AC stark
effect,*8] quadratic Zeeman effect,[*°->31 gravity gradient

[55-62] Ag the atom inter-

effect, 3% and some other effects.
ferometer is rapidly developed, more and more schemes are
proposed to test general relativity with atom interferometry, in
which a lot of minor systematic effects should be taken into
account, such as the Raman-pulse-duration effect related to

d[63-671 and the Raman-pulse-duration ef-

the gravitational fiel
fect related to the inhomogeneous magnetic field. In the past
few years, the Raman-pulse-duration effect related to the grav-
itational field has been studied extensively, while the Raman-
pulse-duration effect related to the inhomogeneous magnetic
field has not been considered before. In this paper, we focus on
analyzing the Raman-pulse-duration effect of atom gravime-
ters in an inhomogeneous magnetic field. During the gravity-
measurement process, there are mainly two ingredients influ-
encing the atomic propagation: the Earth’s gravitational field
and the laser field. Here, we use the time-propagation opera-
tor to describe the dynamic behavior of a two-level-atom sys-
tem in the Schrodinger picture, where the time-propagation
operator is decomposed into two parts for simplicity: the free-
propagation part and the interaction part with the laser field.
Based on this, we can derive the atomic wave function easily,
and further calculate the coupling effect of the Raman-pulse
duration and the magnetic field gradient, which has not been
considered before. For the typical parameters, we find that this
coupling effect must be taken into account when the expected
accuracy of an atomic gravimeter reaches 10~ '0g.

The outline of this paper is as follows. In Section 2, we
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describe the theoretical analytical framework, showing how
the time-propagation operator is used to analyze the dynamic
behavior of a two-level-atom system. In Section 3, we analyze
the Raman-pulse-duration effect in an inhomogeneous mag-
netic field, and present the calculation for the coupling effect
between the Raman-pulse duration and the magnetic field gra-
dient in detail. In Section 4, we discuss the suppression of
the coupling effect between the Raman-pulse duration and the
magnetic field gradient, and how to test this coupling effect
experimentally. Finally, the paper is concluded in Section 5.

2. Theoretical analytical frameworks

For a typical Raman atom interferometer, the Raman
beams are formed by a pair of opposite propagation far-
detuned laser beams, which are used to manipulate the atomic
states. For the interaction of a three-level atom using short
laser pulses, adiabatic elimination will produce an effec-
tive two-state system.!%”! Based on the approximate two-level
model, we study the coupling effect between the Raman-pulse
duration and the magnetic field gradient, which has not been
studied before. In the Schrodinger picture, for a two-level sys-
tem with two hyperfine states |g) and |e), the atomic wave
function |y/(r)) can be described as

lw(1)) =U @) |y(0)), (1

67.68] which can be

with U(¢) the time-propagation operator,'
decomposed into two parts the atomic free-propagation oper-

ator Uprop (¢) and the interaction operator Ulgeer(t) as
U(t) = Uprop (1) Utaser (1) 2)

This decomposition-operator method has been studied in our
previous work.®”l Here, we use a similar method to analyze
the effect of the Raman-pulse duration in the interferometer.
Firstly, we analyze the time-propagation operator U(¢) in a
typical Mach—Zehnder atom interferometer. In this config-
uration, the atoms are manipulated by a m/2—m—m/2 pulse
sequence, which is used to split, reflect, and recombine the
atomic wave packets, as shown in Fig. 1. The durations
of the pulses are 7;, 7o, and 73, respectively, and the free-
propagation time between the three pulses is 7 and T’, respec-
tively. When considering the pulse duration, the propagation
operator Upyer(T) can be used to describe the instantaneous
interaction of the atoms with the laser. Upop(7) is the free-
propagation operator during the finite pulse duration, which
can be merged into the free-propagation operator Uprop (') be-
tween pulses, resulting in a total free-propagation operator
Uprop(T+T'). Then, the time-propagation operator can be ex-
pressed as Ulaser(T) and Uprop(T + T), in which the magnetic
field gradient effect has been taken into account. Based on
Eq. (1), the final wave function can be obtained. Finally, we

