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For absorption linewidth inversion with wavelength modulation spectroscopy (WMS), an optimized WMS spectral
line fitting method was demonstrated to infer absorption linewidth effectively, and the analytical expressions for relation-
ships between Lorentzian linewidth and the separations of first harmonic peak-to-valley and second harmonic zero-crossing
were deduced. The transition of CO2 centered at 4991.25 cm−1 was used to verify the optimized spectral fitting method
and the analytical expressions. Results showed that the optimized spectra fitting method was able to infer absorption accu-
rately and compute more than 10 times faster than the commonly used numerical fitting procedure. The second harmonic
zero-crossing separation method calculated an even 6 orders faster than the spectra fitting without losing any accuracy for
Lorentzian dominated cases. Additionally, linewidth calculated through second harmonic zero-crossing was preferred for
much smaller error than the first harmonic peak-to-valley separation method. The presented analytical expressions can also
be used in on-line optical sensing applications, electron paramagnetic resonance, and further theoretical characterization of
absorption lineshape.

Keywords: absorption linewidth, wavelength modulation spectroscopy, absorption spectroscopy, spectral line
fitting, separation of harmonics

PACS: 42.60.Fc, 42.68.Ca, 42.79.–e DOI: 10.1088/1674-1056/27/2/024205

1. Introduction
Spectral linewidth is an important parameter in electron

paramagnetic resonance (EPR),[1] nuclear magnetic resonance
(NMR)[2] as well as molecular absorption spectroscopy.[3]

The accurate measurement of absorption linewidth is con-
ducive to the analysis of spectral properties, for example, de-
termination of the intermolecular collisional coefficient de-
pends on the accurate measurement of the linewidth.[4] In
wavelength modulation spectroscopy (WMS), fast and accu-
rate linewidth determination can be used to correct the mea-
surement errors of gas concentration and (or) temperature due
to linewidth broadening in real time.[5,6] Therefore, it is essen-
tial to rapidly and accurately measure the absorption linewidth.

Measurements of absorption linewidth have received a
great deal of attention.[7–10] In optical spectroscopy, the ab-
sorption linewidth can be obtained directly by spectrum mea-
surement, but the accuracy of this method is limited by the
low resolution of the spectrometer and small absorbance of
the target spectrum. Practically, the absorption linewidth can
be derived by nonlinear least squares fitting of the direct ab-
sorption spectrum (DAS) signal, which is also used to mea-
sure the intermolecular collisional coefficient under laboratory
conditions.[11–13] However, the measurement accuracy is of-
ten restricted by baseline fluctuation and lower absorbance.

Wavelength modulation spectroscopy has been developed to
meet lower absorbance.[14–17] The absolute gas absorption
lineshape can be recovered from wavelength modulation by
using the phasor decomposition method (PDM), however, it
is more costly as it requires more sophisticated RF lock-in
equipment.[18,19] Absorption linewidth can also be obtained
by nonlinear least squares fitting of the complete harmonic
signals,[20,21] which is also applicable for overlap lines cases.
However, the traditional numerical process of simulating the
harmonic signals is quite time consuming. Researchers have
also proposed to retrieve the Lorentzian linewidth from the
separation of the first or second harmonic signals,[8–10] which
can infer the absorption linewidth more rapidly. However, at
present, these methods are all numerical computations without
any analytical solution.

In this paper, an optimized WMS spectral fitting method
was demonstrated to calculate the absorption linewidth effec-
tively, and the analytical expressions for relationships between
Lorentzian linewidth and the separation of first harmonic
peak-to-valley, and second harmonic zero-crossing were de-
rived to infer the absorption linewidth much more rapidly. The
transition of CO2 centered at 4991.25 cm−1 was used to verify
the presented spectral fitting method and the analytical expres-
sions.
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2. Theory
2.1. Linewidth inversion with WMS spectral fitting

Wavelength modulation spectroscopy is a widely used
technique,[22,23] and the second harmonic signal is also com-
monly used for the measurement of lineshape parameters.[24]

Linewidth of the gas absorption spectrum can be derived by
fitting the complete second harmonic signal.

