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We report optimal phase modulation based on enhanced electro–optic effects in a Mach–Zehnder (MZ) modulator
constructed by AlGaAs/GaAs coupled double quantum well (CDQW) waveguides with optical gain. The net change of
refractive indexes between two arms of the CDQW MZ modulator is derived by both the electronic polarization method
and the normal-surface method. The numerical results show that very large refractive index change over 10−1 can be
obtained, making the phase modulation in the CDQW MZ modulator very highly efficient. It is desirable and important that
a very small voltage-length product for π phase shift, Vπ ×L0 = 0.0226 V ·mm, is obtained by optimizing bias electric field
and CDQW structural parameters, which is about seven times smaller than that in single quantum-well MZ modulators.
These properties open an avenue for CDQW nanostructures in device applications such as electro–optical switches and
phase modulators.

Keywords: electro–optic effect, phase modulator, quantum well
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1. Introduction

Along with the renovation and advancement of mod-
ern nanotechnology, nanometer quantum devices, such as
quantum-well modulators and lasers based on nonlinear op-
tical effects in semiconductor nanostructures, have attracted
extensive interest.[1–5] One reason is that there is very large
optical nonlinearity in semiconductor nanostructures due to
quantum-size effects and quantum-confinement effects of car-
riers in low-dimensional quantum systems, which is a signif-
icant property for nonlinear optical application.[6–9] Their op-
tical nonlinearity can be controlled by structural parameters
or applied electromagnetic fields. Another reason is that the
growth of single atomic layer of good quality has become pos-
sible due to recent advances in material growth techniques,
making various semiconductor nanostructures emerge such
as coupled quantum wells and stepped quantum wells.[10–12]

Therefore, quantum nanostructures become important candi-
dates for electro–optic modulators.

It is well known that electro–optic modulators, utilizing
an applied static electric field to modify the refractive index
of a dielectric based on the electro–optic (Pockels or dc Kerr)
effects, can be employed for phase and amplitude modulation
of optical waves, etc.[13] To achieve a required depth of modu-
lation for an electro–optic modulator with very low switch-
ing voltage and the smallest possible consumption of mod-
ulation power, many efforts have been made to enhance the

electro–optic effects and improve the electro–optic modulators
by either optimizing the confinement potential or integrating a
compressively strained QW amplifier to compensate optical
absorption loss in the QW modulator.[14–17] Another possi-
ble way of mitigating optical loss is to use a dielectric with
optical gain to compensate optical loss in composite struc-
tures, such as semiconductor quantum dots.[18–21] Recently,
we presented an effective approach to phase modulation in a
Mach–Zehnder (MZ) modulator system constructed by a gain
single QW nanostructure.[22] In this paper, we further investi-
gate efficient phase modulation for transverse magnetic (TM)
waves in coupled double quantum well (CDQW) MZ modula-
tors based on enhanced electro–optic effects in AlGaAs/GaAs
gain CDQW waveguides, where optical gain can be realized
by proper doping or current injection. The novelty and the dif-
ference between our present work and related published papers
are that: on the one hand, the CDQWs are chosen as waveg-
uide arms, which have more advantages than single quantum
systems, such as more flexible controllability and greater non-
linear coefficients; on the other hand, the CDQWs are of gain
characteristics, which can compensate the losses of the waveg-
uide system.

The present paper is organized as follows. In Section 2,
electron states in CDQW waveguides with and without an ap-
plied electric field are derived. In Section 3, a basic framework
for local electro–optic effect (Pockels effect) in CDQW MZ
modulators with an applied electric field is presented by both
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the electronic polarization method and the normal-surface one.
In Section 4, the numerical results and discussion are pre-
sented for effective phase modulation in the CDQW MZ mod-
ulator. The numerical results show that very large positive
refractive-index changes between two arms of the CDQW MZ
modulator from resonant intersubband transition can attain to
the order of magnitude of 10−1 by optimizing bias electric
field and CDQW structural parameters. In addition, a very
small voltage-length product for π phase shift is obtained as
Vπ ×L0 = 0.0226 V ·mm, which is about seven times smaller
than that in single quantum-well MZ modulators. These novel
properties may have potential application in high-performance
and high-miniaturization nano quantum devices. Brief conclu-
sions are given in Section 5.

