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The generalized Chaplygin equations for nonholonomic systems on time scales are proposed and studied. The Hamil-
ton principle for nonholonomic systems on time scales is established, and the corresponding generalized Chaplygin equa-
tions are deduced. The reduced Chaplygin equations are also presented. Two special cases of the generalized Chaplygin
equations on time scales, where the time scales are equal to the set of real numbers and the integer set, are discussed.
Finally, several examples are given to illustrate the application of the results.
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1. Introduction

The calculus on time scales, which is initiated by Hilger
in his PhD thesis in 1988, can be used to develop the theory
of dynamic equations on time scales in order to unify and ex-
tend the usual differential equations and difference equations.
The similarities and differences between continuous and dis-
crete systems are revealed. The physical essences of the con-
tinuous and discrete systems and the other complex dynamical
systems can be expressed more clearly and accurately by the
theory on time scales. Therefore, the theories on time scales
have been used in many fields such as mathematics, mechan-
ics, economics, etc.[2-11]

The variational problems on time scales were first in-
troduced by Bohner in 2004.1'2! After that the theory on
time scales was applied to economics by Atici, Biles and
Lebedinsky,!”! the Euler-Lagrange equations of variational
problems with nabla derivatives were established. Martins and
Torres extended the variational problems with delta derivatives
to the variational problems with nabla derivatives, ! and the
higher order Euler—Lagrange equations with nabla derivatives
were presented. The variational problems with delta and nabla
derivatives were further discussed by Torres,!'*! and the paper
proved that the unification and extension of variational on time
scales was not unique. Besides, Bartosiewicz, Martins and
Torres presented the second Euler-Lagrange equations on time
scales.[!5] Moreover, the theories on time scales were extended
to optimal control systems by Malinowska and Ammi,!'®! and
the corresponding Euler—Lagrange equations were derived.

As is well known, the holonomic systems are described
by the second Lagrange equations, while the nonholonomic

DOI: 10.1088/1674-1056/27/2/020502

systems are described by more complex differential equations
of motion. However, the controversy exists on the exchange
relations for nonholonomic systems.!!”~!°! Historically, there
were two views on the form of the exchange relations for non-
holonomic systems: one is the Holder view, the other is the
Suslov view.

Recently, the differential equations of motion with mul-
tipliers for nonholonomic system on time scales were estab-
lished by Fu et al.'*”) Zu and Zhu!*!! deduced the Hamilton
canonical equations for the nonholonomic system in phase
space on time scales. Then, Song and Zhang extended the
variational problem for mechanical systems on time scales to

s.221 Furthermore, the methods of reduc-

Birkhoffian system
tion for a Lagrange system with nabla derivative were dis-
cussed by Jin and Zhang.[?*! Plenty of important results con-
cerning the differential equations on time scales have been
obtained.[?*-28] However, the differential equations of motion
for Chaplygin systems on time scales have not been investi-
gated yet in the literature.

In this paper, we mainly establish the generalized Chap-
lygin equations according to the Suslov view on time scales.
The rest of this paper is organized as follows. In Section 2,
the generalized Chaplygin equations in the Suslov definition
on time scales are established. In Section 3, the Chaplygin
equations on time scales are deduced. In Section 4, several
examples are given to illustrate the applications of the results.
Finally, some conclusions are drawn from the present study in
Section 5.
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2. Generalized Chaplygin equations on time
scales

We mainly discuss the generalized Chaplygin equations
according to the Suslov view on time scales in this section.
The basic definitions and facts concerning the calculus on time
scales used in the following section can be found in Refs. [4]
and [5].

Assume that the configuration of a mechanical system is
determined by n generalized coordinates g; (k=1,2,...,n).

The motion of the system is subjected to g bilateral ideal con-
straints of Chetaev type and given as follows:
B=1,2,.

derp = Op (t,q;f,q?) (r:1,2, ) )

the restriction of constraints exerted on the virtual displace-

.8 E=n—
€ k=1,2,.

ment on time scales can be expressed as

84g.p = 2: a o (1)) 8q; - )

From Eq. (1), we have

56]§+ﬁ
S| 998 0P - 90 9P
= 845 + Y(5(t) ] 64°| 3
r:z:l |f9qg ( Zaqg+ya% o) )odr| 3
and

€ a‘P
5qe+ﬁ:;7]f5qr B=12,...,g). “4)

From Eq. (4), we have
A A £ a(Pﬁ
a0 = <Z s 5q’>
dpg A
T+ 5qr>

dq AAt
B=1.2,....g). )

