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Effect of isotope doping on phonon thermal conductivity of silicene
nanoribbons: A molecular dynamics study∗
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Silicene, a silicon analogue of graphene, has attracted increasing research attention in recent years because of its
unique electrical and thermal conductivities. In this study, phonon thermal conductivity and its isotopic doping effect in
silicene nanoribbons (SNRs) are investigated by using molecular dynamics simulations. The calculated thermal conduc-
tivities are approximately 32 W/mK and 35 W/mK for armchair-edged SNRs and zigzag-edged SNRs, respectively, which
show anisotropic behaviors. Isotope doping induces mass disorder in the lattice, which results in increased phonon scat-
tering, thus reducing the thermal conductivity. The phonon thermal conductivity of isotopic doped SNR is dependent on
the concentration and arrangement pattern of dopants. A maximum reduction of about 15% is obtained at 50% randomly
isotopic doping with 30Si. In addition, ordered doping (i.e., isotope superlattice) leads to a much larger reduction in thermal
conductivity than random doping for the same doping concentration. Particularly, the periodicity of the doping superlat-
tice structure has a significant influence on the thermal conductivity of SNR. Phonon spectrum analysis is also used to
qualitatively explain the mechanism of thermal conductivity change induced by isotopic doping. This study highlights the
importance of isotopic doping in tuning the thermal properties of silicene, thus guiding defect engineering of the thermal
properties of two-dimensional silicon materials.
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1. Introduction
In 2004, Novoselov et al. found the most suitable thin

flake to prepare graphene from graphite by manual selec-
tion.[1] Although graphene is a unique layered material offer-
ing many potential novel applications, its compatibility with
the existing semiconductor industry still faces severe chal-
lenges. Silicene, the counterpart of graphene in the silicon
realm has recently attracted great attention in both theory[2–5]

and experiment[6,7] due to its expected compatibility with cur-
rent silicon technology. In particular, the experimental re-
alization of silicene[8,9] opens up possibilities for exploring
its properties and potential applications. Unlike the flat con-
figuration of graphene, free-standing silicene is not stable in
a flat configuration, in which atoms form a slightly buck-
led monolayer structure because silicon atoms tend to bond
in an sp2–sp3 mixing hybridization instead of a pure sp2

hybridization.[10]

Thermoelectric (TE) material is a kind of functional ma-
terial that can convert heat energy directly into electric energy.
The performance of TE material is measured by the figure of
merit,

ZT =
S2σT

κ
, (1)

where S, σ , T , and κ are the Seebeck coefficient, electri-

cal conductivity, absolute temperature, and thermal conduc-
tivity, respectively. A simple approach to efficiency improve-
ment is to minimize the thermal conductivity or maximize the
power factor S2σ . Many previous studies have shown that the
thermal conductivity of free-standing silicene (∼ 20 W/mK–
70 W/mK[11–13]) is considerably smaller than that of graphene,
indicating that silicene has a greater advantage in usage of TE
materials. Finding effective ways to improve the efficiency
has become a key issue in current TE research. Silicene pos-
sesses excellent electronic properties and low thermal con-
ductivity, and is thus a potential material for TE applications.
The key to improving the TE efficiency of silicene relies on
opening a bandgap to enhance the thermopower and suppress
the lattice thermal conductivity. Given their buckled atomic
structure,[14] silicene nanoribbons (SNRs) have a nonzero
energy gap, which can be tuned further by applying exter-
nal transverse electric fields and doping.[15] A few strategies
have also been used to reduce thermal transport in SNRs, in-
cluding adding substrates,[16,17] surface functionalization,[18]

defect,[11,19,20] and strain.[21] These studies provide significant
guidance for experimental realization.

Defects or impurities are ubiquitous in natural materi-
als. As working with defect-free or impurity-free materi-
als is almost impossible, understanding how defects and im-
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purities change the electronic and thermal properties of sys-
tems is essential.[22] Yang et al. theoretically investigated the
thermal conductivity of isotope-doped silicon nanowires and
found that thermal conductivity can be reduced exponentially
by isotopic defects at room temperature.[23] Yu et al. re-
ported the enhancement of TE properties by modulating dop-
ing in silicon germanium alloy nanocomposites.[24] Sevincli
et al. introduced 14C isotopes to suppress phonon transport in
graphene.[25] Ni et al. studied the tunable band gap and doping
type in silicene by surface adsorption.[26] Recently, the reduc-
tions of thermal conductivity of silicene through germanium
doping and isotope doping were also reported.[27,28]