2. Electron states in CDQW waveguides
To start, we design an MZ phase modulator constructed

by CDQW waveguides, as shown in Fig. 1. Each arm of the
MZ phase modulator is replaced by the same AlGaAs/GaAs
CDQW waveguides confined in the z direction. The bias elec-
tric field Ed is applied on one arm (arm II) of the MZ modu-
lator along the z direction, as shown in Fig. 1(b). The waveg-
uides are along the x direction, and the E field in the waveg-
uides is z-directed. L0 is the propagation length of the light
wave inside the CDQW waveguides. Based on the effective
mass approximation, the Schrödinger equation for an electron
in CDQWs with an applied electric field can be written as[

− h̄2

2m∗
∇

2 +V (z)− ezEd

]
ψn,q(𝑟) = En,qψn,q(𝑟), (1)

with the confinement potential V (z)

V (z) =



V2, z <−z3,

0, − z3 < z <−z1,

V1, − z1 < z < z1,

0, z1 < z < z2,

V2, z > z2,

(2)

where z represents the confinement direction of the CDQWs;
V1 and V2 denote the mid-barrier and outer barrier height, re-
spectively; h̄ is Planck constant; e is electron charge; Ed is the
applied electric field; m∗ is the effective mass of an electron in
the conduction band; ψn,q(𝑟) and En,q denote the eigenfunc-
tions and eigenenergies of the CDQW nanostructures, respec-
tively. Due to the system with the translational invariance in
xy plane and the confinement in the z direction, ψn,q(𝑟) and
En,q can be written as

ψn,q(𝑟) =
1

2π
e i𝑞||·𝑟||ϕn(z), (3)

and

En,q = εn +
h̄2

2m∗
|𝑞|||2, (4)

here, 𝑞|| and 𝑟|| are electron wave vector and position
vector in the xy plane. ϕn(z) and εn, solutions of one-
dimensional Schrödinger equation H0ϕn(z) = εnϕn(z) with
H0 = −(h̄2/2m∗)(d2/dz2) +V (z)− ezEd, are called the en-
velope wavefunctions and corresponding energy eigenvalue of
the nth subband, respectively.
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Fig. 1. (color online) (a) The schematic diagram of the CDQW MZ modulator. Two red regions denote two arms (arm I and arm II) constructed
by the CDQW waveguides. Two grey strips denote electrodes, located at the top and bottom of the arm II with an applied bias voltage
V , respectively. The blue arrow denotes incident field with electric-field polarization along the z direction. (b) The AlGaAs/GaAs CDQW
configuration without (arm I) and with (arm II) an applied electric field, and confinement direction, where WL, WR, and WB denote the left-well,
right-well, and mid-barrier width, respectively.
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For the finite-depth CDQW, ϕn(z) and εn of the CDQW
in the presence of an applied electric field can be expressed
as[8,23]

ϕn(z) =



an exp(ξ1z), z <−z3;
b1nAi(ξ2z)+b2nBi(ξ2z), − z3 < z <−z1,

c1nAi(ξ3z)+ c2nBi(ξ3z), − z1 < z < z1,

d1nAi(ξ2z)+d2nBi(ξ2z), z1 < z < z2,

en exp(−ξ4z), z > z2,

(5)

where Ai and Bi are Airy functions; ξ1 = [2m∗(V2 −
εn + ezEd)]

1/2/h̄, ξ2 = [(2m∗eEd)/h̄2]1/3[z− εn/(eEd)], ξ3 =

[(2m∗eEd)/h̄2]1/3[z + (V1 − εn)/(eEd)], ξ4 = [2m∗(V2 − εn +

ezEd)]
1/2/h̄. The coefficients (an, b1n, b2n, c1n, c2n, d1n, d2n,

en) and the energy eigenvalue εn can be obtained numerically
through the continuity of envelope wavefunctions and their
first derivative at the boundaries.