For optically thin conditions (absorbance α(v) =

Aϕ(v) < 0.1), the demodulated k-th harmonic signals can be
expressed as:

Hk(v) = −A
π

∫
π

−π

ϕV (ν̄ +acosθ ,∆vL,∆vG)coskθdθ ,

k > 0, (1)

where A is the integral absorbance, ϕ(v) is the absorption line-
shape which is generally described as the Voigt lineshape. a is
the modulation amplitude, and modulation index m = a/∆vV

determines the lineshapes and amplitudes of the k-harmonic
waves. ∆vV, ∆vL, and ∆vG are the half width at half maximum
(HWHM) of Voigt, Lorentzian, and Gaussian linewidths, re-
spectively.

Then the second harmonic H2(v) signal can be simulated
according to Eq. (1), which was used to fit with the measured
H2(v) signal to infer the absorption linewidth. However, equa-
tion (1) has no analytical solution and it can be evaluated only
numerically which is complex and time consuming.

To optimize the fitting procedure, Voigt profile ϕV was
approximated with the following weighted combination of
Lorentzian ϕL and Gaussian ϕG functions[25]

ϕV(v− v0,∆vV) ≈ cL
1
π

∆vV

(v− v0)2 +∆vV2
+ cG

√
ln2√

π∆vV

× exp

[
− ln2

(
v− v0

∆vV

)2
]
, (2)

where cL and cG are weighted Lorentzian and Gaussian coef-
ficients respectively, ∆vV is the Voigt broadening width which
can be calculated by[26]

∆νV = 0.5 · (1.0692∆νL +
√

0.86639∆ν2
L +4∆ν2

G). (3)

Then the k-th harmonic signals of Voigt profile Hk can be
expressed as[27]

Hk ≈ cL ·HL,k + cG ·HG,k, (4)

where HL,k and HG,k are the k-th harmonic signals of
Lorentzian and Gaussian profiles respectively, which were ex-
plicitly expressed by Kluczynski et al.[28,29] Therefore, equa-
tion (4) was then substituted by the linear combination Eq. (1)
in order to simulate the H2(v) signal more effectively, thus ac-
celerating the spectral fitting procedure.

Levenberg–Marquardt (LM) algorithm is used as the
fitting method. The center wavenumber v0, the integral
absorbance A, the Lorentzian linewidth ∆vL and Gaussian
linewidth ∆vG are participated in the fitting procedure as free
parameters. The simulated H2(v) signal obtained with Eq. (4)
then was fitted to the measured H2(v) signal through nonlinear
iterating until the best fitted parameters were produced. The
fitting flow chart is shown in Fig. 1.

simulated H2 with  
Eq. (4)

calculate SSE 
between measured 
and simulated H2

has fitting 
process converged?

initial parameters

update 
parameters

the best fitting 
parameters

N

Y

v0↪ A↪ DvL↪ DvG

v0↪ A↪ DvL↪ DvG

Fig. 1. Flow chart of the fitting procedure.

The optimized WMS spectral fitting procedure was able
to extract the absorption linewidth more effectively. However,
in some faster measurement occasions, the computing time
should be improved further. It can be demonstrated that the
absorption linewidth was able to be inferred from the separa-
tions of harmonic signals much faster than the fitting method.

2.2. Linewidth inversion with separations of 1st and 2nd
harmonics

It is known that the larger the separations of harmonic
signals are, the wider the absorption linewidth will be. The
absorption linewidth can be well inferred from the peak-to-
valley separation of the first harmonic signal H1(v) and the
zero-crossing separation of the second harmonic signal H2(v).

