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A driver-pickup probe possesses better sensitivity and flexibility due to individual optimization of a coil. It is fre-
quently observed in an eddy current (EC) array probe. In this work, a tilted non-coaxial driver-pickup probe above a
multilayered conducting plate is analytically modeled with spatial transformation for eddy current nondestructive evalua-
tion. Basically, the core of the formulation is to obtain the projection of magnetic vector potential (MVP) from the driver
coil onto the vector along the tilted pickup coil, which is divided into two key steps. The first step is to make a projection
of MVP along the pickup coil onto a horizontal plane, and the second one is to build the relationship between the projected
MVP and the MVP along the driver coil. Afterwards, an analytical model for the case of a layered plate is established with
the reflection and transmission theory of electromagnetic fields. The calculated values from the resulting model indicate
good agreement with those from the finite element model (FEM) and experiments, which validates the developed analytical
model.
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1. Introduction
Eddy current testing (ECT) is extensively used in indus-

tries to gauge thickness and conductivity or identify defects for
nondestructive evaluation of a part.[1,2] In the simplest case, an
ECT probe basically is a coil that receives a magnetic field and
generates an alternating excitation field. Nowadays, a driver-
pickup probe, consisting of two coils that respectively act as
the transmitter and the receiver, has received increasing at-
tention. Such examples can be frequently observed in eddy
current array probes.[3,4] Driver-pickup probes have an advan-
tage over one-coil probes in that they have higher gain, wider
frequency range, and immunity to thermal drift, because the
driver and pickup coil can be individually designed for a spe-
cific application.[5] However, a probe sometimes tilts due to
surface deformation[3] or poor surface treatment.[6] Basically,
eddy current signals are fairly sensitive to probe inclination.
The unwanted signal change due to probe tilt is reported to be
one of the major obstacles for effective ECT.[6,7] To reduce it,
there is a strong demand for powerful, accurate, efficient, and
cost-effective tools to investigate the physics.

An analytical model is preferred, because it could estab-
lish a mathematical relationship between the signals and the
tilt angle of a probe. The signals of a driver-pickup probe
are basically the mutual impedance between the driver and

pickup coil. Up to date, analytical models of coaxial coils
above a layered conductor have been well developed since
Dodd and Deeds published their pioneering research results
in the late 1960s and the early 1970s.[8] For non-coaxial coils,
there are two methods available to deal with the modelling, to
the authors’ knowledge. One is to use the Lorentz reciprocity
relations,[5,9,10] and the other is to integrate over a receiver ac-
cording to the definition of mutual impedance, which is easier
to implement.[11–13] However, for a tilted driver-pickup probe,
the latter method is confronted with difficulties in integrating
over the pickup coil. Therefore, the analytical modelling of a
tilted driver-pickup probe with the second method is still an
open problem.

The main contribution of this paper lies in that spatial
transformation is employed to derive the mapped vector of
the MVP from the driver coil onto the vector along the tilted
pickup coil, thus developing an analytical model of a con-
coaxial driver-pickup probe above a layered planar conductor.
The remainder of this paper is organized as follows. In Sec-
tion 2, we formulate the closed-form expressions for two mis-
aligned filamentary loops in the translational and tilted mode
respectively. Subsequently, an analytical model of mutual
impedance change from a tilted driver-pickup probe is devel-
oped following the methods of Dodd and Deeds and the pro-
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cedures for numerical implementation are described in Section
3. Then, the established model is validated by FEM and in ex-
periment in Section 4, and a discussion is carried out in Sec-
tion 5. Finally, some conclusions are drawn from this work in
Section 6.

2. Analytical expressions for non-coaxial fila-
mentary loops
In the following analysis, a driver is assumed to carry a

sinusoidal signal with the frequency ω , and phasor notation is
employed.[10]

2.1. Formulation for translational loops

We consider two circular filaments as shown in Fig. 1.
The driver loop is located at the origin O(0,0,0) of the plane
xOy, and its axis coincides with the axis z. The distances be-
tween the driver and pickup loop are L in the vertical direction
and D in the horizontal direction, respectively. The (rd,φ ,z)
is the coordinate of a field point, and rp is the radius of the
pickup loop.

z

x

y

O

O′

D

rp

X

Y

Z

φ

φ
rd

Φ

L

driver loop

pickup loop

Ipdlp

Iddld

G↼rd↪φ↪z↽

Aφeφ

AΦeΦ

Fig. 1. (color online) Misaligned filamentary loops.