In the absence of an applied electric field, however, ϕn(z)
and εn in the CDQW can be expressed as[8,23]

ϕn(z) =



a′n exp(k1z), z <−z3,

b′1n sin(k2z)+b′2n cos(k2z), − z3 < z <−z1,

c′1n exp(k3z)+ c′2n exp(−k3z), − z1 < z < z1,

d′1n sin(k2z)+d′2n cos(k2z), z1 < z < z2,

e′n exp(−k1z), z > z2,

(6)

where k1 =
√

2m∗(V2− εn)/h̄, k2 =
√

2m∗εn/h̄, and k3 =√
2m∗(V1− εn)/h̄. The coefficients (a′n, b′1n, b′2n, c′1n, c′2n,

d′1n, d′2n, e′n) and the energy eigenvalue εn can also be obtained
numerically through the continuity of envelope wavefunctions
and their first derivative at the boundaries.

3. Electro–optic effect in CDQW MZ modula-
tors

3.1. Electronic polarization method

Let us consider a linear-polarized dichromatic light with
polarization along the z direction is incident on the CDQW
waveguide. Due to the CDQW system with translation invari-
ance along the xy direction, the time-harmonic electric field
𝐸(𝑟,t) and polarization 𝑃 (𝑟,t) have the following form

𝐸(𝑟,t) = ∑
l=1,2

[𝐸̃(z;ωl)e i(𝑘||l ·𝑟||−ωl t)+ c.c.], (7)

𝑃 (𝑟,t) = ∑
l=1,2

[𝑃 (z;ωl)e i(𝑘||l ·𝑟||−ωl t)+ c.c.], (8)

where 𝑘|| = (kx,ky,0) stands for the wave vector in the xy
plane of the incident light. By inserting Eqs. (7) and (8) into
Maxwell’s equations, we can derive the differential equation
for the electric field 𝐸̃(z;ω), viz,

←→
Λ (ω) · 𝐸̃(z;ω)

= −ω2

c2 [εB(ω)𝐸̃(z;ω)+𝑃 (1)(z;ω)+𝑃 (2)(z;ω)], (9)

with

𝑃 (1)(z;ω) =←→χ (1)(ω) · 𝐸̃(z;ω), (10)

and

𝑃 (2)(z;ω) = ∑
ω1+ω2=ω

←→
χ

(2)(ω1,ω2):𝐸̃(z;ω1)𝐸̃(z;ω2), (11)

where ←→χ (1) and ←→χ (2) stand for the local linear and second-
order nonlinear susceptibility tensors for the CDQW sys-
tem, respectively. The tensorial operator

←→
Λ (ω) =

←→
I [−k2

||+

∂ 2/∂ z2], where
←→
I denotes the unit tensor. εB(ω)= 1+χb(ω)

is the relative dielectric constant for the isotropic background
medium and the contribution from the nonresonant polariza-
tion described by the background susceptibility χb(ω) of the
conduction-band electrons in the CDQW.

By substituting Eqs. (10) and (11) into (9), and assuming
𝐸̃(z;ω1) is dc field denoted by 𝐸d in the following, one can
obtain the following equation for the electric field 𝐸̃(z;ω)

←→
Λ (ω) · 𝐸̃(z;ω)+

ω2

c2
←→
ε d(ω,Ed) · 𝐸̃(z;ω) = 0, (12)

with

←→
ε (ω,Ed) = ε

B(ω)
←→
I +←→χ (1)(ω,Ed)

+2←→χ (2)(ω,Ed) ·𝐸d. (13)

As both the polarization of the incident electric field and
the confinement direction of the CDQW waveguide are di-
rected along the z direction, we only need to consider the εzz

component of the dielectric function tensor, namely,

εzz(ω,Ed) = ε
B(ω)+χ

(1)
zz (ω,Ed)+2χ

(2)
zzz (ω,Ed)Ed, (14)

where χ
(1)
zz and χ

(2)
zzz stand for the local linear and second-

order nonlinear susceptibility in the confinement direction of
the CDQW waveguide, respectively, which can be obtained
as[18–20]

χ
(1)
zz (ω,Ed) =

Ne2[ fc(ε1)− fc(ε2)]|M21|2

ε0(ε21− h̄ω− ih̄Γ12)
, (15)