When collisional broadening was dominated, the absorp-
tion lineshape ϕ(v) can be well described as Lorentzian func-
tion, the normalized Lorentzian lineshape L(v) can be ex-
pressed as:

L(v) =
1
π

∆vL

∆v2
L +(v− v0)2 . (5)

The modulated Lorentzian lineshape then can be ex-
pressed as

L[v(t)] =
1
π

∆vL

∆v2
L +(v̄+acoswt− v0)2 , (6)
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then equation (1) can be expressed as:

Hk =
A
π

∫
π

−π

coskθ

∆v2
L +(v̄+acosθ − v0)2 dθ . (7)

Define:

α =
v− v0

a
, β =

∆vL

a
, (8)

r = 1+α
2 +β

2, u = r+[r2−4α
2]1/2. (9)

In the cases of k = 1, 2, the first harmonic signal H1(v)
and the second harmonic signal H2(v) can be expressed as:[30]

H1 =±A ·
(

2
a

)2
[

(2r−u)1/2

2(u−2)1/2(u− r)

]
, (10)

H2 =−A ·
(

2
a

)2
[

1+
u1/2(1+2r−2u)
2(u−2)1/2(u− r)

]
. (11)

According to the properties of H1(v) and H2(v) signals,
the analytical expressions of relationships between linewidth
∆vL and the H1(v) peak-to-valley separation ∆wp (H2(v) zero-
crossing separation ∆wz) are deduced as follows:

(i) Setting dH1/dv = 0, the solution then can be obtained
as:

β =

√√√√√ 3[(4α2
p −
√

16α4
p −12α2

p )−2]2

4[2(4α2
p −
√

16α4
p −12α2

p )−3]
, 0 < β <

1
2
,

β =

√√√√√ 3[(4α2
p +
√

16α4
p −12α2

p)−2]2

4[2(4α2
p +
√

16α4
p −12α2

p )−3]
, β >

1
2
, (12)

where αp represents the α value at the extreme positions of
the H1(v) signal, |αp| = ∆wp/2a, when β = (∆vL/a) = 1/2,
α2

p = 3/4.
(ii) Setting H2(v) = 0, the solution can then be obtained

as:

β = f (αz) =

√
3

3

√
α2

z +2
√

16α4
z +12α2

z · cos
(

θ − π

3

)
−3,

β ≥
√

5
64

,

θ =
arc(cosT )

3
, T =

−512α6
z +1152α4

z +27α2
z

8(16α4
z +12α2

z )
3/2 , (13)

where αz represents the α value at the zero-crossing positions
of the H2(v) signal, |αp| = ∆wz/2a, when β = (∆vL/a) =√

5/64, α2
p =

√
27/64.

The first harmonic H1(v) and the second harmonic H2(v)
were simulated by using Eq. (10) and Eq. (11), as shown in
Figs. 2(a) and 2(b), respectively. It can be seen that different
absorption linewidths ∆vL correspond to different H1(v) peak-
to-valley separation ∆wp and different H2(v) zero-crossing
separation ∆wz. As modulation depth a is fixed, absorption
linewidth ∆vL can be inferred from both the ∆wp and ∆wz ac-
cording to Eq. (12) and Eq. (13) respectively.
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0 0.5 1.0 1.5 2.0
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0.5
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(a)

(b)DvL=0.1 cm-1

DvL=0.2 cm-1

H
2
/
a
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.
H

1
/
a
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.

Wavenumber/cm-1
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Dwp

Fig. 2. (color online) (a) The simulated first harmonic, β = (∆vL/a) =
1.45, ∆wp is the H1(v) peak-to-valley separation, when ∆wp =
0.153 cm−1, ∆vL = 0.1 cm−1; when ∆wp = 0.307 cm−1, ∆vL =
0.2 cm−1; (b) the simulated second harmonic, β = (∆vL/a) = 0.88,
∆wz is the H2(v) zero-crossing separation, when ∆wz = 0.177 cm−1,
∆vL = 0.1 cm−1; when ∆wz = 0.354 cm−1, ∆vL = 0.2 cm−1, the signal
amplitudes were normalized.

