
 

Generation of optimal persistent formations for heterogeneous multi-agent systems with a leader 

constraint 

Guo-Qiang Wang(王国强), He Luo(罗贺), Xiao-Xuan Hu(胡笑旋) 

Citation:Chin. Phys. B . 2018, 27(2): 028901. doi: 10.1088/1674-1056/27/2/028901 

Journal homepage: http://cpb.iphy.ac.cn; http://iopscience.iop.org/cpb   

 

What follows is a list of articles you may be interested in  

 

Consensus of heterogeneous multi-agent systems based on sampled data with a small sampling 

delay 

Wang Na, Wu Zhi-Hai, Peng Li 

Chin. Phys. B . 2014, 23(10): 108901. doi: 10.1088/1674-1056/23/10/108901 

Statistical physics of hard combinatorial optimization：Vertex cover problem 

Zhao Jin-Hua, Zhou Hai-Jun 

Chin. Phys. B . 2014, 23(7): 078901. doi: 10.1088/1674-1056/23/7/078901 

Output regulation for linear multi-agent systems with unmeasurable nodes 

Liang Hong-Jing, Zhang Hua-Guang, Wang Zhan-Shan, Wang Jun-Yi 

Chin. Phys. B . 2014, 23(1): 018902. doi: 10.1088/1674-1056/23/1/018902 

Finite-time consensus of heterogeneous multi-agent systems 

Zhu Ya-Kun, Guan Xin-Ping, Luo Xiao-Yuan 

Chin. Phys. B . 2013, 22(3): 038901. doi: 10.1088/1674-1056/22/3/038901 

Consensus protocol for heterogeneous multi-agent systems: A Markov chain approach 

Zhu Shan-Ying, Chen Cai-Lian, Guan Xin-Ping 

Chin. Phys. B . 2013, 22(1): 018901. doi: 10.1088/1674-1056/22/1/018901 

 

-------------------------------------------------------------------------------------------------------------------- 

http://cpb.iphy.ac.cn/EN/abstract/abstract71536.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract71536.shtml
http://cpb.iphy.ac.cn/
http://iopscience.iop.org/cpb
http://cpb.iphy.ac.cn/EN/abstract/abstract61358.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract61358.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract59975.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract57553.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract52528.shtml
http://cpb.iphy.ac.cn/EN/abstract/abstract51690.shtml


Chin. Phys. B Vol. 27, No. 2 (2018) 028901

Generation of optimal persistent formations for heterogeneous
multi-agent systems with a leader constraint*

Guo-Qiang Wang(王国强)1,2, He Luo(罗贺)1,2,†, and Xiao-Xuan Hu(胡笑旋)1,2

1School of Management, Hefei University of Technology, Hefei 230009, China
2Key Laboratory of Process Optimization & Intelligent Decision-making, Ministry of Education, Hefei 230009, China

(Received 18 July 2017; revised manuscript received 9 October 2017; published online 5 January 2018)

In this study, we consider the generation of optimal persistent formations for heterogeneous multi-agent systems,
with the leader constraint that only specific agents can act as leaders. We analyze three modes to control the optimal
persistent formations in two-dimensional space, thereby establishing a model for their constrained generation. Then, we
propose an algorithm for generating the optimal persistent formation for heterogeneous multi-agent systems with a leader
constraint (LC-HMAS-OPFGA), which is the exact solution algorithm of the model, and we theoretically prove its validity.
This algorithm includes two kernel sub-algorithms, which are optimal persistent graph generating algorithm based on a
minimum cost arborescence and the shortest path (MCA-SP-OPGGA), and the optimal persistent graph adjusting algorithm
based on the shortest path (SP-OPGAA). Under a given agent formation shape and leader constraint, LC-HMAS-OPFGA
first generates the network topology and its optimal rigid graph corresponding to this formation shape. Then, LC-HMAS-
OPFGA uses MCA-SP-OPGGA to direct the optimal rigid graph to generate the optimal persistent graph. Finally, LC-
HMAS-OPFGA uses SP-OPGAA to adjust the optimal persistent graph until it satisfies the leader constraint. We also
demonstrate the algorithm, LC-HMAS-OPFGA, with an example and verify its effectiveness.

Keywords: leader constraint, heterogeneous multi-agent system, optimal persistent formation, minimum cost
arborescence
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1. Introduction
In recent years, the formation control of multi-agent sys-

tems (MAS) has become an important topic, and has found
their wide applications in both military and civilian domains.
There are many types of agents in MAS, such as mobile
robots,[1] satellites,[2] unmanned aerial vehicles (UAVs),[3]

and autonomous underwater vehicles (AUVs).[4] The main
idea of MAS formation control is that several agents exchange
information via communication links and use preset formation
control methods to determine their movement, thereby form-
ing and maintaining a specific formation shape.

At present, the set of communication links used by agents
to maintain their formation shape can be expressed in mul-
tiple manners, including communication topology,[5,6] infor-
mation exchange topology,[7] connection topology,[8] infor-
mation structure,[9–11] and information topology.[12,13] In the
present study, these links are referred to as communication
topology, while the set of all the available communication
links between agents are termed network topology. Both com-
munication topology and network topology can be expressed
by a weighted directed graph, which, hereafter, is named the
directed graph. Furthermore, the communication topology of
the agent formation is a subgraph of its network topology,
where nodes denote the agents in the formation, arcs repre-

sent the communication links between agents, and the weight
of each arc refers to the communication cost of the link.