χ
(2)
zzz (ω,Ed) =

Ne3|M21|2(M22−M11)[ fc(ε1)− fc(ε2)]

ε0

×
[

1
(ε21− h̄ω− ih̄Γ12)(h̄ω + ih̄Γ11)

+
1

(ε21− h̄ω− ih̄Γ12)2

]
, (16)

where Mnm =
∫ +∞

−∞
ϕ∗n zϕm dz and ε21 = ε2− ε1, here ϕn(z) and

εn (n = 1,2) are the envelope wavefunctions and correspond-
ing energy eigenvalues of the n-th subband of the two-level
CDQW, respectively. ε0 is the vacuum permittivity. Γ11 and
Γ12 are the diagonal and nondiagonal non-radiative relaxation
rate, respectively. fc(εn) is the carrier distribution function in
the n-th subband. N is the dipole density.
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3.2. Normal-surface method

It is well known that the CDQW system behaves as a uni-
axial optical medium in the absence of an applied electric field,
due to different optical properties in the confinement and un-
confinement directions. According to the configuration of the
CDQW waveguides, as mentioned in Fig. 1(b), the optical axis
is along the z direction, the equation for the index ellipsoid can
be expressed as

x2

n2
0
+

y2

n2
0
+

z2

n2
z
= 1, (17)

where n0 and nz are the linear refractive indexes in the no
confinement and confinement directions in the CDQW waveg-
uides, respectively. The nonzero elements of the electro–optic
tensor of the CDQW system are γ41 = γ52 = γ63 and γ33,[13] its
matrix form can be written as

0 0 0
0 0 0
0 0 γ33

γ41 0 0
0 γ52 0
0 0 γ63

 .

In the presence of an applied electric field Ed, however, the
index ellipsoid of the CDQW system is expressed as

1
n2

0
x2 +

1
n2

0
y2 +

(
1
n2

z
+ γ33Ed

)
z2 +2γ41Edxy = 1, (18)

by the coordinate transformation, the equation of the index el-
lipsoid in the coordinate system aligned with the new principle
axis can be obtained as(

1
n′xx

)2

x2 +

(
1

n′yy

)2

y2 +

(
1

n′zz

)2

z2 = 1, (19)

with

n′xx ' n0 +
1
2

n3
0γ41Ed, (20a)

n′yy ' n0−
1
2

n3
0γ41Ed, (20b)

n′zz ' nz−
1
2

n3
z γ33Ed, (20c)

where nz and γ33 are: nz = {εB + Re[χ(1)
zz (ω,Ed)]}1/2 and

γ33 =−2χ
(2)
zzz (ω,Ed)/n4

z .[13,22]

4. Numerical results and discussion
In what follows we will discuss the local electro–optic

effect and effective phase modulation in the MZ modulator
constructed by AlGaAs/GaAs CDQW waveguides from reso-
nant intersubband transition of electrons in conduction bands.

Based on Eqs. (14) and (20c), the optical gain coefficient can
be written as[18,22]

g(ω,Ed) =−ω/(cn0) Im[χ
(1)
zz (ω)+2χ

(2)
zzz (ω)Ed], (21)

and the net change of refractive indexes between two arms in
the confinement direction is

∆n = n′zz(ω,Ed)−nz(ω,0)

=
√

εzz(ω,Ed)−
√

εzz(ω,0), (22)

where n′zz(ω,Ed) denotes the refractive index of the arm with
nonlinear response in the presence of an applied electric field
Ed, and nz(ω,0) denotes the refractive index of the other
arm with the linear response in the absence of an applied
electric field Ed. Then the phase difference of two arms is
∆φ = ω∆nL0V/(cEdW ),[13] where c is the velocity of light in
vacuum, W is the total height of the CDQW waveguides in the
z direction, and V is the bias voltage corresponding to the ap-
plied electric field Ed. The voltage-length product for π phase
shift can be obtained as[22]

