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Feed-forward gene transcriptional regulatory networks, as a set of common signal motifs, are widely distributed in
the biological systems. In this paper, the noise characteristics and propagation mechanism of various feed-forward gene
transcriptional regulatory loops are investigated, including (i) coherent feed-forward loops with AND-gate, (ii) coherent
feed-forward loops with OR-gate logic, and (iii) incoherent feed-forward loops with AND-gate logic. By introducing
logarithmic gain coefficient and using linear noise approximation, the theoretical formulas of noise decomposition are
derived and the theoretical results are verified by Gillespie simulation. From the theoretical and numerical results of noise
decomposition algorithm, three general characteristics about noise transmission in these different kinds of feed-forward
loops are observed. i) The two-step noise propagation of upstream factor is negative in the incoherent feed-forward loops
with AND-gate logic, that is, upstream factor can indirectly suppress the noise of downstream factors. ii) The one-step
propagation noise of upstream factor is non-monotonic in the coherent feed-forward loops with OR-gate logic. iii) When the
branch of the feed-forward loop is negatively controlled, the total noise of the downstream factor monotonically increases
for each of all feed-forward loops. These findings are robust to variations of model parameters. These observations reveal
the universal rules of noise propagation in the feed-forward loops, and may contribute to our understanding of design
principle of gene circuits.

Keywords: feed-forward loop, noise propagation, noise decomposition, linear noise approximation
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1. Introduction
Genes are the carriers of genetic information, and the ex-

pression of genes is the basic process of life system. Many
genes and proteins are involved in the life process and they
constitute rather complicated regulatory networks. Although
regulatory networks are very complex, recent research has
shown that these complex gene regulatory networks can be
decomposed into many typical small network motifs, such as
auto-regulation motifs, feedback motifs, feed-forward loops,
etc.[1]

Random fluctuations in gene transcriptional regulatory
networks are unavoidable, as whether chemical reactions oc-
cur is probabilistic and the numbers of many genes, RNAs and
proteins are all small in each cell.[2] Noise and fluctuations
have permeated into all levels of the biological system, from
the basic molecular, sub-cellular processes to the kinetics of
tissues, organs, organisms and populations.[3] There is a large
amount of random noise in DNA replication, transcription reg-
ulation and protein translation in organisms. It is very well

known that the internal noise and the external noise are both
inevitable in a biochemical reaction system.[4–6] The internal
noise that comes from stochastic fluctuations of random chem-
ical reaction events[7–10] in biochemical systems can result in
gene mutation and evolution,[11] cell-to-cell variability,[7,12,13]

and even different observable phenotypes.[11]

A large number of motifs exist in the gene transcription
regulatory networks, i.e., auto-regulation motif, feedback mo-
tif, feed-forward loop. We can find that the number of units
that make up these simple modules is relatively few, so the
noise should not be ignored. It is recognized that feedback
loops and noise play important roles in a wide variety of bi-
ological processes, such as galactose regulation,[14] calcium
signalling,[15,16] p53 regulation,[17] cell cycle,[18,19] and cell
fate decision in budding yeast.[20,21] Some studies indicated
that positive feedbacks tended to magnify noise and negative
feedbacks typically attenuated noise.[22–24] However, most of
the positive feedback loops are bistable where stationary noise
in a real system is rarely observed, and only transition rate can
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be measured. The difficulty in predicting the transition rate
lies in the fact that noise and transient kinetics (e.g. due to
step-response) have often similar effects on transition rate and
it is difficult to distinguish between them. Some researchers
have pointed out that the gene expression noise is a key factor
in determining the rate of transition in the bistable range.[25]

Nevertheless, other studies have shown that the positive feed-
backs can attenuate noises and strong correlation does not ex-
ist between the feedback signals (negative or positive) and the
noise attenuation characteristic.[26,27]

As typical of biological motif, the feed-forward loop con-
sists of two input transcription factors and a target gene. One
of the transcription factors regulates the other, conjointly reg-
ulating the target gene. Each of the transcription interactions
among three genes in the feed-forward loop can be either ac-
tivation (positive) or inhibition (negative), therefore the feed-
forward loop has eight possible structural types with different
activation and repression interactions. According to the dif-
ferent regulatory functions between direct regulation branch
and indirect control main path, four of them are considered
as coherent feed-forward loops (CFFL), the other four struc-
tures are called incoherent feed-forward loops (IFFL). The ef-
fects of transcription factors are integrated in the promoter re-
gion of target gene. The expression of target gene is mod-
ulated on the basis of the concentration of transcription fac-
tors bound to their inducers. This modulation is described by
the cis-regulatory input function, including AND-gate logic
and OR-gate logic. In the past decades, more and more at-
tention has been paid to the functions, structures, as well as
noise characteristics of feed-forward loops.[22,28–42] The regu-
lation mechanisms of feed-forward loops in cell fate decisions
in budding yeast were studied.[20] It is found that the coherent
feed-forward loop responds only to persistent stimuli and re-
jects transient input pulses as shown in Ref. [28]. The noise
characteristics of the feed-forward loop in the steady state have
been studied by using the Langevin formalism and numerical
simulation.[32] Furthermore, the principle of noise decompo-
sition and the mechanism of noise transmission in a coherent
feed-forward transcriptional regulatory loop has been studied
in our recent work.[43]