Isotope impurities provide a powerful technique for
studying the phonon-related properties of nanomaterials.
Technologically speaking, isotope doping easily introduces
phonon-defect scattering in a silicene system without damag-
ing the electronic quality, thus attracting the intensive interest
of researchers. However, the influences of isotope doping, in-
cluding doping concentration, doping pattern, and doping type
on the thermal conductivity of SNRs, remain clear. In light
of the extreme sensitivity of electron transport in nanostruc-
tures to isotope doping,[29] a parallel, simultaneous investiga-
tion of phonon transport is clearly needed. In this work, we in-
troduce the isotope to tailor the phonon thermal conductivity
of SNRs with (i) random atomic distribution of isotopes and
(ii) superlattice-structured isotope substitution. Phonon ther-
mal conductivity is calculated using reverse non-equilibrium
molecular dynamics (RNEMD) simulation. The effects of size
and isotope doping on the thermal conductivity are discussed.
Phonon density of states (PDOS) analysis is also carried out to
explain the mechanism. Our study can guide defect engineer-
ing of the TE properties of SNR materials.
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Fig. 1. (color online) (a) Schematic diagram of the simulation model for
the RNEMD. A small amount of heat is added into the hot region and
removed from the two cold regions to create the heat fluxes. Periodic
boundary conditions are applied in the x and y directions. (b) Typical
temperature profile in an SNR along the x direction at 300 K.

2. Simulation methods
The RNEMD method[30] implemented in an open-source

MD simulator LAMMPS[31] was utilized to impose a temper-
ature gradient and obtain the values of thermal conductivity of
SNRs. The key idea of the RNEMD was to apply a heat flux
to the SNRs and determine the temperature gradient induced
by this flux.[32] A time step of 0.5 fs was taken for integra-
tion of the atomic equations of motion. Tersoff potential[33]

was used to describe the atomic interactions in the simula-
tion systems. Periodic boundary conditions were used in the
x and y directions, and free boundary was used in the z di-
rection (Fig. 1(a)). Heat fluxes were imposed in the system
by continuously adding heat to the hot region and remov-
ing heat from the cold region. The temperature gradient was
then generated along the x direction. The initial configuration
was relaxed at room temperature, which was achieved by con-
stant volume and constant temperature (NPT) MD simulation
for 4×106 time steps (2 ns). After the relaxation, the bond
lengths of SNRs produced by Tersoff potentials each stayed
at around 2.30 Å, a value close to that reported from ab ini-
tio simulation.[34] The equilibrium state was reached by the
constant volume and constant temperature (NVT) simulation
under the Nose–Hoover thermostat with a coupling constant
of 0.05 ps.[35] Next, a heat flux J was imposed in these two re-
gions by exchanging the kinetic energies between the hottest
atoms in the hot region and the coldest atoms in the cold re-
gion in a microcanonical ensemble. Under the microcanonical
ensemble, we ran 1.2×107 time steps (6 ns) to allow the sys-
tem to reach steady state. At each time step, a small amount
of heat ∆ε was added into a hot region and removed from the
cold region of the SNR. When the steady state was achieved,
the heat flux could be calculated from

J =
∆ε

2A∆t
, (2)

where A is the cross-section of heat transfer, defined by width
times thickness of the SNR. The SNR thickness was assumed
to be 0.42 nm[36] and was the time step. The factor of 2 ac-
counted for the fact that the heat currents propagated in two
directions away from the hot region.[37] To calculate the tem-
perature gradient, the sample was divided into N slabs in the x
direction. The temperature in each slab was calculated based
on the velocities of atoms inside that slab from

Ti =
1

3NikB

Ni

∑
j=1

m jv2
j , (3)

where Ni is the number of atoms in slab i; m j and v j are the
mass and velocity of atom j in the slab, respectively; kB is
the Boltzmann constant. In the microcanonical ensemble, we
can obtain the time-averaged temperature profile of the system
(Fig. 1(b)), where the linear fitting region is used to calculate
the temperature gradient δT/δx. Based on Fourier’s law of
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heat conduction, the thermal conductivity κ is calculated from
the following equation:

κ =
J

δT/δx
. (4)

To reduce the fluctuation in the simulated thermal conductiv-
ities, results were averaged over 10 realizations. The phonon
density of state (PDOS) was calculated to gain an insight
into the mechanism of the phonon thermal conductivity. The
phonon spectrum function Pω was calculated from the Fourier
transform of the velocity autocorrelation function,

Pω =
1√
2π

e iωt <
N

∑
j=1

v j (t)v j (0)> dt, (5)

where v j (0) is the average velocity vector of a particle at ini-
tial time, v j (t) is its velocity at time t, and ω is the vibrational
wavenumber.