Vπ ×L0 =
λEdW
2∆n

, (23)

where Vπ denotes the required voltage for π phase shift, and
λ is the wavelength of incident light. Some parameters for
AlGaAs/GaAs CDQW waveguides used in the following cal-
culation are adopted as: m∗ = 0.067m0 (m0 is the mass of
a free electron), εB = 13.1, N = 1017/cm3, n0 = 3.62, and
h̄Γ11 = h̄Γ12 = 4.7 meV.[6,22–25] Due to the population inver-
sion which can be achieved by laser pumping or ion injection,
fc(ε1) = 0, and fc(ε2) = 1.[18,19] The total CDQW structure is
designed such as applied bias drops across only 0.285 µm,[14]

namely W = 0.285 µm.
The modulation characteristics of the optical gain spec-

tra in Fig. 2(a) and the net refractive-index change ∆n be-
tween two arms in Fig. 2(b) are shown as a function of the
wavelength of incident light λ under various applied elec-
tric fields Ed, with WL = WR = 0.5 nm, WB = 0.25 nm, and
V1 = V2 = 5 eV. From Fig. 2(a), we can see that optical gain
occurs due to the population inversion, and the optical gain
coefficient is very large at resonance. In addition, the gain
spectrum is wide. These properties are very desirable and im-
portant in the design of an electro–optic modulator for com-
pensating the consumption of modulation power. From the
spectra of the net refractive-index change in Fig. 2(b), we can
see that there exists a positive maximum, (∆n)max, in the vicin-
ity of the resonance, which is over the order of magnitude of
10−3 in the presence of a suitable bias electric field. In ad-
dition, the net change of refractive index is closely dependent
on the applied electric field. With the increase of the applied
electric field, ∆n becomes larger and larger.
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Fig. 4. (color online) The maximum net change of refractive index
(∆n)max versus the normalized mid-barrier width WB/Wwell for three
different applied electric fields Ed, with Wwell = 1 nm.

To see the change of (∆n)max with the variation of the
width of the left-side well, right-side well and mid-barrier,
we plot (∆n)max versus the well-width ratio WL/WR with
WR = 1 nm in Fig. 3(a), and the well-width ratio WR/WL

with WL = 1 nm in Fig. 3(b), under the condition of a va-
riety of applied electric fields. In addition, WB = 1 nm and

V1 = V2 = 5 eV. From Fig. 3, we can see that there is a peak
for the variation of (∆n)max, indicating that a suitable well-
width ratio can be chosen to make (∆n)max maximum. It is
worth noting that the peak position of (∆n)max holds basically
at WL/WR = 1.05 or WR/WL = 0.96 for different applied elec-
tric fields, and the peak value can attain to the order of mag-
nitude of 10−1. The very large change of the refractive in-
dex would be of advantage to enhance phase modulation effi-
ciency and performance in optoelectronic devices. In Fig. 4,
(∆n)max is plotted as a function of the normalized mid-barrier
width, WB/Wwell, for three different applied electric fields with
Wwell = WL = WR = 1 nm, and V1 = V2 = 2 eV, respectively.
Similarly there is an optimal mid-barrier width in order to ob-
tain a maximal change of refractive index for a fixed applied
electric field. This is because the coupling effects between the
left and right wells become the strongest under the condition of
the optimal mid-barrier width. As the applied electric field in-
creases, the optimal mid-barrier width will become narrower.

In Fig. 5, the maximum net refractive-index change
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(∆n)max (solid lines) and corresponding wavelength λ of in-
cident light (dashed lines) are shown as a function of ap-
plied bias electric fields Ed, where figures 5(a), 5(b), 5(c),
and 5(d) correspond to WB/Wwell = 1.0, 2.2, 2.4, 2.9 with
Wwell = WL = WR = 1 nm and V1 = V2 = 2 eV, respectively.
From Fig. 5, we can see that the variation law of (∆n)max

with the applied electric field is closely dependent on the mid-
barrier width WB. Concretely speaking, (∆n)max increases
monotonously with the applied electric field increasing when
the mid-barrier width WB is narrow (such as WB/Wwell = 1.0),
but when WB/Wwell ≥ 2.2, (∆n)max first increases and then de-