The formation control approaches that an agent formation
can be used to maintain its formation shape include the leader–
follower-based approach, the virtual structure-based approach,
the behavior-based approach, the consensus-based approach,
the minimally rigid graph-based approach, and the minimally
persistent graph-based approach. The minimally persistent
graph-based approach is a formation control method based on
distance, with the corresponding agent formation referred to
as the minimally persistent formation.[14] The communication
topology of the minimally persistent formation must be a min-
imally persistent graph in its network topology to minimize
the number of communication links used by the agent forma-
tion to maintain its formation shape. In two-dimensional (2D)
space, there must be 2×|V |−3 and only 2×|V |−3 arcs in a
minimally persistent graph with |V | nodes, and the in-degree
of each node is less than or equal to 2.[9] Moreover, each agent
must maintain a constant distance from the agents which have
an outgoing arc to it in the communication topology during the
movement of the minimally persistent formation. For the gen-
eration of minimally persistent formations, a graph operation
method to transform from one minimally persistent formation
to another minimally persistent formation was proposed.[9] In
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addition, an algorithm based on the Pebble game and its graph
operations to generate minimally persistent formations was
proposed.[15] Another algorithm applicable to the generation
of minimally persistent formations with a circular structure
was proposed.[16]

However, the minimally persistent formation of a given
network topology is not unique. The minimally persistent for-
mation with the smallest sum of the costs of the communi-
cation links in its communication topology is called the op-
timal persistent formation.[17] The communication topology
of the optimal persistent formation must be an optimal per-
sistent graph of its network topology. For the generation of
optimal persistent formations, an algorithm suitable for opti-
mal persistent formations with special structures, and based
on the optimal rigid graph and the configuration of the triangle
with a leader was proposed.[17] An optimal persistent forma-
tion generation algorithm, which is based on the optimal rigid
graph and the operation of directed vertex addition and appli-
cable to optimal persistent formations with triangles or quad-
rangles used as the basic structures, was proposed.[18] An-
other optimal persistent formation generation algorithm based
on the optimal rigid graph with four directed operations was
proposed,[19] which is suitable for optimal persistent forma-
tions with any structure.

For homogeneous agent formations, where each agent can
act as a leader, the optimal persistent formation can be gener-
ated by simply directing the optimal rigid graph to one arbi-
trary optimal persistent graph. However, for a heterogeneous
agent formation, only specific agents can act as the leader, and
this leader constraint must be considered when directing the
optimal rigid graph to the optimal persistent graph. To solve
this problem, in this study are introduced the following innova-
tions: (i) we propose the algorithm MCA-SP-OPGGA, which
directs any optimal rigid graph to obtain an optimal persistent
graph and we then prove the validity of this algorithm; (ii)
we propose the algorithm SP-OPGAA, which adjusts any op-
timal persistent graph to satisfy the leader constraint and we
then prove this algorithm validity; and (iii) we propose the al-
gorithm LC-HMAS-OPFGA based on MCA-SP-OPGGA and
SP-OPGAA, which generates the optimal persistent forma-
tion for heterogeneous multi-agent system with the leader con-
straint.

The rest of this study is organized in the following man-
ner. In Section 2, we analyze the problem and establish the
model that describes it. In Section 3, we propose an exact so-
lution algorithm to solve the stated problem and prove its va-
lidity. In Section 4, we illustrate this algorithm by a simulation
example and verify the validity of the algorithm. In Section 5,
we draw some conclusions from this study and point out future
directions of research in this field.

2. Problem analysis and modeling

2.1. Formation shape of agent formation

The AGENT = {agenti} represents the set of n agents,
where the agents that can act as the leaders are represented by
AGENT *, with AGENT * ⊂ AGENT . Matrix 𝑆 represents the
formation shape constituted by n agents as shown in Eq. (1)
below.

𝑆 =


x1F y1F z1F
· · · · · · · · ·
xiF yiF ziF
· · · · · · · · ·
xnF ynF znF

 . (1)

In the above expression, F denotes the formation refer-
ence point (which is the position of one specific agent in the
formation shape) and (xiF ,yiF ,ziF) represents the position co-
ordinates of the i-th agent in the coordinate system, with F
used as the origin. For example, figure 1 shows the formation
shape composed of five agents in the two-dimensional (2D)
space, with their positions numbered as {1,2,3,4,5}, respec-
tively. Their relative positions in the space are shown in the
left portion in Fig. 1. If position four is regarded as the origin,
then the coordinates of all the positions are shown in the right
portion in Fig. 1.
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Fig. 1. (color online) Formation shape composed of five agents and its math-
ematical description.