However, in our research above, only the kind of coherent
feed-forward loop with OR-gate logic was considered, but the
AND-gate logic was not taken into account. In addition, the
incoherent feed-forward loops with AND-gate logic were not
explored either. In order to obtain more general observations
about the fluctuation decomposition and noise propagation in
the feed-forward transcriptional regulatory loop, we will in-
vestigate the stochastic dynamic behaviors of these various
types of feed-forward transcriptional regulatory loops. The
rest of this paper is organized as follows. In Section 2, the
mathematical models of twelve kinds of feed-forward loops
are presented first. Then the relevant theoretical and simula-
tion methods are introduced to calculate variances and normal-

ized variations of all components for the twelve kinds of mo-
tifs. Theoretical expressions of noise propagation and decom-
position are obtained. Furthermore, in Section 3, we analyze
the fluctuations and noise propagations in the twelve kinds of
feed-forward loops. Three important findings are summarized.
The underlying biophysical mechanisms are also supplied. Fi-
nally, some conclusions are drawn from the present study and
discussed in Section 4.

2. Mathematical model and noise decomposition
A feed-forward loop is composed of three components:

two transcription factors X and Y , where the former regulates
the latter, and a target gene Z, where X and Y both bind the
regulatory region of Z and jointly modulate the transcription
rate (Fig. 1). Below, X means the upstream factor, Y repre-
sents the intermediate component, and Z is the downstream el-
ement. Each of the three sides of the feed-forward loop is cor-
responding to activation or inhibition, so there are eight kinds
of feed-forward loops.[28] Four of them are called coherent
feed-forward loops, that is, the direct regulation branch (from
X to Z) and the indirect control main path (from X through Y
to Z) play the same regulatory function. The other four struc-
tures are named incoherent feed-forward loops, i.e., the direct
and indirect control paths are acting in reverse.

X X X X

YYYY

Z Z Z Z

AND AND AND AND

(C1a) (C2a) (C3a) (C4a)

X X X X

YYYY

Z Z Z Z

OR OR OR OR

(C1o) (C2o) (C3o) (C4o)

X X X X

YYYY

Z Z Z Z

(I1a) (I2a) (I3a) (I4a)

AND AND AND AND

Fig. 1. (color online) Twelve different types of feed-forward loops,
including coherent feed-forward loops with AND-gate logic, coherent
feed-forward loops with OR-gate logic, and incoherent feed-forward
loops with AND-gate logic.
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For coherent feed-forward loops, the efficacy of the tran-
scription factors X and Y is integrated in the promoter region
of target gene Z, thus the expression level of Z is regulated ac-
cording to the transcriptional concentrations of X and Y bound
to their inducers. This modulation is represented by the cis-
regulatory input function.[44–46] Cis-regulatory input functions
contain (i) AND-gate logic, in which both X and Y are needed
in order to express target gene Z, (ii) OR-gate logic, in which
either X or Y is adequate to express downstream gene Z.

Therefore, the feed-forward loop consists of twelve
different types as shown in Fig. 1, including coherent
feed-forward loops with AND-gate logic (Figs. 1(C1a)–
1(C4a)), coherent feed-forward loops with OR-gate logic
(Figs. 1(C1o)–1(C4o)), and incoherent feed-forward loops
with AND-gate logic (Figs. 1(I1a)–1(I4a)).

In order to study the general noise characteristics of
twelve different types of feed-forward loops, the theoretical
formulas of noise in various kinds of feed-forward loops are
derived by using the linear noise approximation, numerical
results by Gillespie simulation,[47] and their results are com-
pared with the analytic results.

2.1. Deterministic model and steady state

In accordance with the biochemical reaction rules,[28]

a set of ordinary differential equations is established for
the mathematical modelling of relevant gene regulatory
networks.[28] The process of generation and annihilation of
upstream factor X is considered, the feed-forward loop model
has three variables. Take a kind of coherent feed-forward loop
with AND-gate logic (Fig. 1(C1a)) for example, the kinetic
process can be described by the following equations:

dx
dt

= αx−δxx, (1)

dy
dt

= αy
xn

Kxy + xn −δyy, (2)

dz
dt

= αz
xn

Kxz + xn
yn

Kyz + yn −δzz, (3)

where variables x, y, and z are the concentrations of X , Y , and
Z, respectively; αx is the protein production rate for X , αy, and
αz are the maximum levels of activated protein production for
Y and Z, which are both set to be ten; the Hill coefficient n and
the corresponding Hill constants Kxy, Kxz, Kyz are all set to be
unity; δy and δz are the degradation and dilution rate of Y and
Z, which are both set to be unity.

No matter what initial states the system starts from, it
eventually tends to be a steady state, that is, the attractor of
the system. The feed-forward loop has an attractor as the at-
tracting fixed point(

αx

δx
,

αy

δy

xn

Kxy + xn ,
αz

δz

xn

Kxz + xn
yn

Kyz + yn

)

in Eqs. (1)–(3).

2.2. Stochastic model and analytical expression of noise

In the case of a small number of molecules, the random
noise can be described accurately by the master equation. A
theoretical deduction about the noise formula is given below,
proceeding from the master equations. The numbers of the
expression productions are expressed as Ni, i ∈ {x,y,z}. Ω is
defined as the size of system then the numbers of the expres-
sion productions of X , Y , and Z are correspondingly denoted
as Nx = Ωx, Ny = Ωy, Nz = Ωz, where Ω is set to be 100
throughout the paper. In order to characterize the noise, the
linear noise approximation is used below.