creases with the applied electric field increasing. Their cor-
responding wavelength would always decrease gradually due
to the increase of the energy-level interval of the CDQW in-
duced by the applied electric field. This is because the wave-
length is inversely proportional to the energy level interval of
the CDQW. Very large refractive-index changes in the CDQW
nanostructures are attributed mainly to two aspects: (i) satis-
fying transition resonance conditions; (ii) very large nonlinear
coefficients in the CDQWs due to very strong coupling effects
between the left and right wells, which can be optimized by
tuning the CDQW structural parameters and bias voltage.
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Fig. 5. (color online) The maximum net change of refractive index (∆n)max (solid line) and corresponding wavelength λ (dashed line) versus
the applied bias electric field Ed. Panels (a), (b), (c), and (d) correspond to WB/Wwell = 1.0, 2.2, 2.4, 2.9 with Wwell = 1 nm, respectively.

In order to demonstrate further the phase modulation

properties in the CDQW MZ modulator, the voltage-length

product (Vπ × L0) for π phase shift is shown as a function

of applied bias electric fields (Ed) in Fig. 6, for four differ-

ent normalized mid-barrier widths: WB/Wwell = 1.0 (black

line), 2.2 (red line), 2.4 (blue line), 2.9 (dark cyan line) with

Wwell = WL = WR = 1 nm and V1 = V2 = 2 eV, respectively.

From Fig. 6, it is not hard to see that the voltage-length prod-

uct tends to infinity when Ed tends to 0. This is because the net

refractive-index change ∆n = 0 when Ed = 0. In addition, we

can also see that when the mid-barrier width is narrow (such as

WB/Wwell = 1.0), the voltage-length product decreases grad-
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ually with the applied electric field increasing, while it has
a minimum when WB/Wwell ≥ 2.2. For WB/Wwell = 2.2, the
minimum voltage–length product is 22.55× 10−6 V·m when
Ed = 28 MV/m. For WB/Wwell = 2.4, the minimum voltage–
length product is 24.45× 10−6 V·m when Ed = 21 MV/m.
For WB/Wwell = 2.9, the minimum voltage–length product is
31.45× 10−6 V·m when Ed = 10 MV/m. From these prop-
erties, we can find that the phase modulation efficiency can
be optimized by choosing a suitable single-arm driving volt-
age and optimal structural parameters of the CDQWs. For
instance, when WB/Wwell = 2.2 and Ed = 28 MV/m, the
voltage–length product is Vπ×L0 = 22.55×10−6 V ·m, which
is about seven times smaller than that in the phase modulator
constructed by single quantum-well nanostructures,[22] mean-
ing that the propagation length of TM waves for π phase shift
is only L0 = 2.826 µm under the single-arm driving voltage
V0 = 7.98 V. The very low bias voltage and small propagation
length is very advantageous for the miniaturization and inte-
gration of quantum devices. The mechanism for this efficiency
enhancement of the phase modulation is the resonant transi-
tion and very large dipole transition matrix elements, induced
by optimizing bias electric field and CDQW structural param-
eters. These properties open an avenue for CDQW nanostruc-
tures in device applications such as electro–optical switches
and phase modulators.
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Fig. 6. (color online) The voltage-length product Vπ ×L0 for π phase
shift versus the applied bias electric field Ed for four different normal-
ized mid-barrier widths: WB/Wwell = 1.0 (black line), 2.2 (red line), 2.4
(blue line), 2.9 (dark cyan line) with Wwell = 1 nm, respectively.

5. Conclusions
In this paper, the enhanced electro–optic effects and their

effective phase-modulation application for TM waves in an
MZ modulator constructed by gain CDQW waveguides have
been demonstrated in detail. We have shown very large optical

gain coefficient and wide gain spectrum, which are very desir-
able and important properties in the practical applications of
electro–optic modulators for compensating the consumption
of modulation power. We have demonstrated that it is possible
that effective phase modulation in the CDQW MZ modulator
is optimized by adopting a suitable bias voltage and CDQW
structural parameters to reduce the size and modulation volt-
age of the device. We have obtained a very large change of re-
fractive index, as well as a very small voltage–length product
for π phase shift between two arms of the CDQW MZ mod-
ulator, which is about seven times smaller than that in single
quantum-well MZ modulators. These properties indicate how
unique CDQW electro–optic effect can be exploited in high-
performance and high-miniaturization nano quantum devices.
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