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Neglecting the self-force and radiative effects, we follow the spirit of Wald’s gedanken experiment and discuss
whether a (2+1)-dimensional Martinez—Teitelboim—Zanelli (MTZ) black hole can turn into a naked singularity by cap-
turing a charged and massive particle. We find that after capturing a charged and massive test particle, an extremal or
near-extremal MTZ black hole could turn into naked singularity, leading to a possible violation of the cosmic censorship.
There exist ranges of the test particles’ energies AE which allow the appearance of naked singularities from both extremal

and near extremal MTZ black holes.
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1. Introduction

As demonstrated by the elegant theorems of Hawking and
Penrose,!! spacetime singularities are inevitable in gravita-
tional collapse. These results do not rely on specific solutions
of Einstein’s equations or special symmetry requirements. The
utility of general relativity in describing gravitational phenom-
ena is maintained by cosmic censorship which is first proposed
by Penrose.?! According to the hypothesis, all physical singu-
larities due to gravitational collapse are hidden behind an event
horizon. This hypothesis, which implies that no naked singu-
larity occurs in our universe. One way of testing the cosmic
censorship is to throw a test particle into a black hole, if the
particle is captured by the black hole and changes the param-
eters of the black hole such that the horizon disappears and
naked singularity appears, then the black hole is destroyed by
the test particles. In 1974, Wald showed that it is impossi-
ble to destroy the horizon of an extremal Kerr—Newman black
hole by capturing a test particle.'3] However, in Ref. [4], Gao
and Zhang showed that, if the linear approximation of the par-
ticle’s energy is not taken into account, it is possible to de-
stroy an extremal Kerr—Newman black hole with a test parti-
cle. In Ref. [5] Saa er al. showed it is also possible to de-
stroy the event horizon if we push a test particle with elec-
tric charge and angular momentum towards the near-extremal
Kerr—Newman black hole. This issue has been widely studied
in recent years.*-19]

The research mentioned above are all focused on the
(3+1)-dimensional or higher dimensional black hole, we have
many (2+1)-dimensional black hole solutions of different
gravity models since Banados, Teitelboim and Zanelli (BTZ)
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discovered a black hole solution to the Einstein-Maxwell
equation in (2+1)-dimensions in 1992,1*1 g, Peldan electro-
static solution and MTZ charged rotating black hole in three
spacetime dimensions. [*!]

In the present paper, by neglecting the self-force and ra-
diative effects, we investigated whether an MTZ black hole
can turn into a naked singularity or not when it captures a
charged particle. We find that the black holes could be de-
stroyed by capturing a test particle both in extremal and near-
extremal cases. In Section 4, similar discussions will be ex-
tended to a near-extremal MTZ black hole. Finally, we give a
discussion and our conclusion in Section 5. In this paper we
use the unit system wherec =G =h = 1.

2. Martinez-Teitelboim—Zanelli black hole and
charged test particle

Martinez—Teitelboim—Zanelli solution,?%23! is defined
by the metric

ds? = ~N(pd* + —— dp? + K(p)*[dg + W (p)dr]?,

L(p)*
(p)=po(Ip(l)))7 K(p)=vH(p), M
where the functions H(p), L(p), and W(p) are given by
H(p) p2+lzlz_w;2<M+Q421np2),
1p) =% - L g,

ol 1 0?
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where M and Q are the mass and charge of the black hole, re-
spectively, [ is related to the cosmological constant, and @ is
the angular velocity of the boost. This solution can also be de-
rived from the rotating under SL(2, R) transformations-Peldan

solution with[?2]
= (1 wg) ¢_1<¢_wt> 3
BV A ey A

The electromagnetic field of the MTZ black hole has the
vector potential

2 p(dr—ordg). 0

2¢/1—?/12

In a general curved background, the Lagrangian of a massive
and charged particle can be expressed as

which yield the equation of motion of a particle!>*!

M +Fa“ﬁx“xﬁ = %F“va , (6)
where the “dot” stands for the derivative with respect to some
affine parameter s, ¢, and m are the electric charge and mass
of the particle respectively.

Accordingly, in a stationary background, the energy E
and angular momentum L as the constants of a particle’s mo-
tion are given by

L ) .
E= BT —m (gnt+gt¢¢) —q4;,
L ) .
L=55 = m (8191 +8909) +qAs. (7

From the two equations above, using timelike condition
xyxt = —1 for the particle, the conserved energy of the test
particle is given as!?!

1
L= 5mga,gx"‘xﬁ +qAuit (5)
\
8 82 — 8981t
Ezﬂ(qA(p—L)—th:I: wf
809 8o

The above conserved energy is defined at infinity, which
assures the observer at the event horizon and infinity is equiv-
alent. Equation (8) is dictated by the requirement that the
f > 0 for all the future directed timelike motions outside the
horizon. Therefore, we should take the plus sign in front of
the square root of Eq. (8). Substituting the corresponding
components of gy of Eq. (1) in the square root of Eq. (8),
we can see the expression in the square root of Eq. (8) will

equal to zero when the extremal condition is satisfied (i.e.