In the case that the Hill coefficient n = 1, the Hill con-
stants Kxy = Kxz = Kyz = K, the joint probability distribu-
tion P(Nx,Ny,Nz, t) of coupled ordinary differential equations
Eqs. (1)–(3) conform to the following master equation:[48,49]

dP(Nx,Ny,Nz, t)
dt

=

[
αyNx

K +Nx/Ω

(
E−1

y −1
)
+δy

(
E+1

y −1
)

Ny

+
αzNxNy

Ω (K +Nx/Ω)(K +Ny/Ω)

(
E−1

z −1
)

+δz
(
E+1

z −1
)

Nz +Ωαx
(
E−1

x −1
)

+δx
(
E+1

x −1
)

Nx

]
P(Nx,Ny,Nz, t), (4)

where symbol E is defined as E+1
i f (Ni) = f (Ni +1),

E−1
i f (Ni) = f (Ni−1), which represents a step operator. It is

difficult to solve the master equation exactly, so a systematic
approximation method has to be adopted here. The numbers of
Y and Z are approximated by setting Ny =Ωy+Ω 1/2ξy (t) and
Nz = Ωz + Ω 1/2ξz(t) by using van Kampen’s Ω -expansion
method. The joint probability distribution is described by
P(N1,N2, . . . ,NR, t) = Ω−R/2Π(ξ1,ξ2, . . . ,ξR, t). Collecting
the terms of Ω 1/2 in the expansion of Eq. (4) reproduces the
concentration form of the macroscopic rate equation and col-
lecting the terms of Ω 0 gets a linear Fokker–Planck equation,

∂Π

∂ t
=−∑

i, j
Ai j∂i (ξ jΠ)+

1
2 ∑

i, j
Bi j∂i jΠ , (5)

where A is the stationary Jacobian matrix and B is the station-
ary diffusion matrix.

Consequently,

A =


−δ x 0 0
αyK

(K + x)2 −δ y 0

αz
y

K + y
K

(K + x)2 αz
x

K + x
K

(K + y)2 −δz

 , (6)
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B =


αx +δxx 0 0

0 αy
x

K + x
+δyy 0

0 0 αz
x

K + x
y

K + y
+δzz

 . (7)

The linear noise approximation is summarized by[50,51]

AC+CAT +ΩB = 0, (8)

where matrix C contains the variances Cxx, Cyy, Czz, which de-
scribes the fluctuations of X , Y , and Z. Substituting Eqs. (6)
and (7) into Eq. (8), we obtain

Cyy =−
ΩByy

2Ayy
, (9)

Cyz =−
CyyAzy

Ayy +Azz
=Czy, (10)

Czz =−
BzzΩ

2Azz
+

Azy

Azz

CyyAzy

Ayy +Azz
. (11)

In order to quantify the noise propagation near the steady state,
equation (8) is normalized as

MV +V TMT +D = 0, (12)

with Vik = Vki = Cik/(〈Ni〉〈Nk〉), Mik = Aik〈Nk〉/〈Ni〉, and
Dik = ΩBik/(〈Ni〉〈Nk〉).

To measure how the balance between production and
elimination of Ni is affected by Nk,[2,52–56] the logarithmic
gain is defined as Hik = ∂ ln

(
J−i /J+i

)
/∂ ln(Nk), where Ni

and Nk indicate the numbers of the expression productions,
i, k ∈ {x,y,z}, J+i is the pure production rate and J−i is the
pure elimination rate of the expression production. Hik is a
common method of evaluating the sensitivity as a response
to change in parameter Nk, also known as logarithmic gain,
susceptibility,[57] or sensitivity amplification.[58] Considering
the constant transition rate and death rate, we can obtain the
logarithmic gains as follows:

H =

Hxx Hxy Hxz

Hyx Hyy Hyz

Hzx Hzy Hzz

=


1 0 0

− K
K + x

1 0

− K
K + x

− K
K + y

1

 . (13)

Under the steady state (i.e., J−i = J+i = Ji), the aver-
age lifetime τi is determined by the total rate of elimina-
tion. Accordingly, it can be obtained that τy = y/J−y = 1/δy,
τz = y/J−z = 1/δz.

Therefore, the drift matrix A is rewritten as Aik =

−(〈Ni〉/〈Nk〉)(Hik/τi). Its normalized formation M is repre-
sented as

Mik = Aik
〈Nk〉
〈Ni〉

=−Hik/τi. (14)

To obtain theoretical expressions of noise propagation, we
substitute Eq. (13) into Eq. (14), and then solve Eq. (12) for

the normalized variations Vxx, Vyy, and Vzz here, and we have

Vxx =
1

Hxx〈x〉︸ ︷︷ ︸
intrinsic noise

, (15)

Vyy =
1

Hyy〈y〉︸ ︷︷ ︸
intrinsic noise

+
HyxHyx

HyyHyy

Hyy

τy
Hxx

τx
+

Hyy

τy

Vxx, (16)

Vzz =
1

Hzz〈z〉︸ ︷︷ ︸
intrinsic noise

+
HzxHzx

HzzHzz

Hzz

τz
Hxx

τx
+

Hzz

τz

Vxx

︸ ︷︷ ︸
one-step propagation noise from X

+
HzyHzy

HzzHzz

Hzz

τz
Hzz

τz
+

Hyy

τy

Vyy

︸ ︷︷ ︸
one-step propagation noise from Y

+Vtwo-steps propagation noise from X , (17)