—~

Subtracting Eq. (3) from Eq. (5), we obtain

A A
Ktaq€+ﬁ - 5qg+ﬁ

£ a(Pﬁ A A
-y (500 00)

€
+Y 15F8q° (B=1.2,....8). (6)
r=1
where
Ad 0 £ dog 0
erp o D00 0%y 2P 9% 50 (3
At 8q, 8q, y=1 aq£+y aQr
Since the independence of 5q§, we have
A A
—8q,=8q>(r=1,2,....¢). ®)

At

Substituting Eq. (8) into Eq. (6), we obtain
A Sgers =3, 5= Y. TEB5gS (B=1,2 9
Ar q8+ﬂ qg+ﬁ_z r qr (ﬁ_ ) 7"'7g)' ()
r=1

The D’Alembert-Lagrange principle on time scales can be
written as

FE(

where [t1,1,] C T, the Lagrangian is L = L(,q7,4%) € Cu,
Os (tvqlquﬁ) € Cy. They

AJL IL

7= OAs —
N o T ag +QS> 8¢°Ar =0,  (10)

and the generalized force is Q5 =
satisfy the boundary conditions

8qsli—y, = 04sl—, =0 (s=1,2,....n). (11)

Equation (10) can be reduced into

I A " oL
/tl S_Z,l {511— At (; (MSA5%>

Z i<25q3—5qu>+Q55qS}At:O. (12)

s=1

Considering Egs. (8) and (11), equation (12) can be expressed
as
15
/t 5L+Z (Z 5 T,£+B+Qr> 54 At=0, (13)
1 Detp
where
- 8 X
0r=0,+ Y Qeipma (o). (14)
o dq?
Let

in(t,qﬁq?) =L(t,qqu?,<pﬁ (t,qquf)) , (19

then we will have

OL _ oL & oL gy
dq? 3%’ f=194e, 5 995
s JL 8(,03
= t
qu ZaqHﬁ Iq} (@)
JL g dpg Iy
+ — ot ,(16
gaq?ﬂi (949 7= 3(1?”9619( )0
oL s JdL 8(p[3
ok _ 17
dqp 3% Zaq8+ﬁ dqp’ 4
. & oL
5L:Z8q 5qs+ZaA
e /L & IL dep )
= + 1)) ) 6q°
;(aqr L 3z, ags @))%

+
-

5 JL a(pﬁ>
8¢5
|:(a‘h Z aq€+ﬁ dqp o
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S JL [0
+ X oo (G

X 2 e ot

1 99, 5 \ 997 1= 992,y 9q7
" JL " JL
=Y ——-68¢7 + 8¢5
szzl g2 5_21 g5 %
— S§L. (18)

Equation (13) can be written as

/;: [6L Z(

and equation (19) is the Hamilton principle of a nonholonomic

)&hlm 0, (19)
B=1 q£+ﬁ

Chaplygin system on time scales.
From Eq. (19), we obtain

n £ aL ( 8 JL (9(P/3
t
/l ; |: aQr Z aqurﬁ aqr ( >)
3 ol
+B§1 aqe+ﬁ )Sq, ] At =0. (20)

Considering the integrating formula on time scales'*! and the

boundary conditions (11), we have

o JL 8 9L (9(p[;
5+ = o(t
/fl (36]? gl 8‘1?+ﬁ 8q9 ( ())
>5q"At

q£+ﬁ aq}g

e+ﬁ

/’2/ (aq, 2

T”ﬁ + Q,) AT AL 1)

(o (7))

q8+ﬁ

Substituting Eq. (21) into Eq. (20), from Dubois—Reymond
lemma, ™ we have

oL t S oL a(Pg
- T
aqe / (aq, L a2, 9 )

~,)A‘L’:c (r=1,2,...,

€), (22

e+ﬁ
where c is constant. Taking the delta derivative of Eq. (22)
with respect to ¢, we obtain

AJL IJL & IL

Ardgd  dq° ﬁ18q£+ﬁ

£ oL 8(pﬁ ~
-y — (c()=0, (r=1,2,....6). (23)
1 94g,p 947

T£+B

Equation (23) is also written as

AJL OJL & JL (AJdpg Jdgp
N

oL 8(Pﬁ ~
— o(t)) =0,
30z 9 ) =0

(r=12,...;6). (24

Equations (23) and (24) are the generalized Chaplygin equa-
tions according to the Suslov view on time scales.