Both ∆wp and ∆wz are collectively referred to as ∆w,
the accuracy with which one can infer ∆vL from ∆w depends
upon both the detection sensitivity and the amplitudes of the
first or second harmonic signal. The relationships between
β (∆vL/a) and ∆w/a were obtained according to Eq. (11) and
Eq. (12) (Fig. 3(a)), and define |d(∆w/a)/dβ | as the detec-
tion sensitivity S (Fig. 3(b)). The maximal amplitude of the
first and the second signals were collectively referred to as
Amax(β ), the relationships between Amax(β ) and β are shown
in Fig. 3(c).[31,32] As shown in Figs. 3(b) and 3(c), the detec-
tion sensitivity S has a big value for big β , while the signal
amplitude Amax(β ) has a small value for big β . Therefore, a
guideline was introduced to help choose a compromise modu-
lation amplitude for the combination of signal amplitudes and
sensitivity.

Let C be equal to the product of S(β ) and Amax(β ):

C(β ) = S(β ) ·Amax(β ). (14)

The parameter C is considered to be a guideline that helps
to choose a compromise modulation amplitude for the combi-
nation of signal amplitudes and sensitivity. When C reaches
its maximum, the corresponding β value will be chosen as
the optimal value. By using Eq. (14), it can be observed
that the C(β ) function is maximized at β = 1.45 and 0.88
(m = 0.69 and 1.14) when applying H1(v) peak-to-valley and
H2(v) zero-crossing separation to infer absorption linewidth
respectively (Fig. 3(d)). It should also be noted that the absorp-
tion linewidth to be measured is unknown beforehand, which
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is common in practical situations. So it is impossible to set the
optimal modulation index accurately, and the optimum values
obtained from Fig. 3(d) were for reference only.
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Fig. 3. (color online) (a) The relationships between the ratio of absorp-
tion linewidth to modulation depth (∆vL/a) and the ratio of ∆w/a; (b)
the relationships between (∆vL/a) and sensitivity; (c) the relationships
between (∆vL/a) and the peak value Amax(β ); (d) the relationships be-
tween (∆vL/a) and the guide value C.

3. Experiment
The absorption spectrum of CO2 centered at

4991.25 cm−1 was selected as the target spectrum to verify
the WMS spectral line fitting method and analytical expres-
sions demonstrated in Section 2.

The experimental setup is constructed based on tunable
laser absorption spectroscopy with an NIR-infrared laser, a
laser controller, an amplified detector, a homemade digital
lock-in amplifier (DLIA), an embedded processor, an F–P
etalon and a white cell, as shown in Fig. 4. The laser, from
Nanoplus Germany, is a butterfly packaged distributed feed-
back laser (DFB) with central wavelength of 2004 nm and
current tuning rate of 0.045 cm−1/mA. The laser’s injection
current and temperature are controlled by the laser controller
(ILX Lightwave, LDC-3908) with current noise of 10 µA rms
and temperature stability of ±0.01 ◦C. The F–P etalon is used
to monitor the laser wavelength. The DLIA is used to demod-
ulate the first and second harmonics.[33]

The laser frequency of the scanning range was linearized
by using the F–P etalon (FSR = 1.5 GHz). The laser injec-
tion current scanned from 75 mA to 105 mA with a 10-Hz
repetitive ramp ride with a 2-kHz sinusoid. The laser work-
ing temperature is 33.9 ◦C. The filter parameters of the DLIA
were set to 10 ms and 18 dB/oct, respectively. The ambient air

is filled to the white cell used as target gas. Before experiment,
the optical configuration was carefully adjusted, including the
laser incidence and the field mirror inside the white cell, to en-
sure excellent experiment conditions. The path-length of the
white cell is set to 10 meters, which is directly measured by
using an optical frequency domain reflectometer with relative
uncertainty of 10−6.[34]

laser

white cell

inlet outlet

PD
digital
lock in

amplifier

embedded
processor

F-P
etalon

beam 
splitter

laser 
controller

collimator

Fig. 4. (color online) Schematic diagram of the overall experimental
setup.