can derive the interference phase containing the coupling ef-
fect of the Raman-pulse duration and the magnetic field gradi-

ent.
ZA
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Fig. 1. (color online) Space-time diagram for the Mach—Zehnder

type atom interferometry. The pulse durations of the 7/2—m—m/2 se-
quences are T, Tp, and 73, respectively. The time of free propagation
between the pulses is 7 and 7", respectively. The time propagation oper-
ator U(t) for an atom interferometer can be decomposed into five parts:
Ulaser('r] )s Upmp(T +71), Utaser(2), Uprop(T/ + T2)> and Ulaser('@)-

3. Effect of Raman-pulse duration in an inho-
mogeneous magnetic field

The interaction between a two-level atomic system and an
electromagnetic field can be described by Hamiltonian opera-
tor

~2
A1) = ho g) (5] +hoe) (e + 24V (@) — d- E(1), (3)

where 1@, and 7w, are respectively the internal energies of the
ground and excited states, p and « are respectively the atomic
momentum and position operators, V (x) represents any exter-
nal potential acting on the center of mass motion, and d- E(t)
describes the interaction between the atomic dipole moment d
and the electric field E(¢), which can be written as

—d-E(t):thos[a)Lt—kzm—i-d)L,o](?(1)>, “

with Rabi frequency
Q=-d Ey/h, 3

where E is the amplitude of the electric field. In the atom in-
terferometer, the moving atoms suffer from the external mag-
netic field in the vertical direction, which can induce the shift
of the atomic energy levels. The interactive Hamiltonian be-
tween the atoms and magnetic field can be expressed as

10
Hp=nh (O 1 ) (0z1B+ oz uB?), (6)

with oz 1 and oz 11 the typical parameters for 87Rb atom. For a
magnetic sensitive type interferometer, the first-order Zeeman
parameter is oz = 27 x 0.7 MHz/G, and the second-order

030303-2



Chin. Phys. B Vol. 27, No. 3 (2018) 030303

Zeeman parameter is otz = 27 x 575.15 Hz/G?.1°! The in-
homogeneous magnetic field can be written as

B(x) ~ By +~px - ep, @)

where “yp is the magnetic field gradient, and ep is the direc-
tion of the magnetic field. To simplify the calculations, gp can
be defined as an equivalent gravitational field introduced by
the magnetic field. We further define gg; with i = I,1I rep-
resenting the first-order and the second-order Zeeman effects,
respectively. Then the magnetic field gradient factor for the
first-order Zeeman effect can be defined as

h
g1 = —0z] il ep. ®)
m

Similar to the gravitational effect, the corresponding potential
has a direct relation with the interference path. In the typi-
cal interferometer, the atoms are prepared in magnetic-field-
insensitive states to avoid the first-order Zeeman effect. How-
ever, these states still show a second-order Zeeman shift in
the inhomogeneous magnetic field. When neglecting the high-
order effect of <5, we can obtain

ozuB* = azn(Bo* +2Byypx - ep). 9

Similarly, the magnetic field gradient factor for the second-
order Zeeman effect can be defined as

2hBgy
gpn = *06271177363. (10)
Then, equation (9) can be equivalently written as
hOCZ.HB2 =~ hOtZJIB% —mgpne. (11

For Eq. (11), the first term is independent of the interference
path, not responsible for the systematic effect. Then, the inter-
active Hamiltonian between the atoms and magnetic field can
be given by

10
HB:—mgB-:E<O_1>. (12)

The potential energy V() induced by the uniform gravita-
tional field and the inhomogeneous magnetic field can be writ-
ten as

V(w):—mg~w—mgg-w((l)_ol>. (13)