The formulation of MVP for the driver loop has been
developed.[14] In the cylindrical coordinate system, there is
only the circumferential component Aφ (rd,z) when consider-
ing the axial symmetry of MVP. The AΦ(rp,z) is the scalar
projection of Aφ (rd,z)𝑒φ on 𝑒Φ . According to Faraday’s law,
the mutual impedance between the two circular filaments is

Z12 =
jω
Id

∮
lp

AΦ(rp,z)𝑒Φ ·dlp =
jω
Id

∫ 2π

0
AΦ(rp,z)rpdΦ

=
jω
Id

∫ 2π

0
Aφ (rd,z)𝑒φ ·𝑒Φ rpdΦ , (1)

where Id is the amplitude of the current flowing into the driver
loop.

From Eq. (1), we can see that building the relationship
between AΦ(rp,z) and Aφ (rd,z) plays a key role. From Fig. 2
it follows that AΦ(rp,z) is

AΦ(rp,z) = Aφ (rd,z)cosα, (2)

where α is the angle between Aφ (rd,z)𝑒φ and 𝑒Φ .

According to the triangle exterior angle theorem, α is

α = Φ−φ . (3)

On the basis of the law of cosines, rd is derived as

rd =
√

D2 + r2
p +2Drp cosΦ . (4)

The angle φ could be described as

φ = arccos
D+ rp cosΦ

rd

= arccos
D+ rp cosΦ√

D2 + r2
p +2Drp cosΦ

, φ ∈ [0,π]. (5)

Substituting Eqs. (2)–(5) into Eq. (1) yields

Z12 =
jω
Id

∫ 2π

0
cosαAφ (rd,L)rpdΦ . (6)

G↼rd↪φ↪z↽

O

rd rp

α

Aφ

AΦ

E0
D

x

φ

O′

ΦΦ−π/2 π/2−φ

Fig. 2. Relations between the angles Φ and φ .

2.2. Formulation for tilted loops

The geometry of the tilted loops in free space is shown
in Fig. 3, where the center of the pickup loop is placed at the
point O′, and ϕ is the angle between the unit normal vector of
the pickup loop and the z-axis direction.

According to Eq. (1), finding the relation between the
vector Aφ (rd,z) and AΦ(rp,z) is also critical for tilted filamen-
tary loops. The process is divided into two steps. Firstly, the
MVP from the tilted pickup loop is mapped onto a horizon-
tal plane as illustrated in Fig. 4. Then, we use the method
in Subsection 2.1 to build the relation between Aφ (rd,z) and
AΦ(rp,z).
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Fig. 3. (color online) Tilted filamentary loops.
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Fig. 4. (color online) Mapped pickup loop onto a horizontal plane.

The projection of AΦ(rp,z)𝑒Φ onto a horizontal plane is
given by

AΦ ′ = AΦ cosβ , (7)

where β is the angle between AΦ𝑒Φ and its projected vector
AΦ ′𝑒Φ ′ .

From Figs. 5 and 6, the angle β could be expressed as

β = arcsin
GG′

GE4
= arcsin(sinΦ sinϕ), β ∈

(
0,

π

2

)
. (8)

O′↼o↽

E1

G

E3
rp

↩rpcosΦ rpsinΦ
Φ

X′

Fig. 5. Diagram of rp.

O′↼o↽

O′↼o↽
O′↼o↽

↩rpcosΦcosϕ

↩rpcosΦsinϕ

↩rpcosΦsinϕ

↩rpcosΦ

↩rpcotΦ

↩rpcotΦ

E1

E2

ϕ

(a)

G

E4

rpAΦ X′

Y ′

Φ

(b)

G

G′ E4

β

(c)

rp⇁↼rpcotΦ↽22

O′↼o↽

Fig. 6. Characterization of the angle β . (a) The angle ϕ . (b) The angle
Φ . (c) The angle β .

Figure 7 shows that r′p𝑒Φ ′ is the mapped vector of rp𝑒Φ

onto a horizontal plane. Then, r′p and Φ ′ are given by

r′p =
√

(rp cosΦ cosϕ)2 +(rp sinΦ)2, (9)

Φ
′ = arccos

rp cosΦ cosϕ

r′p
, Φ

′ ∈ [0,π]. (10)

O′↼o↽

Φ′

↩rpcosΦcosϕ

rpsinΦ

G′

E2

E3

rp

x

′

Fig. 7. The angle Φ ′ and r′p.

The θ is the angle between the vector O′G′ and the vector
O′G as shown in Fig. 8. It is obvious that θ is

θ = arcsin
GG′

oG
=−arcsin(cosΦ sinϕ), θ ∈

(
− π

2
,

π

2

)
. (11)

O′↼o↽

↩rpcosΦsinϕ

G′ rp′

G

rp

θ

Fig. 8. The angle θ .