3. Results and discussion
3.1. Thermal conductivity of pristine SNRs

Figure 2 shows the thermal conductivities of SNRs with
different lengths and edges. The thermal conductivity of SNR
increases with length L increasing when the length of SNR is
less than 80 nm. When the SNR length is greater than 80 nm,
the thermal conductivity of SNR converges to a stable value.
The converged thermal conductivity values are estimated to
be 32 W/mK and 35 W/mK for the studied armchair-edged
SNRs and zigzag-edged SNRs, respectively, similar to previ-
ously reported results.[12,18] The thermal conductivity of SNR
shows anisotropy, and the thermal conductivity of armchair-
edged SNRs is 10% smaller than that of zigzag-edged SNRs
as shown in Fig. 2. Lattice thermal conductivity depends
on how far phonons travel between scattering events, that is,
how long their mean free path (MFP) is.[38] The MFPs of
phonons along the armchair-edged and zigzag-edged direc-
tions are estimated to be 1.35L and 1.15L respectively.[28]

Thus longer MFP phonons restricted on a nanoscale can be
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Fig. 2. (color online) Length-dependent thermal conductivities of SNRs
with zigzag and armchair edges. The width of the studied SNRs is about
3 nm.

remarkably scattered by the boundary, resulting in a lower
thermal conductivity. Our study demonstrates that the lattice
thermal conductivity of SNR shows size and edge chirality de-
pendencies; a similar phenomenon is also found in graphene
nanoribbons.[39,40]

3.2. Effect of random isotopic doping on thermal conduc-
tivity

To reduce the thermal transport, 30Si isotope impurity is
introduced to increase phonon scattering in SNRs. Isotopic
doping can be done either in a random manner or in an ordered
manner. Figure 3 displays the calculated thermal conductiv-
ity of randomly doped armchair-edged SNRs as a function of
30Si doping concentration (ρ). The thermal conductivity of
the studied SNR decreases initially to a minimum value and
then increases as the doping concentration changes from 0%
to 100%, and the minimum value (about 15.5 W/mK) occurs
at a doping concentration of around 50%. Particularly, the cal-
culated thermal conductivity of pure 30Si SNR (ρ = 100%)
is found to be approximately 3.8% smaller than that of pure
28Si SNR (ρ = 0%, κ = 18.3 W/mK) because heavier iso-
tope atoms reduce the lattice vibration frequency, thus result-
ing in lower thermal conductivity. This U-shaped change of
thermal conductivity is also found in isotope-doped silicon
nanowires[29] and graphene.[41] The isotopic-doping-induced
reduction of thermal conductivity is due to a point defect in-
duced by a mass difference in a crystal lattice, which causes
phonon scattering; this finding is controlled by the mass and
concentration of the individual isotopes that contribute to the
disorder.[42]

In addition, we theoretically study κ reduction ratio in-
duced by isotope doping based on a mean-field model[43] on
the assumption that the heat transfer rate is proportional to fre-
quency. The mean-field approximation suggests that the heat
transfer reduction ξ can be given as

ξ (φ) =
κφ

κ0

√
ε (1+ ε) [(1−φ + ε)Mα +(φ + ε)Mβ ]

(φ + ε)(1−φ + ε) [(1+ ε)Mα + εMβ ]
, (6)

where Mα and Mβ are different point mass, κφ is the ther-
mal conductivity of isotope substituted nanomaterial, κ0 is the
thermal conductivity of the pure nanostructure, φ is the molar
fraction of the isotope β that replaces atom α in the nanomate-
rial, and ε is a dimensionless numerical parameter to prevent
divergence for the limiting cases. In a completely harmonic
mean-field approximation, parameters ε , Mα , and Mβ are de-
termined using the following two boundary conditions:

ξ (1) =
(

mβ

mα

)−1/2

, (7)

ξ (x) =
x2 +(1− x)2− x(1− x)√

x(mβ/mα)+(1− x)
, (8)

where mα and mβ are the atomic mass of isotopes.
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For the studied SNR with buckled structure, anharmonic-
ity considerably contributes to the thermal conductivity. Srilok
et al. optimized the above model for anharmonic case.[36]

They used necessary corrections to mean field parameters,

ξ (1) =
κ100

κ0
, (9)

ξ (0.5) =
κ50

κ0
, (10)

where κ100, κ50, and κ0, are computed from MD simulations
at 100%, 50%, and 0% doping respectively. For the studied
SNR, parameters calculated from the above boundary condi-
tions are[43]

Mα

Mβ

= 1.1297, ε = 0.7601. (11)

The thermal conductivity reduction ratios due to different
doping concentrations are calculated by using the mean field
model [Eq. (6)]. The results are compared with the MD sim-
ulation results and are shown in Fig. 3. The results from the
optimized mean field model are in good agreement with the
MD calculations.