Based on Egs. (3), (4), and (13), the Hamiltonian for a
two-level atomic system in a uniform gravitational field and
an inhomogeneous magnetic field can be written as

A2

E(+£f—m@+gﬂ~m 0
b — 2m
%)
0 Eg+§—mfm(gfgg)~a:

hQ

: [ei(a)Ltfk-m+¢L70) + efi(awfkmwm)] (0 1) . (14)

10

Through some simple calculations (see Appendix A), we can
derive the unitary time-propagation operator U (¢) as

efiBel 0 efirl(” 0
U(t) = ( 0 eiﬁgt> ( 0 ein(f))

X ( Y”(pi),il YIZ(pi)eil )7 (]5)

Y21(py)e Y(py)
with
A2
_ P mlg+gs)w
o=ty & o
A
_ P mlg—gs)x
Be=wots o B
A=k-z—¢o,n(t) =28 (a+k g)*]/4,
8 = L — Weg — k- p/m — hk?*/2m. (16)

Here, p*/2m —m(g + gp) -  is the Hamiltonian of the center
of mass, and o denotes the sweeping rate of lights’ frequency,
which is used to compensate the frequency shift induced by
the Doppler effect for the moving atoms. More details can
be found in Appendix A. To further simplify the calculations,
U(t) can be decomposed into two parts: the free propagation
operator Uprop (1)

—ifet 0
€
o) = (o o). an

which describes the free propagation of the atoms, and the
laser-propagation operator Ujage ()

e*ifl(f) 0
Ulaser(’):< 0 ein(t>>

Y11(p-) Y12(p)em) 1
x (1/21(13+)e_i’l Y2(py) ’ (1%

which describes the instantaneous interaction between the
atoms and lasers. For a typical Mach—Zehnder atom in-
terferometer, /2 and m pulses are used to split and re-
flect the atomic wave packets, respectively, where the laser-

propagation operator Uy, (f) can be respectively written as

1 (e N0 ¢ el % _jeih
Un/z(f):\/i< 0 eiq(g)(_iem omi 10 , (19)

e"in o 0 —iel
v = (3" o ) (Liew g ) e

In this paper, we consider the plane wave approximation for
the wave-packets of the atoms and assume that the atoms are
initially in the state |g), which can be expressed by the wave

y= (;’,’ggii) - (ei,?w/h), )

function
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with the starting time #; = 0. According to the timing diagram
of the Raman-pulse sequences (see Fig. 1), the final wave func-
tion can be written as

(wm+m)

V(134 13)

= Uz/2(73)Uprop (13 = 12)Ux (%2) Uprop (12) Un /2 (71 ) <"ZEZ;> .
(22)

This transforming matrix between the initial and final wave
functions is just like the optical propagation matrix. In this
treatment, to obtain the final wave function, we just need the
initial wave function and the propagation operator. With the
specific free propagation operator and the laser propagation
operator, the final wave function can be obtained as

(Vers)

_lei(ZA1+ZBI+ZEl+k1-w)
L iy 25, k)2 21, )
2

iei(ZAz-‘rZBZ—FZEZ-HeQ-m)
L2
1.
—1i
2

Finally, the interference phase can be obtained from the proba-

.(23)
Zay +Zp, +(ky—k)z+ZE,)

bility of atom in |j) state P; (j = g or ¢), based on the relation
cos(A@ora) = 2P — 1 = 2’1,1/1-‘2 — 1. When the atoms in |e)
state are measured finally, the related interference phases are

Zu - [_A(t3,r3)<1 —i) +93"‘7(fz3—2’2)13<1 —i)}

—[¢2+A(12,T2)+QB. tzfz},
k(13 — 2t
Zy, = —{% +A(l3,’l?3)+gB(232)T3}
9B -
+ [d)z +A(h, ) — tzfz} — 01,
15 3
ZBI = —/Bldl—/Bzdl,
0 b
tzi 13
Zg, = —/Cldt—/Cth,
0 1%
O T 4 00T
= \Itx) BT
k p+hk +mgts +mgp(t3 —21)
1 = 3
h
- 2
ky — p—|—hk+mgt3h mgB(t3 l‘z). 24)