2.2. Network topology and communication topology of op-
timal persistent formation

The network topology of the agent formation composed
of n agents can be expressed by the directed graph D =

(V,A,W ), where V = {vi},1≤ i≤ n denotes the set of nodes in
the graph, node vi denotes agenti, A = {ai j} ⊂ V ×V,1 ≤ i ̸=
j ≤ n is the set of arcs in the graph, arc ai j = (vi,v j) represents
the communication link from vi to v j, W = {w(ai j)},ai j ∈ A is
the set of arc weights in the graph, and arc weight, w(ai j), de-
notes the cost of the communication link from vi to v j, which
is equivalent to the communication distance from vi to v j in
this study. For example, figure 2 shows the network topology
of five agents to keep the formation shape shown in Fig. 1.
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Fig. 2. (color online) Network topology of the agent formation com-
posed of five agents.

The communication topology of the above agent forma-
tion for maintaining its formation shape can be expressed by
the directed graph T = (V,A*,W *), A* ⊆ A,W * ⊆ W , where
T is a subgraph of D = (V,A,W ). The function, w(T ), is the
sum of the weights of all the arcs in T and denotes the to-
tal communication cost when the agent formation maintains
its formation shape. It is called the formation communication
cost and shown in Eq. (2) as follows:

w(T ) = ∑ai j∈A* w(ai j). (2)

For a minimally persistent formation, the communica-
tion topology T is a minimally persistent graph in its network
topology D, and ai j = (vi,v j) ∈ A* means that vi needs to send
its own information to v j when the formation tries to keep its
formation shape. Then v j can adjust its movement to keep a
constant distance from vi. In other words, there is a distance
constraint between v j and vi. The function d( j), the in-degree
of v j, denotes the number of distance constraints of v j with
other agents. For example, under the network topology shown
in Fig. 2, the communication topology of a minimally persis-
tent formation is shown in Fig. 3. The number of communica-
tion links is 2×|V |−3 = 2×5−3 = 7, the in-degree of each
node is less than or equal to 2, and its formation communica-
tion cost is 5588.
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Fig. 3. (color online) Communication topology of a minimally persis-
tent formation composed of five agents.

Furthermore, under the same network topology, the min-
imally persistent formation with the smallest formation com-
munication cost is defined as the optimal persistent formation.
Figure 4 shows the communication topology of an optimal per-
sistent formation, whose formation communication cost is the
smallest in all possible minimally persistent formations under
the network topology shown in Fig. 2.
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Fig. 4. (color online) Communication topology of an optimal persistent
formation composed of five agents.

2.3. Problem modeling

The optimal persistent formation can be determined by
the following three control modes[20] in 2D space.

i) Leader-first-follower (LFF): An agent, as a leader, can
move freely in 2D space (i.e., it has 2 degrees of freedom). An-
other agent, as the first follower, needs to maintain a constant
distance from the leader during movement (i.e., it has 1 degree
of freedom). Each of the remaining agents, as ordinary fol-
lowers, must maintain a constant distance from any other two
agents during the movement (i.e., it has no degree of freedom).
In this control mode, the in-degrees of the nodes correspond-
ing to the leader, the first follower, and the ordinary followers
in the communication topology of the formation are 0, 1, and
2 respectively.

ii) Leader-remote-follower (LRF): An agent, as a leader,
can move freely in 2D space (i.e., it has 2 degrees of free-
dom). Another agent, as the remote follower, needs to main-
tain a constant distance from an agent apart from the leader
during movement (i.e., it has 1 degree of freedom). Each of
the remaining agents, as ordinary followers, must maintain a
constant distance from any other two agents during the move-
ment (i.e., it has no degree of freedom). In this control mode,
the in-degrees of the nodes corresponding to the leader, the
remote follower, and the ordinary followers in the communi-
cation topology of the formation are 0, 1, and 2 respectively.

iii) Co-leader: Three agents act as the co-leaders, each of
whom needs to maintain a constant distance from any other
agent during motion (i.e., each co-leader has one degree of
freedom). Each agent, other than co-leaders, as an ordinary
follower should maintain a constant distance from any other

028901-3



Chin. Phys. B Vol. 27, No. 2 (2018) 028901

two agents during movement (i.e., it has no degree of free-
dom). In this control mode, the in-degrees of corresponding
nodes of the co-leaders and the ordinary followers in the com-
munication topology of the formation are 1 and 2, respectively.

The leader constraint of the optimal persistent formation
for heterogeneous multi-agent systems can be described in this
way: among the agents that can act as the leaders, there is one
and only one agent whose in-degree of its corresponding node
in the communication topology is 0, or else there are three
and only three agents whose in-degree of their corresponding
nodes in the communication topology is 1.

In this study, the generation of the optimal persistent for-
mation for heterogeneous multi-agent systems with the leader
constraint is formulated as the following optimization prob-
lem.

Among AGENT = {agenti},1 ≤ i ≤ n, the set of the n
heterogeneous agents, AGENT * ⊂ AGENT is the subset of
agents that can act as the leaders. To make sure the n agents
comprise the optimal persistent formation and keep the for-
mation shape 𝑆, an optimal persistent graph T = (V,A*,W *)

must be generated as the communication topology for this
formation. This formation must minimize w(T ), the forma-
tion communication cost corresponding to this communication
topology, and the optimal persistent graph, T , must satisfy the
leader constraint, namely one of the following conditions:

1) ∃!vi ∈V : d(i) = 0, agenti ∈ AGENT *;
2) ∃!(vi,v j,vk ∈ V ): i ̸= j ̸= k, d(i) = d( j) = d(k) = 1,

agenti, agent j, agentk ∈ AGENT *.