Vtwo-steps propagation noise from X

=
Hzy

Hzz

Hzy

τz
Hzz

τz
+

Hyy

τy

Hyx

τy
Hzz

τz
+

Hxx

τx

Hyx

τy
Hxx

τx
+

Hyy

τy

Vxx

− Hzx

Hzz

Hzy

τz
Hxx

τx
+

Hzz

τz

Hyx

τy
Hxx

τx
+

Hyy

τy

Vxx

−
Hzy

Hzz

Hyx

τy
Hzz

τz
+

Hyy

τy

Hzx

τz
Hzz

τz
+

Hxx

τx

Vxx

−
Hzy

Hzz

Hzx

τz
Hzz

τz
+

Hyy

τy

Hyx

τy
Hxx

τx
+

Hyy

τy

Vxx. (18)

From the accompanied signal transduction in the network, it
is seen that the noise is also transmitted along these path-
ways. The upstream factor X has contributions to the total
noise in the downstream element Z via one-step (branch road,
i.e., x→ z) and two-step (main road i.e., x→ y→ z) propa-
gation, respectively. The intermediate component Y also de-
livers a part of noise to Z through one-step propagation (i.e.,
y→ z). It is worth noting that the analytic expression of to-
tal noise in Z seems to be complex. However the third term
Vtwo−step propagation noise from X on the right-hand side describes
the two-step propagation noise from X to Z.
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Table 1. H matrices corresponding to twelve different types of feed-forward loops.

CFFL H IFFL H

AND-gate logic

X

↓

Y

↓

Z


1 0 0

−
nKxy

Kxy + xn 1 0

− nKxz

Kxz + xn −
nKyz

Kyz + yn 1


X

↓

Y

u

Z


1 0 0

−
nKxy

Kxy + xn 1 0

− nKxz

Kxz + xn
nyn

Kyz + yn 1



X

u

Y

↓

Z


1 0 0

nxn

xn +Kxy
1 0

nxn

xn +Kxz
−

nKyz

yn +Kyz
1


X

u

Y

u

Z


1 0 0

nxn

Kxy + xn 1 0

nxn

Kxz + xn
nyn

Kyz + yn 1



X

↓

Y

u

Z


1 0 0

−
nKxy

xn +Kxy
1 0

nxn

xn +Kxz

nyn

yn +Kyz
1


X

↓

Y

↓

Z


1 0 0

−
nKxy

Kxy + xn 1 0

nxn

Kxz + xn −
nKyz

Kyz + yn 1



X

u

Y

u

Z


1 0 0

nxn

xn +Kxy
1 0

− nKxz

xn +Kxz

nyn

yn +Kyz
1


X

u

Y

↓

Z


1 0 0

nxn

xn +Kxy
1 0

− nKxz

xn +Kxz

nyn

yn +Kyz
1



OR-gate logic

X

↓

Y

↓

Z


1 0 0

−
nKxy

xn +Kxy
1 0

−
nxnKxzK2

yz

(ynKxz + xnKyz)(xnKyz +Kxz(yn +Kyz))
−

nynK2
xzKyz

(ynKxz + xnKyz)(xnKyz +Kxz(yn +Kyz))
1



X

u

Y

↓

Z



1 0 0
nxn

xn +Kxy
1 0

nxn

Kxz

(
1+

xn

Kxz
+

yn

Kyz

) − nxnynKyz

(yn +Kyz)(xnKyz +Kxz(yn +Kyz))
1



X

↓

Y

u

Z


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3. Results
The method we proposed in the present article allows us

to calculate the contributions of different components to the
total variability of a system output. According to the theo-
retical formulas of the variance and the normalized variance

obtained by the above calculations, we can make a more pro-
found analysis about how the noise propagates in the feed-
forward loop. Some interesting results for the twelve kinds of
the feed-forward loops are found by the noise decomposition
method (Fig. 1).
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3.1. Noise propagation mechanism of incoherent feed-
forward loops with AND-gate logic

In a biological system, incoherent feed-forward loops are
also as common as coherent feed-forward loops. Hence we
study noise characteristics of different nodes in these small
gene networks as observed in Eqs. (15)–(18). The normal-

ized variations of each element in a variety of situations are
derived, which can present a global feature. Based on the the-
oretical formula of noise propagation obtained above, the to-
tal noise and noise decomposition of incoherent feed-forward
loop with AND-gate logic are plotted in Figs. 2(a)–2(d) and
2(e)–2(h), respectively.
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Fig. 2. ((a)–(d)) Normalized variations of different genes for four different types of incoherent feed-forward loops of AND-gates. Lines
represent theoretical predictions, and solid markers refer to simulations using the Gillespie method. ((e)–(h)) Noise decompositions
of downstream factor Z in four different types of incoherent feed-forward loops of AND-gates.

As illustrated in Figs. 2(b) and 2(d), the total noise of Y

(i.e., Vyy) monotonically increases with the increase of αx in
this kind of feed-forward loop. At the same time, the total
noise of Z (i.e., Vzz) exhibits an upward trend in the two types
of feed-forward loops shown in Figs. 2(a)–2(b). In particular,
in Fig. 2(d), the total noise of Z appears to have a minimum

point of noise when αx increases. When the biological system
is at this minimum, the stochastic noise is minimal, which is
most favorable for the propagation of signals.