0 0.2 0.4 0.6 0.8 1.0

0.80

0.85

0.90

0.95

1.00

1.05  mean field model
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ρ

ξ

Fig. 3. (color online) Plot of the thermal conductivity reduction ratio
ξ against doping concentration ρ for 30Si randomly doped armchair-
edged SNR, calculated with MD simulations (blue solid circle) and
mean field model (red circle). In this study, thermal conductivities
are normalized by the thermal conductivity of pure 28Si SNR. The
armchair-edged SNR is 30 nm in length and 3 nm in width.

The PDOS of randomly doped armchair-edged SNR is
calculated to understand the mechanism of thermal conductiv-
ity reduction induced by isotopic doping, and the results are
shown in Fig. 4. We examine the phonon spectra for ρ = 0%,
20%, 40%, 60%, and 100%. With increasing ρ from 0% to
100%, the frequencies of the phonon modes show redshifts.
When ρ increases from 0% to 40% or decreases from 100%
to 60%, the mass disorder increases, thus lowering the inten-
sities of the PDOS peaks. Compared with a pure system (with
no doping), the doping isotope also softens the G-band of the
phonons. Hence, isotope substitution induces mass disorder in
the lattice, resulting in increased phonon scattering at defective
sites because of the differences in the characteristic frequency
among phonons. Those impurities cause phonon modes to be
localized, thus reducing the thermal conductivity.
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Fig. 4. (color online) PDOS of randomly doped armchair-edged SNR
with different values of doping concentration ρ of 30Si.

3.3. Effect of ordered isotopic doping on thermal conduc-
tivity

Next, the thermal conductivity of SNR doped by 30Si iso-
topes is simulated in an ordered manner (Fig. 5(a)). The SNR
with a length of 30 nm and a width of 30 nm is used as an
example. We investigate the influence of superlattice arrange-
ment on thermal conductivity. Figure 5(b) shows the thermal
conductivity of superlattice-structured SNR as a function of
period length LP for doping concentration ρ = 40%. When LP
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24
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(b)
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28Si 30Si

(a)

Fig. 5. (color online) (a) Schematic diagram of the superlattice-
structured SNR. (b) Thermal conductivity of superlattice-structured
SNR as a function of period length LP for doping concentration ρ =
40%. The heat flows perpendicularly to the doping strip region.
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increases gradually from 3 nm to 10 nm, the κ value of the
studied superlattice-structured SNR decreases from 31 W/mK
(LP = 3 nm) to 27 W/mK (LP = 7.5 nm) and to 25 W/mK
(LP = 10 nm). This outcome can be explained qualitatively
from phonon spectrum variations induced by superlattice ar-
rangement. Figure 6 shows the phonon spectra of pure SNR
and ordered doped SNRs with LP = 3 nm and with LP = 10 nm.
Peaks of phonon modes corresponding to G-band are sup-
pressed gradually when going from pure SNR to the ordered
doped SNRs with LP = 3 nm and the ordered doped SNRs with
LP = 10 nm, thus lowering the thermal conductivity.
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Fig. 6. (color online) PDOS spectra for superlattice-structured SNRs with
LP = 3 nm (red line) and LP = 10 nm (blue line) compared with that of
pristine SNR (black line).

κ
/
W
Sm
K
-
1

0 0.2 0.4 0.6 0.8 1.0
20

24

28

32

36

40

ρ

28Si

30Si

Fig. 7. (color online) Thermal conductivities of random isotope substitu-
tion and superlattice isotope substitution in SNR for the same concentration
ρ = 40% compared with the case of pure SNRs (ρ = 0% and ρ = 100%).

The thermal transports in randomly doped SNR and
superlattice-doped SNR are compared at the same concentra-
tion (ρ = 40%) of 30Si. The results are shown in Fig. 7. Com-
pared with the pure SNR (with no doping), the random doping
and the superlattice doping can reduce the thermal conductiv-
ity. Interestingly, however, the ordered doping (i.e., isotope
superlattice) leads to a much larger reduction in the thermal
conductivity than the random doping for the same doping con-
centration.

4. Conclusions
In the present study, we investigated the phonon thermal

conductivities of SNRs by using the RNEMD method. Phonon
thermal conductivity of SNR shows size and edge chirality
dependencies. We mainly focused on the effects of isotopic
doping on the phonon thermal conductivity of SNR doped in
a random manner and in an ordered manner. The isotopic-
doping-induced reduction of thermal conductivity, which is
due to a point defect induced by a mass difference in a crys-
tal lattice, causes phonon scattering. Our simulation results
indicate that doping concentration, doping pattern, and dop-
ing arrangement have important effects on the phonon ther-
mal conductivity of the SNR studied. Detailed analyses of
the phonon spectra demonstrate that defect-induced suppres-
sion of the phonon modes is responsible for the reduction of
thermal conductivity. This study guides defect engineering of
the thermal transport properties in silicene materials and has
crucial implications for silicene-based thermoelectric applica-
tions.
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