While the related phases are

gs - k(s —21) }
2 B

gp-k

Zy = {db +A(t3,713) —

- [‘Pz +A(h, )+ fzfz},

2o = [ (1-2) + 24200 (1)

gs-k

+ {‘Pz +A(h, ) — lzfz] - 01, (25)
with
— k-g)t
A(t7f)=—5° lark-g),
2
lp+m(g—gp)t|’
B =, + I IBTL
1= 0t 2mh ’
hik t t—20)
By — @, 4 [Pk mgt +mgs(t —20)) 7
2mh
+hk+m(g+gp)t*
Cr—w,t P m(g +ga)t| 7
2mh
t— t—26)°
Cr = 0+ |p +mgt —mgp( 2)] ’ 26)
2mh

when the atoms in the |g) state are finally measured. In the
atom interferometer, the interference phase is composed of
three parts, atomic free-propagation phase shift A@pp, atomic
instantaneous interactions with laser phase shift A@jysr, and
the observation position-dependent phase shift AQ,,s. By as-
suming that the atoms in the |e) state are measured, the total
interference phase can be written as

A(Ptoml = (Z31 _ZBz) + (ZAl +ZE]) - (ZAZ +ZE2)

Aprop
+ki-x—kyx.
—————

AQrager

(27

A@ops

Strictly, the evolution of atoms is the evolution of a Gauss
wave packet. Arbitrary position  can be written as * = x| +
T — x|, where x is the central position of the atoms. For the
interference measurement we are concerned with, AQq,s can
be rewritten as

AQops = ki - (wcl,upper +x— wcl,upper)
- k2 ' (wcl,lower +x— xcl,lower)
= (kl * Lcl,upper — k2 . xcl,lowcr)

+ [kl : (‘B - mcl,upper) — k- (-’13 - mcl,lower)]a (28)

with Zcj upper (el lower) the classical position of the atoms in
the upper (lower) path, and « the observation position, which
can be chosen as @ = (Tl upper + Tel lower) /2 = Vo3 + gt3 /2.
Usually, the first term in the above equation can be merged into
the atomic free-propagation phase shift, and the last term is the
separation phase shift. Here, the total interference phase con-
tains the phase shift induced by the uniform gravitational field
and the inhomogeneous magnetic field. We can decompose
the total phase into two parts: A@, arising from the uniform
gravitational field and A@p arising from the inhomogeneous
magnetic field. According to Egs. (24)—(27), the former can

be written as

T
Ap, = ¢3,072¢2,0+¢1,0*5052+50(t3*Zfz)
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a+k-g
kg o)
a+k- 4
— M (I3’L'3 —2t2’l?2> . 29)
2 b3

Assuming T, = 27 = 213, 13 = 2T + 37, tp = T + 7 and ne-

glecting the quadratic term of pulse duration 7, we can derive

A, = 302020+ 10

2 2t 47

—(a+k-g)T (1+T+77:T)’ (30)
which is consistent with the previous works.[03-63671 For dif-
ferent definitions for the time T, the final phase shift can be
retrieved consistently. For example, when T is defined as the
time in between the centers of two consecutive Raman pulses,
the consistent result can be derived through a replacement of
T =T+ 1/2+ /2. In this paper, we focus on the inter-
ference phase shift A@g. For convenience, we decompose
A@p into three parts: the atomic free propagation phase shit
AQg prop, the instantaneous interaction phase shift A@p jaser be-
tween the atoms and laser, and the phase shift A@p o1 related
to the position of observation. From Eqgs. (24)—(27), these
phase shifts can be written as

hk T
Agspop = 297 [(P+2)T2(1+2T)
T
T3(1 3f)
+mg + T },
2
2
A(pB:lascr = k-gpt <17E>’
2mggT
Ay gy = T3 (1)