) ((L_‘IA¢>2+’”28¢¢(1+8ppf’2))~ ®)

\
L(p)? =p? /1> —M — Q?/4Inp? = 0), consequently, we obtain
the minimum energy which allows the test particle to reach the
event horizon.

Enin =22 A4 — gA.. ©)
8¢¢
Substituting the corresponding components of g, of Eq. (1)
into Eq. (9) which is followed by p = pp, we gain the min-
imum energy that allows the test particle to reach the event
horizon.

Emin

_ qOp(4*M®? 4+ 4p20® — 4 0? — AM > + 12(1* — 1)Q*w? Inp?)

(10)

2v/1— @?/I2(412p2 +4MI2@* — 4p2 0? + 2Q?w*Inp})

where py, is the radius of the event horizon, so we could see
there exist a lower bound for the particle’s energy which could
reach the black hole’s horizon, that is £ > E.i,. In the next
two sections, we will examine the two cases for the extremal
and near-extremal black holes.

3. The extremal case

From Eq. (1), an MTZ black hole becomes extremal if the
roots of L(p)? are equal. For the sake of simplicity, we define

g0 (®* —1*)InlQ/2

From the above function, we can see if p — oo, then F(p) —
+o0, and if p — 0, then F(p) — +oo. By using dF (p)/dpn =
0, we obtain a unique extremal point. Combining with the ex-
tremal condition F'(p) = 0, where the outer horizon and inner
horizon coincide with each other, we obtain the event horizon
and extremal mass of the MTZ black hole

Y Q> 0* 10

Mex =

27 4 2 2 a2

Pn

Then we can obtain the minimum energy for a particle to
pass through the event horizon of an extremal MTZ black hole

2 2
F(p):L(p)zz%—M—%lnpz. an
|
Enmin—ex =

2,/1—?/P2[I2Q% +4M®? — Q*0? +2Q%w?1nlQ/2]

13)
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For clarification, in the extremal case, we define Eq. (11) as

2 2
0
Fux(p) = % ~Mex — %-Inp?.

Now we consider a test particle with energy E, electric charge
q captured by an MTZ black hole. After capturing a test
particle, the black hole can be described by the changed

(14)

parameters. %%
M=M+E, 0'=0+q, L'=1L, (15)

where the prime ’ is used to describe the black hole parameters
after capturing a test particle, M and Q are the physical mass,
physical charge, and L, is the angular momentum after the ro-
tation boost, respectively. The parameter can be expressed by
the following expression

- 1 gy = wZQZ
M_lwz((1+w)M_ 5 >7

0 20 (-~ @
Q_7M’ Lb—l_wz(M_4>~ (16)

where M and é are “static mass” and “static charge” without
the rotation boost. After capturing a test particle, the new ex-
tremal condition can be written formally as
2 2
p o

FJX(P)ZIT—M/—TIHPZZO- (17)

If the extremal MTZ black hole turns into a naked singular-
ity after absorbing a test particle, F/, (p) will increase every-
where and the degenerate root will disappear, and the condi-
tion FJ, (p) > 0 must be satisfied, so we have

2 17)
! p 0 2
Using Eq. (15) and Eq. (18), we obtain the following equation
2 2
E< %—%lnpz—Mex. (19)

Obviously, it shows that if an MTZ black hole is destroyed,
there is an upper bound for the test particle’s energy, which
could destroy the black hole’s horizon. By using Eqs. (12)
and (15), we obtain the maximum energy of a test particle to
destroy an extremal MTZ black hole as

/2 2 12 /2
Emax—ex = QT - QT In f — M. (20)

As a result, if the test particle’s energy is between Epjn—ex and

Emax—ex» ie.
Eminfex <E< Emaxfe)p (21)

The black hole can be destroyed by capturing the test particle.
For clarification, we define

AE = Epax—ex — Emin—ex- (22)

Notice that the test particle approximation requires E/M < 1,
and e/Q < 1, assuring, in this way, that backreaction effects
are negligible. From Eq. (13), we can see that the two condi-
tions must be satisfied, i.e., ®* < {2, and 0 < [Q < 2. Here we
assume /, Q, and w are positive. In order to find the range of
the test particle’s energy to destroy the black hole, we choose
static charge é = 1.5, with [ =1, @ = 0.05, then according
to Eq. (12), we gain p = 0.750939, M« = 0.8869517, where
pn and My are the event horizon and the mass of the extremal
MTZ black hole respectively. Based on the choosing parame-
ters and Eqgs. (13) and (20), we obtain the results as shown in
Fig. 1.