As shown in Figs. 2(e)–2(h), an important characteristic
is that the two-step propagation noise from X (i.e., x→ y→ z)
is negative in the incoherent feed-forward loops. With the in-

028706-6



Chin. Phys. B Vol. 27, No. 2 (2018) 028706

crease of αx, the two-step propagation noise from X gradually
increases, and finally approaches to zero. This may be that the
total noise of X is large in the case of small concentration of X ,
and the noise of Z is suppressed and reduced through indirect
transmission in the main road.

As demonstrated in Eq. (18), the noise component of two-
step propagation consists of four terms. Combining this math-
ematical expression and Table 1 (see AND-gate logic in IFFL),
it is found that each term has plus sign due to the operation for
logarithmic gains in these terms. Therefore, the two-step prop-
agation noise is negative.

This novel result indicates that the noise control function
for downstream regulation not only is related to the positive
or negative regulation property, but also is associated with the

regulation step-number in the pathway. Even though the reg-
ulation sign is positive, mediated by intermediate factors, up-
stream factors can still implement the noise suppression con-
trol, hence indirectly reducing the randomness of downstream
factors.

3.2. Noise propagation mechanism of coherent feed-
forward loops with OR-gate logic

The noise characteristics and noise decomposition of co-
herent feed-forward loops with OR-gate logic have already
been investigated in our recent work.[43] Several other types
of coherent feed-forward loops with OR-gate logic are further
considered here. According to the theoretical Eqs. (15)–(18),
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we can derive the total noise and noise decomposition of co-
herent feed-forward loops with OR-gate logic, and the results
are plotted in Figs. 3(a)–3(d) and 3(e)–3(h), respectively.

As demonstrated in Fig. 3(b)–3(c), the total noise of Z
monotonically increases with the increase of αx in each of the
two types of feed-forward loops when the control of branch
is negative. At the same time, the total noise of Y shows an
upward trend in each of the two types of feed-forward loops,
see Figs. 3(b)–3(d).

As observed from the noise decomposition diagram of
downstream factor Z, i.e., Figs. 3(e)–3(h), it is found that the
total noise of Z mainly originates from its internal noise. Un-
like the previous results, the one-step propagation noise from
X (i.e., x→ z) is nonmonotonic as plotted in Figs. 3(f)–3(h).
With the increase of αx, the one-step propagation noise from X
changes from small to largest, then decreases, and there exists
a strongest point. This result indicates a nonlinear behavior
of random noise of coherent feed-forward loops with OR-gate
logic. It means that the randomness of downstream factors
can be optimized under the one-step propagation, reflecting
the diversity and flexibility of noise control. In addition, from
Fig. 3(f) it follows that the two-step propagation noise from X
also first increases and then decreases.

From Eq. (17), the noise component of one-step propaga-
tion is just one term. Based on this mathematical expression
of one-step propagation noise and Table 1 (see OR-gate logic
in CFFL), it can be deduced that the noise term is exactly a
nonmonotonic function of αx. In addition, this nonmonotonic
curve also originates from a competition mechanism of molec-
ular number. On one hand, with αx increasing, the average
number of X is enhanced. On the other hand, the molecular
number joining the reaction in the branch is reduced largely
and then is raised. Therefore, a maximum value is observed
for one-step propagation noise from X to Z.

3.3. Noise propagation mechanism of coherent feed-
forward loops with AND-gate logic

According to the theoretical Eqs. (15)–(18), the normal-
ized variances for different kinds of coherent feed-forward
loops with AND-gate logic are illustrated in Figs. 4(a)–4(d).
It is found that total normalized noise levels of X is reduced
with the increase of the production rate αx of upstream fac-
tor, which is consistent with our recent study,[43] but the to-
tal noise levels of Y and Z are different. For the two types
of feed-forward loops shown in Figs. 4(b) and 4(d), the total
noise levels of Y increases monotonically with αx increasing.

Interestingly, the total noise level of Z exhibits a mono-
tonic upward trend for the feed-forward loop when the reg-
ulation property of branch road is negative as exhibited in
Figs. 4(b) and 4(c). Moreover, for the twelve kinds of feed-
forward loops, the total noises of the downstream factor Z

all increase monotonically if the regulation of the branch
is negative. This result is consistent with the principle of
concentration-driven-noise. As the concentration of upstream
factor X increases, the concentration of downstream factor Z
is suppressed because the branch road is negatively regulated.
With the decrease of the molecule number in Z, the fluctuation
Vzz becomes larger.

In order to further explore how the noise propagates in the
feed-forward loop, the noise decomposition results of down-
stream factor Z are described in Figs. 4(e)–4(h). It is shown in
Figs. 4(e)–4(h) that the total noise of Z mainly comes from
internal noise, which is consistent with our recent research
result,[43] but the one-step and two-step propagation noises are
different. It is found from Fig. 4(f) that the one-step propaga-
tion noise from Y increases with the increase of αx, while the
two-step propagation noise from X first increases and then de-
creases, exhibiting a non-monotonic property.