3. Algorithm
We propose the algorithm LC-HMAS-OPFGA to address

the model named above. This algorithm includes two kernel
sub-algorithms. The first sub-algorithm, MCA-SP-OPGGA,
is used to direct an optimal rigid graph to an optimal persistent
graph, and the second sub-algorithm, SP-OPGAA, is used to
adjust an optimal persistent graph until it satisfies the leader
constraint. Given the formation shape and the set of agents
that can act as the leaders, LC-HMAS-OPFGA can generate
the optimal persistent formation for heterogeneous multi-agent
system under the leader constraint.

3.1. Algorithm for the generation of optimal persistent
graph

In this subsection, we propose an optimal persistent graph
generating algorithm based on minimum cost arborescence
(MCA)[21] and shortest path (SP),[22] referred to as MCA-SP-
OPGGA. By adding a virtual node and virtual arcs, generat-
ing and combining minimum cost arborescence, adding arcs,
and reversing paths, this algorithm can direct any optimal rigid
graph to obtain an optimal persistent graph. The pseudo-codes
of this algorithm are shown in Table 1.

We will also verify the feasibility of MCA-SP-OPGGA
theoretically. By proving the existence of MCA, the combi-
natorial properties of MCA, and the characteristics of adding
arcs and reversing paths, it is proven that MCA-SP-OPGGA
can generate an optimal persistent graph that satisfies the judg-
ing criterion shown in Lemma 2.

Lemma 1[23] The rigid graph with the number of nodes
being |V | and the number of edges being 2×|V |−3 is the min-
imally rigid graph. If the sum of the weight of each edge of
a minimally rigid graph is the smallest in all the rigid graphs
with the same nodes, then this minimally rigid graph is the
optimal rigid graph.

Lemma 2[9] In 2D space, if the in-degree d(i) of each
node, vi, in a directed graph is less than or equal to 2 and
its corresponding undirected graph is the optimal rigid graph,
then this directed graph is the optimal persistent graph.

Theorem 1 (Existence of MCA): T ′
1 and T ′

2 , the mini-
mum cost arborescences in MCA-SP-OPGGA, must exist and
their root nodes are v0 and the number of their arcs is |V |.

Proof
Since there is one outgoing arc from v0 to each of all other

nodes in D′
R, there is at least one spanning tree in D′

R with v0

used as the root node. For example, one of these spanning
trees is composed of v0, all other nodes, and all outgoing arcs
from v0 to each of all other nodes. Meanwhile, the minimum
cost arborescence is the minimum spanning tree of a weighted
directed graph. Thus, the minimum cost arborescence, T ′

1 of
D′

R, must exist.
Since T1 is obtained by deleting v0 from T ′

1 (namely, v0

and its outgoing arcs are not included in T1), the graph D′′
R ob-

tained by deleting all the arcs and their reverse arcs in T1 from
D′

R must contain v0 and one outgoing arc from v0 to each of
all other nodes. Thus, there is at least one spanning tree in D′′

R

with v0 as the root node, which means that the minimum cost
arborescence, T ′

2 of D′′
R, must also exist.

Since T ′
1 is a spanning tree of D′

R, T ′
1 must contain all the

nodes in D′
R (namely, v0 and the other |V | nodes), and the num-

ber of arcs of T ′
1 is the number of nodes of D′

R minus 1, which
is |V |. Meanwhile, since there are only outgoing arcs for v0 in
D′

R, the root node of T ′
1 must be v0, otherwise, v0 must have an

incoming arc based on the conditions of spanning tree suppos-
ing that v0 is not a root node of T ′

1 .
Similarly, the root node of T ′

2 must be v0, and the number
of arcs of T ′

2 is the number of nodes of D′′
R minus 1, which is

also |V |.
Theorem 2 (Combinatorial properties of MCA): The in-

degree of each node in the directed graph, T , obtained by the
combination of T1 and T2 in MCA-SP-OPGGA, is less than or
equal to 2, and the number of arcs of T must be less than or
equal to 2×|V |−3.
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Table 1. Pseudo-codes of MCA-SP-OPGGA.

Input: Optimal rigid graph ( , , )R V E W= . 

Output: Optimal persistent graph T=(V, A*, W*)  
/* Operations of adding virtual node and virtual arcs. */ 

RD = GenerateDirectedGraph ( R );           /* Converting each edge of R  into 2 arcs 
with the same weight but opposite 
directions, and obtaining a directed graph 

( , , )R R RD V A W= . */ 
′
RD =AddVirtualNode(

RD );                 // Adding virtual node 
0v  in RD . 

′
RD =AddVirtualArcs( '

RD ,
0v );               /* Adding an outgoing arc from 

0v  to each 
other node. */ 

′
RD =SetWeightOfVirtualArc( '

RD ,
0v , ( ) 1Rw D + ); /* Setting the weight of each outgoing arc of

0v  into 
0 ( ) 1Rw w D += , which is 1 greater 

than the sum of the weights of all arcs in 

RD . */ 
/* Operations of generating and combining minimum cost arborescence. */ 
′

1T =GenerateMCA( ′
RD );                   /* Generating minimum cost arborescence ′

1T  
of ′

RD . */ 

1T =DeleteVirtualNode(
1T );                 // Deleting

0v  in ′
1T  to obtain 

1T . 
′′
RD =DeleteArcsAndReversedArcs( ′

RD , 
1T );   /* For each arc in 

1T , deleting it and its 
reverse arc in ′

RD , and obtaining the 
directed graph ′′

RD . */ 
′

2T =GenerateMCA( ′′
RD );                   /* Generating minimum cost arborescence ′

2T  
of ′′

RD . */ 

2T =DeleteVirtualNode( ′
2T );                // Deleting 

0v  in ′
2T  to obtain 2T . 