Usually, we can ignore the phase shift A@gp ... since it is the

high-order effect of 7. Finally, we can derive the total phase as

mgB~v0T2 T
Apg =2——— ([ 14+4—
(3] 7 < + T)

mgg - gT> T
+2T (1+5T>. (32)
From Eq. (32), we know that A@p is proportional to the mag-
netic field gradient gg. To minimize the effect of the mag-
netic field inhomogeneity and the first-order Zeeman effect,
it is necessary to prepare the atoms in the magnetic-field-
insensitive states of mgy = 0. However, the second-order Zee-
man effect caused by the weak magnetic field gradient cannot
be avoided. To calculate the second-order Zeeman effect, the
magnetic field factor gg should be replaced by Eq. (10), and
the related phase shift is

Apn = —4azuByypesT*(vo +gT)
—4(XZ7HB()"}/B€BTT(4UO+SgT). (33)

Apparently, the phase shift related to the magnetic field gra-
dient can be divided into two parts: the pulse-duration-
independence part and the pulse-duration-dependence part.
The former is the main term and wholly agreed with the previ-
ous analysis,?”) which shows that the phase shift related to the
magnetic field gradient can be further reduced with a symmet-
rical interferometer. The latter we are concerned with is tiny,

and can be written as
A@p11r = —40z 1BovsepT t(4vo + 5gT), 34

which has not been studied before. From this equation, the
coupling effect of the pulse-duration 7 and the magnetic field
gradient g is also related to the initial atomic velocity. As the
pulse-duration-dependence part contributes a smaller system-
atic error than the pulse-duration-independence part, it is very
urgent to minimize the effect of the magnetic field gradient,
which usually requires the well-controlled magnetic fields and
extensive magnetic shielding. Based on the typical experimen-
tal parameters

azn =27 x 575.15 Hz/G?,

By=0.03G, 73 =0.05G/m,
T=02s, T=4x107s,
vo=195m/s, g=-9.8m/s? (3%5)

we can reasonably evaluate these effects, the pulse-duration-
dependence effect is about 5.5 x 10~!!g, which is about thirty
times smaller than the pulse-duration-independence effect.
When further increasing the magnetic field gradient and pulse
duration, the pulse-duration-dependence effect becomes more
prominent. We believe that the pulse-duration effect related
to the magnetic field gradient plays an important role when
one estimates a high-precision atom interferometer, such as
the accuracy of 1079, This effect may also be paid more
attention to in the high-precision measurements of gravity

8-10 11-13

gradient,!®~101 the fine structure constant,! I the Sagnac

¢ [14-16

effec I and the Newtonian gravitational constant.[!7-18]

4. Discussion

Usually, the kg-vector reversal technique is adopted in
the gravity measurements, since this technique can well reject
some effects independent of the direction of the Raman-pulse
wavevector, such as the second-order Zeeman effect and AC
Stark effect. Here we just consider the second-order Zeeman
effect in gravity measurements. With the k.g-vector reversal
technique, the phase shift related to the second-order Zeeman
effect can be mostly suppressed, but cannot be canceled com-

pletely due to the spatial nonoverlap in the two configurations.
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The phase shift of an atom interferometer in two configura-
tions of the k.g-vector reversal technique can be expressed as

A¢+k¢eff = efng2 +A(pB,Il,+keff7
AD g = —kettgT” + AQB 11—k (36)
with A@p 11, &, and AQp &, respectively the phase shifts

related to the second-order Zeeman effects in the +ke and

— ke configurations, which can be written as

mgp 1 - (vo + vy) T2 T
AQs 11k = 2220 (ho ! (1+4T)
mgpn-gT> T
2/7(1 sf),
+ h + T
. —v)T?
A(PBJI,*keff = zmgB.H (1;10 vr) (14—4%)
mggu-gT> ( T)
2——= (1+5= 37
+ P + 7) (37

where v; = fikesr/2m is the recoil velocity. Then, the differen-
tial result only related to the second-order Zeeman effect can
be written as