4. Results
First, the absorption linewidth of the target spectrum was

derived by fitting the measured H2(v) signal with LM algo-
rithm. Set three initial parameters: v0, A, and ∆vL as free
parameters, ∆vG was set as a constant (0.0046 cm−1) cor-
responding to T = 296 K. The best-fitted parameter ∆vL =

0.0762 cm−1 was derived after 126 nonlinear iterations ac-
cording to the procedure as shown in Fig. 1. The fitting results
are shown in Fig. 5. Then the absorption linewidth (Voigt) was
calculated to be 0.0766 cm−1.
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Fig. 5. (color online) The measured and simulated H2(v) signals,
modulation depth a = 0.084 cm−1, the best fitted parameters ∆vL =
0.0762 cm−1, and Voigt linewidth was calculated to be 0.0766 cm−1.
The unit a.u. is short for arbitrary units.

By approximately calculating the Voigt profile with the
weighted combination of Lorentzian and Gaussian functions,
the H2(v) signal can be simulated quickly and accurately, thus

024205-4



Chin. Phys. B Vol. 27, No. 2 (2018) 024205

greatly decreasing the calculation time of the fitting algorithm.
In fact, for a processor configured as Intel(R) Core(TM) i5-
4590 CPU@3.30 GHz, the fitting procedure needed about
1.7 s of calculation time compared with the 22 s needed in
the case of the traditional numerical fitting method reported in
Subsection 2.1. The absorption linewidth can also be inferred
even much faster through H1(v) peak-to-valley or H2(v) zero-
crossing separation.

The ratio of the Lorentzian linewidth to the Doppler
linewidth of the target spectrum was calculated to be
0.0762/0.0046≈ 16.5. So the target spectrum can be well de-
scribed as a Lorentzian lineshape. On the basis of the analysis
in Subsection 2.2, considering both the measurement sensitiv-
ity and SNR, the modulation depths were estimated and set
to be 0.051 cm−1 and 0.084 cm−1 (corresponding to the sinu-
soidal current amplitudes of 1.65 mA and 2.72 mA) for apply-
ing H1(v) peak-to-valley and H2(v) zero-crossing separation to
infer absorption linewidth, respectively. The measured H1(v)
and H2(v) signals are shown in Figs. 6(a) and 6(b) respectively.
As shown in Fig. 6, the peak-to-valley separation of the H1(v)
signal was located at ∆wp = 0.119 cm−1, absorption linewidth
was calculated by using Eq. (12) to be ∆vL = 0.0802 cm−1;
the zero-crossing separation of the H2(v) signal was located at
∆wz = 0.132 cm−1, absorption linewidth then was calculated
by using Eq. (13) to be ∆vL = 0.0755 cm−1.
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Fig. 6. (color online) (a) H1(v) signal of the target CO2 absorp-
tion, the modulation depth a = 0.051 cm−1, peak to valley separation
∆wp = 0.119 cm−1, the inferred absorption linewidth was 0.0802 cm−1;
(b) H2(v) signal of the target CO2 absorption, the modulation depth
a = 0.084 cm−1, zero-crossing separation ∆wz = 0.132 cm−1, the in-
ferred absorption linewidth was 0.0755 cm−1.

The H1(v) and H2(v) signals were continuously col-
lected and the corresponding absorption linewidth were in-
ferred from three different methods: WMS spectral line fitting,
H1(v) peak-to-valley separation, H2(v) zero-crossing separa-
tion. The results are shown in Fig. 7 and Table 1. All of the

above results were compared with the result from the HITRAN
database which was regarded as the true value.
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Fig. 7. (color online) Absorption linewidth results inferred from the
WMS spectral line fitting, H1(v) peak-to-valley separation and H2(v)
zero-crossing separation respectively with 1-s time interval.