3.4. Biological meanings of noise propagation mechanism

The recent development in fluorescent microscopy tech-
nology allows the proteins such as green fluorescent pro-
tein (GFP) to be measured in vivo in individual cells.
The time-lapse microscopy was used to measure noise in the
expression of GFP in individual cells. Intrinsic noise is due
to the stochastic nature of the birth and death processes in-
volved in reactions while extrinsic noise arises from the cell-
to-cell variation of kinetic parameters. The current experimen-
tal technology can already be used to measure the different
contributions of intrinsic and extrinsic noise to the total vari-
ability of a molecular system. Our method has also decom-
posed the noise in a biochemical system into contributions
from different individual molecules. Hence, it is possible to
design some gene circuits to test our theoretical findings. The
different contribution is particularly important as it may indi-
cate potentially new therapeutic targets. Always, it is required
to search appropriate target molecules in order to switch off
or turn on a certain pathway. However, the interventions for
different components in the upstream have different functions.
The precise knowledge about the dynamics of signal transduc-
tion and noise propagation may help us find the new poten-
tial therapeutic targets. Quite generally, the ability to dissect
noise propagation through biological systems does enable re-
searchers better to understand the role of noise in function (and
evolution), and will also enable synthetic biologists to either
harness or dampen the effects of noise in molecular signaling
and response networks.

In our work, we do not study the relationship between
expression level and noise, while the dependence of stochas-
tic noise on αx is explored. Fortunately, we also find that the
noise curve for each kind of feed-forward loop has its particu-
lar feature. Besides the fact that the dependence of total noise
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on αx provides rich information about the structures of feed-
forward loops, the noise components in total noise, including
first-step and two-step propagation noises, show some further
features. That is to say, for different structures of feed-forward

loops, the differences illustrated from the dependence of noise
components on αx are clearer than those from the dependence
of total noise. With this information about noise propagation,
we may infer the network structure in higher precision.
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4. Discussion and conclusions
The transmission mechanisms of complex signals in

biological systems have been investigated widely.[59,60] It
is well known that noise is unavoidable for these cellular
systems.[61–63] Therefore, more and more studies focused
on the mechanism of noise propagation in a biochemical
network.[64,65] In this paper, the noise characteristics and prop-

agation mechanisms of twelve kinds of feed-forward gene
transcriptional regulatory loops are investigated. The theoret-
ical formulas of total noise and noise decomposition are the-
oretically derived by using linear noise approximation. Our
approach is widely applicable and does allow us to disentan-
gle the different contributions to system output resulting from
the different components in a system. Three general results of
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noise transmission in these feed-forward loops are found. (i)
For incoherent feed-forward loops with AND-gate logic, the
two-step noise propagation of upstream factor is negative. (ii)
For coherent feed-forward loops with OR-gate logic, the one-
step propagation noise of upstream factor is non-monotonic.
(iii) For all feed-forward loops, if the branch road of the feed-
forward loop is negatively controlled, the total noise of down-
stream factor monotonically increases. The potential mecha-
nisms and biological relevances are presented.

Due to lack of experimental data, it is difficult to build a
quantitative feed-forward loop model. Only a coarse model of
feed-forward loop is used to explore the qualitative behaviors.
In order to check the robustness of our observations, the the-
oretical results are further investigated in a much wider range
of parameters.

First, for incoherent feed-forward loops with AND-gate
logic, we study the two-step propagation noise in order to ver-
ify whether upstream factors can inhibit signal noise indirectly
by reducing the randomness of downstream factors. As an ex-
ample, a kind of incoherent feed-forward transcriptional reg-
ulatory network (Fig. 1(I2a)) is chosen. Figure 5 shows the
numerical results for a ten-fold increase or decrease in certain
parameters. The funnel-shaped curves are observed. In most
of the cases, the change of parameter value only adjusts the
position of valley in each of these noise curves. It should be
pointed out that when we change αz, the dependence of two-
step propagation noise on αx is unchanged. In particular, by
our sensitivity analysis, it can be seen that the two-step propa-
gation noises are still negative when adjusting these parameter
values.
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Second, for coherent feed-forward loops with OR-gate
logic, it is found that the one-step propagation is non-
monotonic. When the control parameter is at a moderate value,
the noise intensity of downstream factor is magnified. In con-
trast, the further reduction or enlargement of control param-
eters, the randomness of the downstream factors can be op-
timized under the first-order propagation. In view of coher-
ent feed-forward gene regulation network with OR-gate logic
(Fig. 1(C2o)), the one-step propagation noise from X is in-
vestigated. The parameters are changed accordingly as shown
in Fig. 6, and the numerical results for a ten-fold increase or
decrease of certain parameters are plotted. The bell-shaped

curves are observed. It can be seen that the non-monotonic
property of one-step propagation noise remains unchanged
when the parameter values are changed.

Third, for all kinds of feed-forward loops, as the con-
centration of upstream factor increases, the concentration of
downstream factors will be suppressed if the regulatory branch
is negatively regulated. According to the inverse relation of the
square root of noise to molecular number, it is obvious that the
noise of downstream factor is enhanced with upstream com-
ponent increasing.

Fourth, it should be pointed out that the gap between the
total noise and internal noise seems small in these results, how-
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ever under different parameter values, it is noticed that the total
noise may not be dominated by the internal noise. In partic-
ular, when the production rate and degradation rate of Z are
adjusted, the propagation noise becomes large, close to the in-
ternal noise.