030301-3



Chin. Phys. B Vol. 27, No. 3 (2018) 030301

The η is the angle between AΦ ′𝑒Φ ′ and O′G′ as shown in
Fig. 9. According to the law of cosines, η is

η = arccos
(rp cosθ)2 +(rp cotΦ cosβ )2− [r2

p +(rp cotΦ)2]

2rp cosθrp cotΦ cosβ
.

(12)

O′↼o↽

↩rpcotΦcosβ

rp+(rpcotΦ)2
G′

rp′

E4

η
2

Fig. 9. The angle η .

The scalar projection AΦ ′ of Aφ (rd,z)𝑒φ on 𝑒Φ ′ gives

AΦ ′ = Aφ cosα
′, (13)

where α ′ is the angle between Aφ (rd,z)𝑒φ and 𝑒Φ ′ as shown
in Fig. 10.

O O′

rd
rp

α′

Φ′

Aφ

AΦ′

D

η

η−(π−Φ′)−φ

η−(π−Φ′)

′

G′↼rd↪φ↪z↽

φ

Fig. 10. Relations between the angles Φ ′ and φ .

We follow the method in Subsection 2.1 to build the rela-
tionship between AΦ ′ and AΦ . Further, combining Eq. (7) with
Eq. (13), the mathematical relationship between AΦ(rp,z) and
Aφ (rd,z) is

AΦ(rp,z) =
cosα ′

cosβ
Aφ (rd,z), (14)

where

α
′ = Φ

′+η−φ − π

2
, rd =

√
D2 +(r′p)2 +2Dr′p cosΦ ′.

Using Eq. (14), equation (1) for the case of the tilted loops
becomes

Z12 =
jω
Id

∫ 2π

0

cosα ′

cosβ
Aφ (rd,L)rpdΦ . (15)

3. Analytical modeling for driver-pickup coils
above layered plates
For the eddy current nondestructive evaluation, a coil is of

typically multilayer and multi-turn as shown in Fig. 11. The
driver and pickup coils are separated by the distance D in the

horizontal direction and the distance L in the vertical direc-
tion. The driver coil consists of Nd turns and has inner radius
r1d, outer radius r2d, and the thickness 2hd. The pickup coil
has Np turns and has inner radius r1p, outer radius r2p, and the
thickness 2hp. The pickup coil axis lies on the plane y = D
and is tilted by an angle ϕ with respect to the surface normal.
The q-th (q = 1,2,3, . . . ,k−1) layer has a conductivity of σq,
a magnetic permeability of µq, and a thickness of cq+1− cq.

r1d

r2d

r2p

r1p
ϕ

Ld Lp

hd

hp

z

x

D





M

k↩

k↩

k

z/↩c2

z/↩c3

z/↩ck↩

z/↩ck↩

z/↩ck

z/↩c1/

pickup coil

driver coil

µ, σ

µ, σ

µk↩, σk↩

µk↩, σk↩

Fig. 11. Tilted coils above a layered plate.

The total magnetic field above the conductor could be
considered as the superposition of the excitation A(s) and EC
field A(ec)

A = A(s)+A(ec). (16)

The EC field A(ec) could be regarded as the reflection of
A(s).[14–16] By imposing an artificial magnetic insulation
boundary at the radial distance rd = h,[17,18] A(ec) is repre-
sented in a series-form expression as

A(ec)(rd,z) =
∞

∑
i=1

KiCII,iR′0i,1i(λ0i)e−λ0iz, (17)

where

Ki = ncdµ0IdJ1(λ0ird)
χ(λ0ir1d,λ0ir2d)

λ 4
0i

1
[hJ0(λ0ih)]2

,

CII,i = e−λ0i(Ld−hd)− e−λ0i(Ld+hd),

ncd =
Nd

2hd(r2d− r1d)
,

Jn denotes the n-order Bessel function, µ0 is the permeability
of free space,

J1(λ0ih) = 0, (18)

λ0i is the i-th positive root,

χ(x1,x2) =
∫ x2

x1

xJ1(x)dx, (19)
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R′0i,1i (λ0i) is the generalized reflection coefficient which is de-
fined as the ratio of A(ec) to A(s), and could be easily formu-
lated with the reflection and transmission theory of electro-
magnetic field[14–16] or Cheng’s Matrix method.[19] It is de-
scribed as[14]

R′qi,(q+1)i =
Rqi,(q+1)i +R′(q+1)i,(q+2)ie

−2λ(q+1)i(cq+1−cq)

1+Rqi,(q+1)iR′(q+1)i,(q+2)ie
−2λ(q+1)i(cq+1−cq)

, (20)

where

Rqi,(q+1)i =
µq+1λqi−µqλ(q+1)i

µq+1λqi +µqλ(q+1)i
,

R′(k−1)i,ki = R(k−1)i,ki,

λqi =
√

λ 2
0i + jωσqµq.