If T=R, o(t) =t, u(z) =0, then equation (24) is re-
duced to the classical generalized Chaplygin equation >3]

doL oL & oL <d3<P/3 8%)

dt dq, dg, B (96]g+ﬁ dr dg, aq,
S5 JL 8(pﬁ -
=0, (r=1,2,...,¢). (25
; aq£+ﬁ aQV ( )
If T=hZ,c(t)=t+h, u(t) = h, then equation (24) is

reduced to the discrete generalized Chaplygin equation

€

JdL
Z{ "0Aq, g, (t+h)

B 8 JL (A; a(P[; _ 8(p[; >
B=1 8AtQ£+B aAth 8%’ (t+h)
_ 8 oL &(Pﬁ

B=1 aqurﬁ (t+h) aAl‘]r

(t+h) —Qr} —0, (6)

where the continuous derivatives are substituted by A,g; =
(1/h) (gs (t) — qs (t — h)) (see Ref. [31]).

The general Chaplygin equations (24) are applied to the
nonholonomic constraints system, in which the constraints are
first order linear. The numbers of Eq. (24) are n — g degrees of
freedom.

3. Chaplygin equations on time scales

In this section, we present the Chaplygin equations on
time scales. The generalized Chaplygin equations (24) are re-
duced to the Chaplygin equations on time scales, when the
constraints of the system are first order linear homogeneous
stationarity, and the cycle coordinates are explicitly contained
in the system on time scales.

In general, if neither the cycle coordinates ng, qg. 2

..,q¢ nor the constraint (2) is contained in the system , and
0, = 0, then equations (24) are reduced to

éiz_i_i IL (Adeg Odgp o
Atdgd  9qf  f=0qd 5 \Ardg}  dqf )
(r=1,2,....€), 27)

where L=L(t,q7,q7') =L(t,q7 .47, 9p (1.97.47))-

If the constraints of the nonholonomic system on time
scales are subjected to first order linear homogeneous station-
arity, and the coordinates g, |,g¢,,,--,qy are not explicitly
contained in the system. The constraints can be expressed as
g €=n—g), (28)

€
q§+ﬁ = ZBHBJ‘]? B=1,2,...
r=1
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where the coefficients Be, g, are functions of coordinates
q° (r=1,2,...,
AJL L & & IL
A
ro p=1i=1 aqs+ﬁ

C—E€+5r A C—BH'B[ A
X . — ’ =0 =1,2,...,
( ACI? g aq° 611> (r

€). Then equation (27) is reduced to

g), (29)

where

€
L:L(taqf-7QIA) =L <tanaQ£7ZBs+ﬁ,rqe> .

r=1

Equation (29) can be written as

AJL JL & & IL <aB£+,;., aBe+ﬁ7,) A
—~3 X" 395 - q
Atdg}  9q7 =5 dqp, \ AP dq? )™
$ & JL OB A
o Z EP A€+[3 (.LL‘IIA) =0
po1m1 e, g AdP

(r=1,2,....€). 30)

Equations (29) and (30) are Chaplygin equations on time

scales.
IfT=R,o(t)=t, and u(r)

reduced to the classical Chaplygin equation as follows:[*°!

= 0, then equation (30) is

dIL OL v oL
dr dg, dq, B=11=1 8qg+ﬁ
aBg+ﬁr aBngﬁ,l P —
( b )q,_o (r=1,2,....€). (1)

If T=hZ,o(t) =t+h, u(t) = h, then equation (30) is
reduced to the discrete Chaplygin equations as follows:

£ oL oL s & JL
A _ _ _9=
r; [ taAtCIr dg, (t+h) Bgl =1 &qu&'“rﬁ

aBEJrﬁ,r aBSJrﬁJ o
Gttt n =g 2igta) | -0 62

In general, the Chaplygin equations (30) are applied to the
nonholonomic constraint system, in which the constraints are
first order linear homogeneous stationarity, and the cycle co-
ordinates are explicitly contained in the system on time scales.
The numbers of Chaplygin equations (30) are n — g degrees of
freedom.

4. Examples

Example 1 Appell-Hamel problem!32! on time scales
The Lagrangian and constraints of the system on time
scales are

(34)

where m, a, and b are constant. Now we come to establish the
Chaplygin equations for the system.
Let

g (1) [ (] e

then we will have

oL ( b?
— —ml1+=

(35)

sy s (36)

oL b
7= (1+)7
2 b
oxA  a
9% b,
7o’ |

(118

(37

(3%)

(39)

" (Hl;) YA — ";—l;z [(xA)2+ (yA)2] -1/
e

Ao
4 —0.