ADp gitt = (AQBIL, 1 koy — APBIL, ko) /2

T2
— »MgB1Yr (1 +41)
h T

T
= _4aZ7IIBO'7BeB'UrT2 (1 + 4;) . (38)

It should be noted that this residual Zeeman phase shift has
nothing to do with the symmetry of the atom interferometer,
and the rejection results are mainly determined by the mag-

netic field. With the typical experimental parameters

oz =27 x 575.15 Hz/G*, By =0.03 G,
=005G/m, T=02s, 1=4x107s, (39

we estimate the total residual second-order Zeeman effect in
differential measurements as Aga, o = —8.1 X 10710, while
the coupling part of the Raman pulse duration and magnetic
field gradient is about Aga, . v = —6.5 x 1073g. Although
this coupling effect is small, it is necessary to analyze, since it
is a non-ignorable effect in the future precision atom interfer-
ometers aiming at testing general relativity.

As we know, the atom interferometer has achieved a high
sensitivity of 5 x 10719 with short integration time,®! which
is a challenging sensitivity for a direct observation. How-
ever, a light-pulse atom interferometer for 8’Rb with a dura-
tion of 27 = 2.3 s has been demonstrated,*’! which inferred
the acceleration sensitivity of 6.7 x 1072 g/shot. In this case,
the coupling effect between the Raman-pulse duration and the
magnetic field gradient may be easily detected. To achieve a
possible observation for the coupling effect of the pulse du-

ration and magnetic field gradient, one can choose the atom

interferometer working in a magnetic sensitive sub-level (eg
mp = +1). In this configuration, the coupling effect related to

the first-order Zeeman effect is calculated as
A(PB,L‘E = —20611'7383TT(4’U() + SQT). (40)

From this equation, this coupling effect can be measured by
modulating the Raman-pulse duration theoretically. With the

typical experimental parameters

071 =27 x 0.7 MHz/G, ¥3=0.01 G/m, T =25ms, (41)
T=4x10"s, vp=023m/s, g=—9.8m/s’, (42)

we can simply estimate this coupling effect as 2.7 x 10~ 7g,
which seems observable experimentally, since the magneti-
cally sensitive interferometer shows a long-term sensitivity
better than 1 x 10~ 7g.[21]

In the real measurement, some other systematic errors
should be considered, for example, the AC stark shift. The
phase shift due to the AC stark shift is[+]

(3) (1)
Aac Aac

APac = (_Q(%) - _Q(])) ) (43)
eff eff

(1.3)

where A, are the frequency shifts of the Raman transition

at the time of the first and the third pulses, and Qét}f‘S)
corresponding effective Rabi frequencies. It must be noted
that both A

the two Raman lasers, which means that there will be no AC

are the
and Qéflf’S) are proportional to the intensity of

stark phase shift contribution by changing the Raman pulse
duration, i.e., the AC stark phase shift is just a constant bias.
However, the changes of the intensity ratio will lead to the
fluctuations of the AC stark shift, which has been estimated at
the level of +1 pGal.l3 Similarly, we can estimate this effect
about 3.8 x 1073 in our setup.

Therefore, the effect of the Raman-pulse duration related
to the magnetic field gradient can be detected with a magnetic

sensitive atom interferometer.