T =MergeDirectedGraphs(
1T ,

2T );           // Combining 
1T  and 2T  to obtain T . 

/* Judgement of the condition of optimal persistent graph. */ 

m =GetNumberOfArcs(T );                // Getting the number of arcs in T . 

if 2 | | 3m V× −==  

  return T ;                            //T  is an optimal persistent graph. 

end if 
/* T  is currently not an optimal persistent graph, thus performing arc addition and path 

reversal operations until T  satisfies the criteria of optimal persistent graph. */ 

for 1:| |l V=  

  if (The arc 
ija  or 

jia , which corresponds to the l th edge ( )ije i j<  in R , is in T .) 

    continue;                  

  end if 

  if  d(j)<2                        // The in-degree of 
jv  in T  is less than 2. 

T =AddArc(T ,
ija );                  // Adding the arc 

ija  to T . 

else if d↼i↽<2                      // The in-degree of 
iv  in T  is less than 2. 

T =AddArc(T ,
jia );                  // Adding the arc 

jia  to T . 

else                                 /* The in-degrees of 
jv  and 

iv  in T  are 
both equal to 2. */ 

T =AddArc(T ,
ija );                  // Adding the arc 

ija  to T . 
k =FindNode(T , j ,2);                /* Finding node 

kv  in T  which satisfies that 
there is a path from 

kv  to 
jv  and 

 */ 
P = FindShortestPath(T , k , j );        /* Finding the shortest path P  from 

kv  to 
jv  

in T . */ 
T = RevertPath(T , P );               // Reversing all arcs on P  in T . 

end if 

1m m= + ;                           // Updating the number of arcs in T . 

if 2 | | 3m V== × −                      /* Judging whether T  satisfies the criteria of 
optimal persistent graph. */ 

return T ;                        // When the criteria is satisfied, return T . 

end if 

end for 

′

d↼k↽<.

Proof
Since T ′

1 is the minimum cost arborescence of D′
R

(namely, the minimum spanning tree of D′
R), the in-degrees

of all nodes in T ′
1 are less than or equal to 1 and T ′

1 is a sub-
graph of D′

R. Since T ′
2 is the minimum cost arborescence of

D′′
R, T ′

2 is a subgraph of D′′
R and in-degrees of all nodes in T ′

2

are less than or equal to 1. D′′
R is a subgraph of D′

R because D′′
R

is obtained by deleting all the arcs and their reverse arcs in T1

from D′
R, thus T ′

2 is also a subgraph of D′
R.

Since T1 and T2 are gained by deleting v0 in T ′
1 and T ′

2 ,
and the in-degrees of all nodes in T ′

1 and T ′
2 are less than or

equal to 1, the in-degrees of all nodes in T1 and T2 are also
less than or equal to 1. Furthermore, because T is obtained by
the combination of T1 and T2, the in-degrees of all nodes in T
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must be less than or equal to 2.
Since both T ′

1 and T ′
2 are subgraphs of D′

R, T1 and T2 are
gained by deleting v0 in T ′

1 and T ′
2 , and DR is obtained after v0

in D′
R has been deleted, thus both T1 and T2 are subgraphs of

DR. Therefore the directed graph, T , gained by the combina-
tion of T1 and T2, must be a subgraph of DR.

As mentioned above, D′′
R is obtained by deleting all the

arcs and their reverse arcs in T1 from D′
R, T ′

2 is the minimum
cost arborescence of D′′

R, and T2 is gained by deleting v0 in T ′
2 .

Therefore, the edges corresponding to arcs in T1 and T2 do not
overlap each other, the arcs in T1 and T2 do not overlap each
other, and the number of arcs in the directed graph, T , gained
by the combination of T1 and T2, must be equal to the number
of edges in the undirected graph corresponding to T . Since
T is a subgraph of DR, the corresponding undirected graph of
T is a subgraph of R, which is the corresponding undirected
graph of DR. Thus, the number of arcs in T must be less than
or equal to the number of edges in R. In addition, R is the op-
timal rigid graph, as indicated by Lemma 1, so the number of
edges of R is 2×|V |−3, which means that the number of arcs
of T must be less than or equal to 2×|V |−3.

Theorem 3 (Characteristics of adding arcs and reversing
paths): When the in-degree of each node in T is less than or
equal to 2, if both ai j (i < j) and a ji do not belong to T , then
the in-degrees of all the nodes will still be less than or equal to
2, even after the ai j (i < j) or a ji has been added to T and the
corresponding path has been reversed for MCA-SP-OPGGA.

Proof
Since the in-degree of each node in T is less than or equal

to 2 before ai j or a ji is added to T , namely d(i) ≤ 2 and
d( j)≤ 2, this theorem can be in three different cases.