Using the approach of Dodd and Deeds, the discrete na-
ture of the windings is neglected, and the change in mutual
impedance can be deduced from Eq. (15) by taking the cylin-
drical coil as a countless ideal combination of single-turn coils.
Therefore, the mutual impedance change between the driver
and pickup coils is

∆Z12 =
jωncp

Id

∫ Lp+hp

Lp−hp

∫ r2p

r1p

∫ 2π

0
rp

cosα ′

cosβ
A(ec)

×(rd,z)dΦdrpdz. (21)

Substituting Eq. (17) into Eq. (21) and performing the in-
tegration, the resulting equation is as follows:

∆Z12

= jωµ0ncdncp

∫ r2p

r1p

∫ 2π

0
B

∞

∑
i=1

Di

× (e−λ0i(Lp−hp)− e−λ0i(Lp+hp))(e−λ0i(Ld−hd)− e−λ0i(Ld+hd))

λ0i

×R′0i,1i(λ0i)dΦdrp, (22)

where

ncp =
Np

2hp(r2p− r1p)
,

B = rp
cosα ′

cosβ
,

Di = J1(λ0ird)
χ(λ0ir1d,λ0ir2d)

λ 4
0i

1
[hJ0(λ0ih)]2

.

Generally, it is required that the numerical integration
should predict the change of mutual impedance. Now we
adopt the Gauss–Legendre algorithm to compute the integral
in Eq. (22). The procedures are as follows.

Step 1: Divide equally the intervals [r1p, r2p] and [0, 2π]
into ten subintervals, respectively.

Step 2: For each subinterval of [r1p, r2p], perform numer-
ical integration over each subinterval of [0, 2π].

Step 3: Sum the integration results over the subintervals
of [0, 2π].

Step 4: Repeat steps 2 and 3 until the integration over the
subintervals of [r1p, r2p] is completed.

4. FEM simulation and experiment

4.1. FEM simulation

Finite element model (FEM) is a popular and powerful
tool to investigate EC phenomena.[20–22] In this paper, a three-
dimensional (3D) FEM for layered structures was developed
by using ANSYS Maxwell to implement the simulations. It is
noted that the computational burden and accuracy of an FEM
are mesh-dependent. Considering the balance between effi-
ciency and accuracy, the maximum length of the elements in
the coils was set to be 0.5 mm. For the layered sample, the
number of the meshed layers was set to be 5, and the maximum
length of the surface triangle elements was set to be 4 mm. The
meshed elements would increase by 30% after each iteration.
The maximum number of iterations was set to be 20 in order
to derive the converged solution of the developed FEM.

4.2. Experiment

The theoretical results presented in Section 3 were vali-
dated experimentally. The fabricated coils were almost identi-
cal in dimension as listed in Table 1. Using a caliper, the inner
radius of a coil was measured beforehand. After the fabrica-
tion of the coils, the outer radii and height were gauged. The
self-inductance and resonant frequency of the isolated coils
were recorded from the readings of a Wayne Kerr WK65120B
impedance analyzer, and the DC resistance was measured us-
ing a digital multimeter.[23] The parameters of the manufac-
tured samples are shown in Table 2. The conductivities of the
prepared samples were provided by Xiamen Tianyan Instru-
ments Ltd which is an electrical conductivity meter manufac-
turer. The prepared samples were large enough in dimensions
compared with the coils to remove edge effects.[14]

Table 1. Coil parameters.

Driver coil Pickup coil
inner radius/mm r1d = 8.00 r1p = 8.00
outer radius/mm r2d = 10.00 r2p = 10.00

thickness/mm 2hd = 17.00 2hp = 17.00
number of turns Nd = 136 Np = 134

coil center height/mm Ld = 18 Lp = 18
coil center distance/mm D = 36 D = 36

isolated coil inductance/Mh L0d = 0.21 L0p = 0.21
DC resistance/Ω R0d = 1.00 R0p = 1.00

free-space resonant frequency/MHz fRd = 6.32 fRp = 6.54

Table 2. Sample parameters.