It should be pointed out that we discuss the noise propa-
gation varying only the expression level of the upstream factor
αx. However, the effect of other factors can be studied in a
similar way. In particular, we can give some qualitative pre-
dictions if δx and αx are fixed while another reaction rate is
selected as the control parameter. (i) When treating αy as the
parameter, for incoherent feed-forward loop of AND-gates,
the steady state value of X is a constant and the normalized
variation Vxx is unchanged. Moreover, based on Table 1 (see
AND-gate logic in IFFL), it can be deduced that the propaga-

tion weight in the noise term of one-step propagation noise in
Eq. (17) is also unchanged. Hence the one-step propagation
noise does not vary with the change of αy. (ii) When regard-
ing αz as the parameter, the steady state values of X and Y
are constant. From Eqs. (15) and (16), the normalized varia-
tions Vxx and Vyy are also fixed values. As observed from the
expressions of propagation weight in one-step and two-step,
we find that the noise components transmitted from X to Z di-
rectly and indirectly are both independent on αz. Therefore,
the adjustment of different reaction rates has different roles in
noise transmission. However, as a typical stimulus-response
system, we put our emphasis on the production rate αx of up-
stream factor in the feed-forward loop in our work. Hence, the
production rate αx is considered as a stimulus on feed-forward
loop which can be controlled experimentally.
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The noise decomposition algorithm allows us to inves-
tigate in detail how the noise propagates through a reaction
system and affects the cellular process. What can a biologist
learn from our results in gene circuit design? A simple dis-
cussion for the biological meaning of the noise propagation in
feed-forward loop is provided below.

The structure of the control network determines the func-
tion and dynamics of the network. While the topological prop-
erties of the control network are always unknown, it is neces-
sary to predict the network structure from the dynamical be-
haviors of biological network. An especially interesting topic
is how to deduce the corresponding network from the underly-

ing stochastic dynamics. For example, the authors have shown
that for a genetic system with a single transcription factor (an
activator can act as an inhibitor when bound to sites down-
stream of the TATA box), the precise amount by which noise
changes with expression is specific to the regulatory mecha-
nism of transcription and translation that acts on each gene.[66]

Moreover, for feed-forward loops with two transcription fac-
tors, the previous theoretical and experimental research also
has shown that the different feed-forward loops exhibit dif-
ferent relationships between mean expression and noise.[67]

Our work provides a systematic study about how the noise
is distributed and controlled in the feed-forward gene tran-
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scriptional regulatory loops. The theoretical method of noise
propagation through these three-node, feed-forward loops may
allow researchers to understand the role of noise on cellular
signal transduction in more complex biological networks. If
we can design genetic circuits and measure these noise com-
ponents, perhaps the network structure can be inferred with
higher precision.

We believe that these results will motivate the further in-
vestigation on the transmission of biological noise and poten-
tial function on evolution. Obviously, it is a challenge to verify
these theoretical observations with the real biological systems
or experiments. However, with the development of yeast ge-
netics, time-lapse fluorescent microscopy, single cell assays,
and microfluidic devices, it is possible to trace the dynamics
of key proteins in some simple synthetic gene circuits. There-
fore, the stochastic noise and propagation mechanism could be
tested by this single cell technology.
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[41] Wall M E, Dunlop M J and Hlavacek W S 2005 J. Mol. Biol. 349 501
[42] Sontag E D 2010 IET Syst. Biol. 4 39
[43] Gui R, Liu Q, Yao Y, Deng H, Ma C, Jia Y and Yi M 2016 Front.

Physiol. 7 600
[44] Bolouri H and Davidson E H 2002 Bioessays 24 1118
[45] Buchler N E, Gerland U and Hwa T 2003 Proc. Natl. Acad. Sci. USA

100 5136
[46] Setty Y, Mayo A E, Surette M G and Alon U 2003 Proc. Natl. Acad.

Sci. USA 100 7702
[47] Gillespie D T 1977 J. Phys. Chem. 81 2340
[48] Brett T and Galla T 2013 Phys. Rev. Lett. 110 250601
[49] Jia Y and Li J R 1997 Phys. Rev. Lett. 78 994
[50] Thomas P, Straube A V and Grima R 2012 BMC Syst. Biol. 6 39
[51] Elf J and Ehrenberg M 2003 Genome Res. 13 2475
[52] Pedraza J M and van Oudenaarden A 2005 Science 307 1965
[53] Hornung G and Barkai N 2008 PLoS Comput. Biol. 4 e8
[54] Paulsson J 2005 Phys. Life Rev. 2 157
[55] Jia Y, Liu W, Li A, Yang L and Zhan X 2009 Biophys. Chem. 143 60
[56] Pei Q M, Zhan X, Yang L J, Shen J, Wang L F, Qui K, Liu T, Kirunda

J B, Yousif A A, Li A B and Jia Y 2015 Phys. Rev. E 92 012721
[57] Scott M, Ingalls B and Kaern M 2006 Chaos 16 026107
[58] Goldbeter A and Koshland D E 1982 Q. Rev. Biophys. 15 555
[59] Ge M, Jia Y, Xu Y and Yang L 2017 Nonlinear Dyn.
[60] Lu L, Jia Y, Liu W and Yang L 2017 Complexity 2017 7628537
[61] Liu B, Yan S W and Geng Y Z 2011 Chin. Phys. B 20 128702
[62] Yuan L, Liu Z Q, Zhang H M, Ding X L, Yang M H, Gu H G and Ren