(I) When d(i) ≤ 2 and d( j) < 2. After ai j is added to
T for MCA-SP-OPGGA, d( j) will be increased by 1, but it
will still be less than or equal to 2, and the in-degrees of the
remaining nodes will remain unchanged, namely less than or
equal to 2.

(II) When d(i) < 2 and d( j) ≤ 2. After a ji is added to
T for MCA-SP-OPGGA, d(i) will be increased by 1, but it
will still be less than or equal to 2, and the in-degrees of the
remaining nodes will remain unchanged, namely less than or
equal to 2.

(III) When d(i) = 2 and d( j) = 2. First, ai j is added to T
for MCA-SP-OPGGA and then another node, vk in T is found,
which satisfies that the in-degree of vk in T is less than 2, and
there is a path from vk to v j in T . Then the algorithm reverses
all the arcs on this path.

First, we prove that the node vk must exist as follows.
Since the in-degree of vi in T is equal to 2, T is gained by the
combination of T1 and T2, and the in-degrees of all nodes in T1

and T2 are less than or equal to 1 as indicated by the proof of
Theorem 2, thus the in-degrees of vi in both T1 and T2 are 1.

Since T1 is obtained after deleting v0 in T ′
1 , and T ′

1 is the span-
ning tree of D′

R with v0 as the root node, thus there must be a
path, (v0,vk, . . . ,vi), from v0 to vi in T ′

1 and the in-degree of vk

in T ′
1 is 1. Meanwhile, T1 is obtained by deleting v0 in T ′

1 , thus
there must be a path, (vk, . . . ,vi), from vk to vi in T1 and the in-
degree of vk in T1 is 0. Since T1 is a subgraph of T , there must
be a path, (vk, . . . ,vi), from vk to vi in T . Furthermore, since
ai j has been added to T , there must be a path, (vk, . . . ,vi,v j),
from vk to v j in T . Since the in-degrees of all nodes in T2 are
less than or equal to 1 as indicated by the proof of Theorem 2,
the in-degree of vk in T2 is less than or equal to 1. Since the
in-degree of vk in T1 is 0 and T is gained by the combination
of T1 and T2, the in-degree of vk in T must be less than 2.

Second, since d( j) = 2 before ai j is added to T , the in-
degree of v j plus 1 equals 3 after ai j has been added into T .
After all the arcs on the path (vk, . . . ,vi,v j) are reversed, the
in-degree of vk plus 1 is still less than or equal to 2. The in-
degree of v j minus 1 equals 2 and the in-degrees of the other
nodes remain unchanged, namely less than or equal to 2.

In conclusion, after ai j (i < j) or a ji has been added to
T and the corresponding path has been reversed for MCA-SP-
OPGGA in all the above three different cases, the in-degrees
of all the nodes will still be less than or equal to 2.

Theorem 4 The directed graph, T , output by MCA-SP-
OPGGA, is an optimal persistent graph of R.

Proof As indicated by Theorem 2, the in-degree of each
node in the directed graph, T , obtained by the combination of
T1 and T2 is less than or equal to 2, and the number of arcs of
T must be less than or equal to 2×|V |−3. The proof will be
continued in two cases.

I) The number of arcs in T is equal to 2×|V |−3. Since
the arcs in T are generated by directing the edges in the opti-
mal rigid graph R, the number of edges in the undirected graph
of T is also equal to 2×|V |−3. As indicated by the proof of
Theorem 2, the undirected graph of T is a subgraph of R. In
addition, as indicated by Lemma 1, the number of edges in R
is equal to 2× |V | − 3. Therefore, the undirected graph cor-
responding to T must be R. As indicated by Theorem 2, the
in-degree of each node in T is less than or equal to 2. As a
result, T meets the conditions in Lemma 2 and is an optimal
persistent graph of R.

II) The number of arcs in T is less than 2×|V |−3. Since
the undirected graph of T is a subgraph of R as indicated by
proving Theorem 2, neither of the two reverse arcs correspond-
ing to one or more edges {ei j (i< j)} in R is in T . As indicated
by Theorem 3, after the corresponding arcs ai j (i < j) of each
edge ei j in {ei j (i < j)} or a ji are successively added to T , the
in-degrees of all the nodes in T are still less than or equal to 2
and the number of edges of the undirected graph correspond-
ing to T is finally also equal to 2×|V |−3. Therefore, T meets
the conditions in Lemma 2, namely T is an optimal persistent
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graph of R.

3.2. Adjusting algorithm for optimal persistent graph to
satisfy leader constraint

When the optimal persistent graph does not satisfy the
leader constraint, the optimal persistent graph adjusting algo-
rithm based on shortest path[22] (SP-OPGAA), proposed be-

low, can solve this problem. The optimal persistent graph that
satisfies the leader constraint can be obtained using a path re-
versal operation, whose pseudo-code is shown in Table 2.

The validity of SP-OPGAA will be proven theoretically.
Lemma 3[14] In an optimal persistent graph, if and only

if d( j)≤ 1 and d(i)≥ 1, there is a directed path between node
v j and node vi.

Table. 2. Pseudo-codes of SP-OPGAA.