Table 1. Results inferred from the WMS spectral line fitting, H1(v)
peak-to-valley separation and H2(v) zero-crossing separation respec-
tively.

Methods
Absorption Relatively Uncertainty/

linewidth/cm−1 error/% 3σ /%a

Hitran database[35] 0.0738 – –
WMS spectral fitting 0.0761 3.1 1.5
H1(v) peak-to-valley 0.0801 8.5 2.0
H2(v) zero-crossing 0.0754 2.2 1.7

aσ is the measured standard deviation

From Table 1, we can see that the absorption linewidths
obtained by the presented H2(v) zero-crossing separation and
WMS spectral line fitting were very close to the figures sim-
ulated by the HITRAN database. We can also see from Ta-
ble 1 that the WMS fitting method shows the smallest mea-
surement uncertainty, which possesses a better immunity of
noise, since the fitting procedures have taken both the whole
Lorentzian and Doppler lineshapes into consideration. In ad-
dition, the WMS spectra fitting method was also suitable for
spectral overlapping cases.

It has been demonstrated that the WMS fitting procedure
was much optimized by replacing Eq. (1) with Eq. (4). How-
ever, it still needs 1.7 s to complete one single linewidth mea-
surement, which can hardly meet many high time resolved re-
quirements. Compared with the WMS spectral fitting method,
for the same processor, the computing time with the H1(v)
peak-to-valley or H2(v) zero-crossing separation method was
less than 0.43 µs which is 6 orders faster and can be negligible
in almost all applications.

In addition, as shown in Table 1, the relative errors of the
measured absorption linewidth by the presented H1(v) peak-
to-valley or H2(v) zero-crossing separation method are 8.5%
and 2.2% respectively. It is not surprising that the H2(v) zero-
crossing separation method is more accurate than the H1(v)
peak-to-valley separation method. The H1(v) peak-to-valley
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separation method relies upon the positions of peak and valley
of the H1(v) signal whose slope is parallel to the x axis, how-
ever, the zero-crossing positions of the H2(v) signal are very
steep, which leads to a higher signal to noise ratio and more ac-
curate measurement. Because of the geographical differences,
the air composition deviation exists between our laboratory
and the air USA model in the HITRAN database, resulting in
some deviation between the measured results and the figure
from the HITRAN database. Besides, the error of the modu-
lation depth a, the electromagnetic noise, and optical fringes
of the experimental system could also attribute to the measure-
ment error. Moreover, it should be pointed out that the analyti-
cal expressions for relationships between Lorentzian linewidth
and the separations of first and second harmonics established
in this paper are only suitable for spectrum that can be well
described as Lorentzian lineshape, the presented WMS spec-
tral fitting method is still recommended if both Lorentzian and
Doppler linewidth are comparable.

5. Conclusion

In this paper, three methods for inferring absorption
linewidth were presented: WMS spectral line fitting, peak-to-
valley separation of first harmonic, and zero-crossing separa-
tion of second harmonic. The spectral fitting procedure was
optimized by calculating the Voigt profile with the weighted
combination of Lorentzian and Gaussian functions, which
largely decreased the computing time. In order to meet the
high time resolution required in applications, the analytical ex-
pressions for relationships between Lorentzian linewidth and
the separations of 1st harmonic peak-to-valley and 2nd har-
monic zero-crossing were deduced, which computing speed
is 6 orders faster than the spectral fitting method. To the
best of our knowledge, the H2(v) zero-crossing method per-
formed better than the H1(v) peak-to-valley method. When
both Lorentzian and Doppler linewidth are non-negligible, the
optimized spectral fitting is still recommended as the prefer-
ence.
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