[t (2o2]
From Eq. (40), we obtain
" Ii yAo [ AA (x 1 xA0) A (y +yAG)]

) /
2a? 1/2
7+ 097] " [+ 02

b
+mg— (40)

a

A bfz yAG [XAA ()CA —i—xAG) +yAA (yA +yAG)]

ey o)

@ yAO'
“ o) ey

Equations (41) are generalized Chaplygin equations of the sys-

(41)

]1/2:

tem.
If T=R,
classical generalized Chaplygin equation as follows:

o (t) =1t, then equation (41) is reduced to the
(291

»* X gb

+ = o (HE+ YY) + s
a? ¥ +y2 Y a

(F+y7) =0,

020502-4



Chin. Phys. B Vol. 27, No. 2 (2018) 020502

b2

" oo 8D 12
y+gm(xx+yy)+;y(x +57) =0. 42

If T=hZ and o (t) =t + h, then equation (41) is reduced
to the discrete generalized Chaplygin equations as follows:

b Ax+A
Ay (Ax) + A (Ay) + — tg—tyg
@ (Ax)”+ (Ary)

b
X [AxA; (Arx) + AryAs (Ary)] + % (Ax+Ary)

x [(A,x(t+h))2+(A,y(t+h))2 o W

Example 2 Motion of a particle on a plane on

T={2",ne N}
The Lagrangian and the generalized forces of the system

L=y | () + ()]

Q1 =mq3,02=0, (44)

are

where m is constant. The constraint of the system is

2 2
(q%) = (61?) +245. (45)
Let
5 2
L=m (qf) +mgs, (46)
then we will have

oL
—— =2mq}, 47)
g}
JL
an 2 71/2
a =t {(q?) +24§ ] . (49)

1

Substituting Eqgs. (44), (47), (48), and (49) into Eq. (24), we
obtain the generalized Chaplygin equation as follows:

2 1
[(q?) +245 + 307 (o + CI?G)} g
2
+0% ()1 q5° — 45 [(ﬁ) +245 } =0.  (50)
Since the time scales
T={2".neN}, o(t)=2,
then equation (50) can be written as

() 420220+ 30 0 (-4 20) |

+2q 0 0 - @) | () +2020| <0 1)

Example 3 Sled sliding at a horizontal plane*?! on
time scales
The Lagrangian of the system is
1 2 1 2 2 1
L=37(6%) +3m [(xA) +(4) } e LG CR)

where m, J, and k are constants. The constraint of the system
on time scales is

2 =x*tan6°. (53)

We come to discuss the differential equations of motion for the
system.

Since the coordinate y° is not contained in Eq. (52) nor
Eq. (53), the system is a Chaplygin system. Let

N_] A2 ] AZ 20_12 o\2
L—EJ(G) —&-Em(x) (1+tan°6°) Ek (6°)", (54)

Then we will have

395 = JoA, (55)

oL

v

oL

006°

From Eq. (53), we obtain

m(1+tan”6°), (56)

2
=m <XA> tan 0 sec”> 6° — k260°. (57)

Byg =0, By, =tan6°. (58)
From Eq. (30), we obtain the Chaplygin equations

JOM 4+ k20° =0,
x4 (tan 0% 4 tan §9°) xA° 927 g4

— tanB°%x* [GA + (u eA) A} =0. (59)

If T=R, o(t) =t,and u(tr) = 0, then equation (59) can
be written as
JO+k*0 =0,
¥+x0tan6 = 0. (60)
If T=hZ, 6 (t) =t+h, and u (¢t) = h, then equation (59)
can be written as
JA (NO)+K20 (+ 1) + A (Arx)
+ AxAO (t+h)tan @ (r+h)=0. (61)

5. Conclusions

Time scales are an arbitrary nonempty closed subset of
the set of real numbers. The study of differential equations
on time scales, which has been created in order to unify and
extend the study of differential and difference equations, is an
area of science and engineering, which has recently gained a
lot of attention.
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The paper presents the generalized Chaplygin equations
on time scales. The Hamilton principles for nonholonomic
systems on time scales are established, and the corresponding
generalized Chaplygin equation (see Eq. (24)) is deduced (see
Eq. (19)). The generalized Chaplygin equations (see Eq. (24))
are reduced to Chaplygin equations (see Eq. (30)), when the
constraints of the nonholonomic system on time scales are
subjected to first order linear homogeneous stationary, and the
coordinates g¢, 1,97, ,,---,q, are not explicitly contained in
the systems. When the time scales T =R and T = hZ, two
special cases of the Chaplygin equations on time scales are
presented. The number of the Chaplygin equations on time
scales is n — g. We can extend the present work to Birkhoffian
systems on time scales. It is also available for optimal control
systems on time scales, etc.
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