Input: Optimal persistent graph * *( , , )T V A W= and the set *
AGENT of agents that can act

as the leaders.

Output: Optimal persistent graph T that meets the leader constraint.

i = FindLeaderNode ( T , *AGENT ); /* Finding node i
v in T which satisfies

*

i
agent AGENT∈ . */

/* When the in-degree of
i
v is greater than 0, performing the path reversal operation until

. */

while ↼d↼i↽>0)

j = FindNode(T , i ,2); /* Finding node j
v in T which satisfies that

there is a path from
j
v to i

v and d↼j↽<2.

*/

P = FindShortestPath(T , j , i ); /* Calculating the shortest path P from j
v to i

v

in T . */

T = RevertPath(T , P ); // Reversing all arcs on the shortest path P in T .

end while

return T ; /* T is optimal persistent graph that meets the

leader constraint, and return T . */

d↼i↽//

For the paths satisfying Lemma 3, Theorem 5 proves that
SP-OPGAA can produce the optimal persistent graph satisfy-
ing the leader constraint through several path reversal opera-
tions.

Theorem 5 The optimal persistent graph, T , that meets
the leader constraint can be obtained by SP-OPGAA.

Proof
When the optimal persistent graph, T , does not satisfy

the leader constraint, none of the in-degrees of corresponding
nodes of AGENT * in T is 0. Thus, there must be a node, vi in
T , that satisfies agenti ∈ AGENT *, but has an in-degree that is
not 0, rather 1 ≤ d(i)≤ 2.

Assume that the in-degrees of |V |− 1 nodes in T except
vi are equal to 2. Since one in-degree of a node corresponds to
one arc, the sum of arcs of the |V |− 1 nodes is 2× (|V |− 1).
Also, since 1 ≤ d(i) ≤ 2, the number of arcs of vi is greater
than or equal to 1. Therefore, the total number of arcs in T
must be greater than or equal to 2× (|V |−1)+1, which con-
tradicts the statement that the number of arcs in the optimal
persistent graph T equals 2×|V |−3 as stipulated in Lemma 1
and Lemma 2. Therefore, the assumption does not hold true,
which means that there must be a node, v j, with an in-degree
less than 2 in T apart from vi, namely d( j) ≤ 1. In this case,
as indicated by Lemma 3, there is a path from v j to vi in T .

After all the arcs on the path from v j to vi are reversed,
the in-degree of v j will be increased by 1, so that d( j) ≤ 2.
Meanwhile, the in-degree of vi will be reduced by 1, so that
0 ≤ d(i)≤ 1. However, the in-degrees of the other nodes, ex-
cept v j and vi, on the path from v j to vi remain unchanged,
namely less than or equal to 2. Thus, the path reversal can
reduce the in-degree of vi by 1 and this proves that T meets
the conditions in Lemma 2, showing that T is still an optimal
persistent graph of R.

To sum up, after several operations of path reversal, the
in-degree of vi will become 0 and T will remain an optimal
persistent graph of R. Also, agenti ∈ AGENT *, making T an
optimal persistent graph that satisfies the leader constraint.

3.3. Algorithm for the generation of optimal persistent for-
mation for heterogeneous multi-agent system under
leader constraint

Based on MCA-SP-OPGGA, SP-OPGAA, and the opti-
mal rigid graph generating algorithm, an optimal persistent
formation generating algorithm for heterogeneous multi-agent
systems under the leader constraint (LC-HMAS-OPFGA) is
here proposed. It can generate the optimal persistent forma-
tion for any formation shape in 2D space under any leader
constraint, and its pseudo-code is shown in Table 3.
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Table. 3. Pseudo-codes of LC-HMAS-OPFGA.

Input: Formation shape S and the set *AGENT of agents that can act as the leaders.

Output: Communication Topology T of optimal persistent formation under the leader

constraint.
D = GenerateNetworkTopology ( S ); /* Generating network topology ( , , )D V A W=

according to the formation shape S . */

G = GenerateUndirectedGraph (D ); /* Converting the arcs in D to edges, and obtaining

an undirected graph ( , , )G V E W= . */

R = GenerateOptimalRigidGraph (G ); /* Generating the optimal rigid graph ( , , )R V E W=
* *

of G . */

T = MCA-SP-OPGGA(R↽, /* Generating an optimal persistent graph
* *( , , )T V A W= corresponding to R . */

/* Judging whether T meets the leader constraint. */

for 1:| |i V=

if (( *

iagent AGENT∈ and (i↽d == ) or

( *, , ,i j kagent agent agent AGENT i j k∈ ≠ ≠ and d↼i↽//d↼j↽//d↼k↽//1))

return T ; // T meets the leader constraint, and return T .

end if

end for

T = SP-OPGAA (T ); /* T doesn’t meet the leader constraint, thus adjusting

T until it satisfies the leader constraint. */

return T ;



4. Calculation examples
Now, we assume that one heterogeneous multi-agent per-

sistent formation consists of 16 agents, namely AGENT =

{agenti},1 ≤ i ≤ 16, also assume that the communication cost
of links between agents equals the Euclidean distance between
them. They need to form and maintain a formation shape as
shown in Fig. 5.
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Fig. 5. (color online) Formation shape composed of 16 agents and its math-
ematical description.