5. Conclusion

With a simplified time-propagation operator model, we
have calculated the Raman-pulse-duration effect in an inho-
mogeneous magnetic field for a high-precision atom interfer-
ometer, where the coupling effect between the Raman-pulse
duration and magnetic field gradient is focused on. Finally, we
find that for a typical atom gravimeter, this coupling effect is
very tiny, but cannot be ignored when one estimates a higher-
precision atom gravimeter, such as the accuracy of 10~'%g.
In addition, we have a simple discussion on the possibility of
testing this effect.
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Appendix A: The time-propagation operator

In order to facilitate the time-propagation operator U (¢),

we make a unitary transformation with the operator O(z),67:6%!

and then obtain the transformed Hamiltonian

- {E 8 2 ) (31)
_’”93"”((1) —01>_ZAA°((1J —01>+hzg((1)(1)>
=Ho+Hp+H, (Al)
with
~0:{EerrEg L ”’}(0 )
o= ().
n () ) w
Where We define the Doppler operator D =
Or = %%, and the Raman detuning Ao—a)L a)eg—D By us-

ing the unitary transformation with O( ), the new propagation
operator U (t) is given by
Ul

=0(NU )0~ (0) = e 1A/, (A3)

To separate the center-of-mass motion from H, we rewrite
Ul(t) as

Ult)=e"

it(H0+HB)/hW(t). (A4)

According to the Schrodinger equation, the dynamic equation

for W(r) can be express as

— mgp-xQtor |W (1), (A5)

where o7, 0,03 are the Pauli matrices, Al =L — W — D—
k - gt. Considering the frequency-sweeping rate o, we rewrite
A, as

A= — WDeg —

—(a+k-g)t. (A6)

For simplicity, we define

142

2
it it“mgp - x 2
W(t) =exp [—4k-gs+gB

G

Based on Eq. (AS), we obtain

. hos X9
iny (1) = {ZAOC’?JFZGI] Y (1), (A8)
and further obtain
Y(t) — efitHl/h
it~
= exp |:2(A()G3 —.Q(Fl):|
ar Ay . Ot Q . ot
c037+1 — sm7 —1— sm7
= e P IAV0)
Q . ot wt Ao ot
—1—sin — COS — — 11— sin —
0 2 2 0 2

where @ = /02 + A}. Combining Egs. (A4) and (A7), we
can derive

- [ OA0, & P
U(t)exp{ 1< 5 +4+2mh

mg-x mgp-T
— — t

.tz .t2 . Q
W (1) = ¢ (1—10+HB)/hH e—lt(H0+HB)/hW( ) X exp {l4k~gg+lmg§w(72]Y(t). (A10)
h hk:
5 03 + 701 + gt Finally, U () can be given by
\
Lopt—Dr . (atkg)?
B 0+, & P> mg-x mgg-x et T el 0
U(t) =exp [_ < ) + ) + mh B o3 |t .o 1Dt (a+k-g)
0 el™ 2 7
ir’mgp - xQ } [ Y11 (p-) Yo (p-)e!(F=—oLo) }
< ex J , All

P |: 2 Y21(p+)eil(k ©=9L0) Y22(p+) ( )

with Y;; the matrix elements. Here to abbreviate the momen-
tum, we introduce py = p+fik/2 and p_ = p—hk/2. o
is the frequency-sweeping rate, which is used to compensate
the first-order Doppler shift of the freely falling atoms in the
experiments, and o ~ —k - g. Thus, equation (All) can be

further simplified as

e Bt 0 e im0
U(t) B 0 e_iﬁgt 0 eirIZ(t)

o Yll(p—)_% Yia(p-)e'* ’ (A12)
Ni(py)e ™ Ya(py)

here, we have ignored the quadratic terms of time 7, and de-
fined
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A2
P mlg+gs) =
fe=act5 - P ;
A2
P m(g—gs)w
R o

Ma2(t) = (O — eg — D — §)1/2,
8 = OL — o — k- p/m— hk? |2m,

A=k-z— Lo (A13)
Yii(p) = cosg+i26°t - (a4+k'9)f2 5116132/2’

Yia(p) = —ising + (a+2ke'g)t2 (c sg - 511;?2/2> ;
Y21(p) = —isin%%—% (cosg - 51252/2> ;

Y2 (p) :cosg—izéot_(o‘4+k'9)f2 Sig%z (A14)
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