W 2011 Chin. Phys. B 20 020508
[63] Wang H Q, Yu L C and Chen Y 2009 Acta Phys. Sin. 58 5070 (in Chi-

nese)
[64] Chen A M, Zhang J J, Yuan Z J and Zhou T S 2009 Acta Phys. Sin. 58

2804 (in Chinese)
[65] Liu S J, Wang Q, Liu B, Yan S W and Sakata F 2011 Chin. Phys. B 20

128703
[66] Carey L B, van Dijk D, Sloot P M, Kaandorp J A and Segal E 2013

PLoS Biol. 11 e1001528
[67] Warmflash A and Dinner A R 2008 Proc. Natl. Acad. Sci. USA 105

17262

028706-12

http://dx.doi.org/10.1038/ng881
http://dx.doi.org/10.1038/nature02257
http://dx.doi.org/10.1088/0034-4885/77/2/026601
http://dx.doi.org/10.1016/S0006-3495(99)77237-1
http://dx.doi.org/10.1073/pnas.040411297
http://dx.doi.org/10.1073/pnas.040411297
http://dx.doi.org/10.1073/pnas.162041399
http://dx.doi.org/10.1073/pnas.162041399
http://dx.doi.org/10.1073/pnas.94.3.814
http://dx.doi.org/10.1038/nature01258
http://dx.doi.org/10.1126/science.1105891
http://dx.doi.org/10.1038/nature03524
http://dx.doi.org/10.1002/SERIES1767
http://dx.doi.org/10.1146/annurev.immunol.19.1.497
http://dx.doi.org/10.1038/sj.onc.1208615
http://dx.doi.org/10.1371/journal.pbio.1001673
http://dx.doi.org/10.1007/s40484-015-0043-0
http://dx.doi.org/10.1038/nrg2102
http://dx.doi.org/10.1038/nature04194
http://dx.doi.org/10.1038/35014651
http://dx.doi.org/10.1016/j.jmb.2016.07.024
http://dx.doi.org/10.1371/journal.pcbi.0040008
http://dx.doi.org/10.1063/1.2208927
http://dx.doi.org/10.1073/pnas.2133841100
http://dx.doi.org/10.1016/j.jmb.2003.09.049
http://dx.doi.org/10.1016/j.jmb.2005.12.003
http://dx.doi.org/10.1016/j.jmb.2005.12.003
http://dx.doi.org/10.1088/1478-3967/2/1/005
http://dx.doi.org/10.1073/pnas.1003975107
http://dx.doi.org/10.1073/pnas.1003975107
http://dx.doi.org/10.1016/j.molcel.2009.11.018
http://dx.doi.org/10.1016/j.molcel.2009.11.018
http://dx.doi.org/10.1088/1478-3975/2/2/001
http://dx.doi.org/10.1002/bies.v30:11/12
http://dx.doi.org/10.1103/PhysRevE.79.051921
http://dx.doi.org/10.1103/PhysRevE.79.051921
http://dx.doi.org/10.1371/journal.pbio.0030343
http://dx.doi.org/10.1186/1752-0509-3-1
http://dx.doi.org/10.1016/j.jmb.2005.04.022
http://dx.doi.org/10.1049/iet-syb.2008.0171
http://dx.doi.org/10.1002/(ISSN)1521-1878
http://dx.doi.org/10.1073/pnas.0930314100
http://dx.doi.org/10.1073/pnas.0930314100
http://dx.doi.org/10.1073/pnas.1230759100
http://dx.doi.org/10.1073/pnas.1230759100
http://dx.doi.org/10.1021/j100540a008
http://dx.doi.org/10.1103/PhysRevLett.110.250601
http://dx.doi.org/10.1103/PhysRevLett.78.994
http://dx.doi.org/10.1186/1752-0509-6-39
http://dx.doi.org/10.1101/gr.1196503
http://dx.doi.org/10.1126/science.1109090
http://dx.doi.org/10.1371/journal.pcbi.0040008
http://dx.doi.org/10.1016/j.plrev.2005.03.003
http://dx.doi.org/10.1016/j.bpc.2009.04.001
http://dx.doi.org/10.1103/PhysRevE.92.012721
http://dx.doi.org/10.1063/1.2211787
http://dx.doi.org/10.1017/S0033583500003449
http://dx.doi.org/10.1088/1674-1056/20/12/128702
http://dx.doi.org/10.1088/1674-1056/20/2/020508
http://dx.doi.org/10.7498/aps.58.5070
http://dx.doi.org/10.7498/aps.58.5070
http://dx.doi.org/10.7498/aps.58.2804
http://dx.doi.org/10.7498/aps.58.2804
http://dx.doi.org/10.1088/1674-1056/20/12/128703
http://dx.doi.org/10.1088/1674-1056/20/12/128703
http://dx.doi.org/10.1371/journal.pbio.1001528
http://dx.doi.org/10.1371/journal.pbio.1001528
http://dx.doi.org/10.1073/pnas.0809314105
http://dx.doi.org/10.1073/pnas.0809314105

	1. Introduction
	2. Mathematical model and noise decomposition
	2.1. Deterministic model and steady state
	2.2. Stochastic model and analytical expression of noise

	3. Results
	3.1. Noise propagation mechanism of incoherent feed-forward loops with AND-gate logic
	3.2. Noise propagation mechanism of coherent feed-forward loops with OR-gate logic
	3.3. Noise propagation mechanism of coherent feed-forward loops with AND-gate logic
	3.4. Biological meanings of noise propagation mechanism

	4. Discussion and conclusions
	References