Plate P1 (Al 3003)
Thickness/mm c = 3.00

electrical conductivity/MS·m−1 σ = 35.00
relative magnetic permeability µr = 1.00

lateral dimensions/mm2 100×100
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The schematic experimental setup for ECT is shown in
Fig. 12. The mutual impedance was measured using an SR830
DSP lock-in amplifier working in the gain-phase mode. From
Fig. 13, it is found that the amplitude and phase of mutual
impedance could be calculated with the ratio v of VTEST to
VREF, where VTEST denotes the secondary voltage in a pickup
coil and VREF is the voltage of the resistor RREF.[10] A PC
recorded experimental results from the lock-in amplifier via
GPIB communication using a customized software developed
in LabVIEW. The coil was rotated by a rotatable platform, and
the targeted tilt angle was obtained through a protractor.

In experiment, a two-layer case was investigated to vali-
date the developed analytical model. In the case an aluminum
plate (P1) and air layer are combined; the frequency of the sig-
nal fed into the driver coil increases from 10 Hz to 100 kHz.

measuring circut

waveform generation of

lock in amplifier 

lock in amplifier 

EC
excitation

magnetic
field

signal

and LabVIEW 

ϕ

Fig. 12. (color online) Schematic of ECT experimental setup.

V0

RREF

Zd

R0d

Zp

R0p

R1

VREF

V
T

E
S

T

driver 
coil

pickup 
coil

Fig. 13. Circuit for measurement of mutual impedance.

Figure 13 illustrates the circuit for measuring the mutual
impedance, and Table 3 displays the parameters in the circuit.

Table 3. Circuit parameters.

Circuit
driving voltage V0

driver coil impedance Zd

driver coil DC resistance/Ω R0d = 1.00
standard resistor/Ω RREF = 22

voltage across a standard resistor VREF

pickup coil impedance Zp

pickup coil DC resistance/Ω R0p = 1.00
input resistance/MΩ R1 = 1

voltage across the pickup coil VTEST

The change in mutual inductance is defined as

∆M = ∆Z12/(jω). (23)

Equation (23) indicates that the change in mutual in-

ductance is a frequency-dependent complex number. From

Fig. 13, the ratio v of the voltage VTEST to VREF is

v =
VTEST

VREF
=

jωM
RREF

1
1+(R0p +Zp)/R1

. (24)

When the input resistance R1 is on the order of a

megaohm, the real and imaginary parts of mutual inductance

are given in terms of the magnitude |v| and phase θ by[10]

ReM =
RREF |v|

ω
sinθ ,

ImM =−RREF |v|
ω

cosθ . (25)

5. Results and discussion

In experiment, the driver coil is arranged to be parallel

to the sample. Then, the changes in mutual impedances are

observed and recorded when the driver coil is titled by angles

of 0◦, 45◦, 60◦, and 90◦ in sequence. Subsequently, simula-

tions are carried out with the formulated analytical model and

developed FEM. The experimental and calculated results are

shown in Fig. 14.

On the whole, the results from the formulated analytical

model match well with those from the FEM and experiments.

The differences fall within 5%. The good agreement indicates

the validation of the presented analytical model. Further anal-

ysis suggests that the observed deviations in a low frequency

range are less than those in a high frequency range. It is also

found that the imaginary parts are superior to the real parts in

accuracy.

In the formulated analytical model and FEM, a coil is as-

sumed to be a pure inductor. However, it is reported that an

experimental coil has parasitic stray capacitance.[24] There-

fore, a disparity basically exists between the calculations and

measurements. In addition, the measurement errors also result

from coil parameters and tilt angle.
The model is independent of the mesh and offers series-

form expression.[25] It presents an efficient and accurate tool
to calculate mutual impedance due to a specimen. The de-
veloped analytical model can be beneficial to physics-based
signal explanation[26] and inverse process to characterize the
defects.[10]
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Fig. 14. (color online) Variations of mutual inductance with frequency for (a) ϕ = 0◦, (b) 45◦, (c) 60◦, and (d) 90◦.

6. Conclusions

In this paper, an analytical model for the change in mutual

impedance of a non-coaxial driver-pickup probe due to multi-

layered conductors is established by using spatial transforma-

tion, TREE method and reflection and transmission theory of

electromagnetic fields. Instead of utilizing the Lorentz reci-

procity relations, this work formulates the induced voltage by

integrating over a pickup coil. Such an approach is easy to fol-

low, and the resulting analytical model is simple for numerical

implementation.

The presented model enables us to have an in-depth in-

sight into the signal variations due to probe tilt, thus facili-

tating to find a feature immune to probe tilt. In addition, the

developed model could also be used to compute the incident

field to improve the efficiency of a forward solver from the

volume integral method.
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