The agents’ positions in the formation shape are num-
bered as 1, 2, . . . ,16, respectively. Their relative positions in
space are shown in the left part in Fig. 5 and their coordinates
are shown in the right part in Fig. 5. The leader constraint is
AGENT * = {agent2,agent6,agent10,agent14}.

The process of generating the optimal persistent forma-
tion for the above heterogeneous multi-agent system using
LC-HMAS-OPFGA is described as follows. The optimal rigid

graph, R, is calculated by the algorithm mentioned in Ref. [17],
and shown in Fig. 6. Then, the optimal persistent graph, T ,
corresponding to the above optimal rigid graph, R, is gener-
ated by MCA-SP-OPGGA, with the concrete steps as follows.
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Fig. 6. (color online) Optimal rigid graph R.

After the optimal rigid graph, R, is transformed into a di-
rected graph DR, T ′

1 , and T ′
2 , the two minimum cost arbores-

cence (shown in Figs. 7(a) and 7(b)), are obtained respectively
with the assistance of the virtual node v0. Then, the directed
graph, T , is obtained by combining the two directed graphs,
after v0 has been deleted as shown in Fig. 7(c).

However, neither of a8,15 and a15,8, the two arcs corre-
sponding to the edge, e8,15, in the optimal rigid graph, R, is in
T , and the in-degrees of both v8 and v15 are both 2. Therefore,
the operation of adding arcs is carried out. Arc, a8,15, is added
to T as shown in Fig. 7(d), then the node, v5, with an in-degree
less than 2 is found and all the arcs on the path from v5 to v15
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are reversed, so that the in-degrees of all nodes are less than
or equal to 2. The directed graph, T , obtained is shown in
Fig. 7(e). Similarly, arc a39 is added to the directed graph T ,
and then all the arcs on the path from v2 to v9 are reversed to
gain the directed graph T as shown in Figs. 7(f) and 7(g). As
a result, the in-degrees of all nodes in the directed graph, T ,
are less than or equal to 2, and both the number of all the arcs
in T and that of all the edges in the optimal rigid graph, R, are

29, which meets the conditions of an optimal persistent graph
as stated in Lemma 2. Therefore, T is an optimal persistent
graph of R.

There is only one node, that is v1, with an in-degree of
0 in the optimal persistent graph T , but it cannot act as the
leader. Thus, T is further adjusted by SP-OPGAA as proposed
earlier in this study, with the concrete process as shown in the
following.
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Fig. 7. (color online) Process for MCA-SP-OPGGA to generate the optimal persistent graph, T . (a) The first minimum cost arborescence, T ′
1 and (b)

the second minimum cost arborescence, T ′
2 , (c) directed graph, T , obtained by the combination of T1 and T2, (d) directed graph, T , after arc a8,15 has

been added, (e) directed graph, T , after the path, (v5,v7,v8,v15), has been reversed from v5 to v15, (f) directed graph, T , after arc a39 has been added;
(g) directed graph, T , after path, (v2,v9), has been reversed from v2 to v9.
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Fig. 8. (color online) Process for SP-OPGAA to generate the optimal persistent graph, T , that satisfies the leader constraint. (a) The optimal persis-
tent graph, T , after reversing the arcs on the path, (v1,v2), from v1 to v2; (b) The optimal persistent graph, T , after reversing the arcs on the path,
(v12,v14,v13,v4,v9,v2), from v12 to v2.
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In T , the node v2 with an in-degree greater than 0 that
can act as the leader is chosen and node v1 with an in-degree
less than 2 is found so that there could be a path, (v1,v2),
from v1 to v2. Then all the arcs on this path are reversed to
obtain the adjusted optimal persistent graph, T , as shown in
Fig. 8(a). Nevertheless, the in-degree of v2 in T is still greater
than 0, which does not meet the leader constraint. Therefore,
the above process needs to be repeated to find node v12 and
reverse all the arcs on the path, (v12,v14,v13,v4,v9,v2), from
v12 to v2 to obtain the adjusted optimal persistent graph, T ,
as shown in Fig. 8(b). As a result, the in-degree of v2 in T
is 0, which meant T is the optimal persistent graph that satis-
fies the leader constraint, namely the optimal communication
topology of this heterogeneous multi-agent persistent forma-
tion. agent2 acts as the leader of this formation, and the for-
mation communication cost is 17714.

5. Conclusions
When heterogeneous multiple agents comprise a forma-

tion shape, not every agent can act as the leader. In view of
this leader constraint, in this study we propose an algorithm
to generate the optimal persistent formation for heterogeneous
multi-agent systems. First, we generate an optimal persistent
graph of the formation network topology by adding a virtual
node and virtual arcs, generating and combining minimum
cost arborescence, adding arcs, and reversing paths. Then, the
optimal persistent graph is adjusted by using path reversal to
satisfy the leader constraint. This algorithm supports the gen-
eration of the optimal persistent formation for any formation
shape in 2D space under any leader constraint. For future re-
search, further consideration will be given to communication
failures that may occur in the process when the heterogeneous
multi-agent formation keeps its formation shape. In addition,
the dynamic optimization of persistent formation for leader-

constrained heterogeneous multi-agent systems in the case of
communication failure will be investigated.
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