0.20f  — Emax—ne (a)
- Eminfnc
0.15
R
0.10
0.05
0.2 0.4 0.6 0.8 %0
q
0.07F
7 Emaxfnc
- Emin—ne
0.05
&
0.03F
0.01f
0.05 0.10 0.15 0.20
q

Fig. 1. (color online) Plot of E versus g. (a) Plot of E—g, where
®=0.05,0< g< 1. (b)Plot of E—q, where ® = 0.05, 0 < ¢ < 0.2.
The shaded area is the intersection of Eyjp—ex < E and E < Epax—ex-
In Fig. 1, the shaded area is the intersection of Ejn—ex <
E and E < Epax—ex- If the particle’s energy is in the shaded
area, the black hole can be destroyed by the particle, e.g., if we
choose g = 0.03 < Q, then we obtain Eyj,—ex = 0.00807564,
Ernax—ex = 0.0109551, and AE = 0.00287946. To prove the
event horizon disappeared, we choose E = 0.009, using the
same parameters as mentioned above and Eq. (17), we plot the
curve of F'(p)-p in Fig. 2. As is shown in Fig. 2, the solution
of F'(p) = 0 does not exist anymore. This implies that the
horizon of the black hole vanishes and the naked singularity
appears. On the other hand, if we choose £ = 0.012, which
is larger than Ej,x—ex, Using the same parameters as in Fig. 2,
we obtain the rsults drawn in Fig. 3. We can see there are
two roots of F'(p) = 0. This means that after capturing a test
particle, the extremal black hole will have inner and outer hori-
zons, thus it turns into a common black hole. Figures 2 and 3
show that the MTZ black hole will be destroyed by absorbing
a test particle whose energy E and electric charge ¢ are located

020401-3
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in the shaded area shown in Fig. 1. Next, we will show that
a particle from far away, whose energy between Enin_ex and
E'nax—ex could really fall into the black hole. Since the metric
is axisymmetric, there exist orbits lying entirely in the plane
0 = /2, so the test particle can fall along the orbit. For such
an orbit, one can solve Eq. (8) for p2,[* and obtain

2

where the effective potential V (p) is given by

V(p) 1

T A2 (2 - 02) /1 - 0?12

x (41°qOp*(w* —I*)Elnp
+ PP 0*p (@* —1%)\/1 — w?/I2Inp
—\/1—@?/12(4m*p* 0® — 41Pm?p* —

— AP 0’ E? + Al*m*Mp? + 414 p*E?

41 p*m*M w?

+4*M?E? + (I*Q’m?p? + ' Q* 0 E?

— m? 2 Q*p*w?)Inp?)). (24)

0.010 ¢

0.008

0.006 -

F'(p)

0.004

0.002

0.76 0.80

p

0.72

Fig. 2. (color online) Plot of F/, (p). There is no point of the intersection
on the horizontal axis, which means that there is no horizon anymore.

0.72

~a.76__~ 0.80
p

Fig. 3. (color online) Plot of F, (p). There are two points of intersec-
tion on the horizontal axis. The left point stands for the inner horizon
and the right one stands for the outer horizon. The extreme black hole
becomes a common black hole.

We still choose é =1.5,1=1, w = 0.05 as mentioned
above, and m = E = 0.009 such that E is in the allowed range,
the results are shown in Fig. 4. Figure 4 shows that the curve
is descending and the particle is easy to fall into an MTZ black
hole. The choice m = E indicates that the particle stays at rest
relative to a stationary observer at infinity, so it is realizable in

practice.

3.0
2.5F
< 2.0

1.0
0.5

1.0 12 1.4 16 1.8 20
p

Fig. 4. (color online) The effective potential V(p) of a test parti-
cle outside the event horizon with 0.7 < p < 2. test particle’s energy
Emin < E < Emax-

4. Near-extremal case

As discussed in Section 3, if an MTZ black hole is an ex-
tremal black hole, equation (14) should be satisfied. Now we

consider a near-extremal condition, indicated by

2 2
%—Mex—%lnpzz& (25)
We rewrite the above equation as
2 2
Fne(p):%_Mex_%lnp2_6:Fex(p)_6> (26)

where the function Fe(p) is defined to describe the near ex-
tremal case. consequently, we have

Q2
4
where M,, is the mass of a near-extremal MTZ black hole,

2
Mue = Mex +8 = ’1’—2 Inp>, 27)

and § is positive and much smaller than the mass of extremal
MTZ black hole, i.e., § < M. From Eq. (26), we can eas-
ily see that if § > 0, F,(p) would have two different roots,
the two roots correspond to the outer and inner horizon of the
black hole. If we choose the same parameters as mentioned
above, i.e., é =151=1, w =0.05, Moy = 0.8869517, and
6 = 0.001. By solving the equation F,.(p) = 0, we gain the
outer horizon of a near extremal black hole as

p.. = 0.759628. (28)

Putting p into Eq. (10), we obtain Ep,;j, = 0.00085872. Ac-
cording to Egs. (15), (26), if a near-extremal MTZ black hole
captures a test particle, we have

2 2
p- (¢+0)
Fre(p) = 7 Tlnpz — M

2 2
- %—@mpZ—MeX—E—S.

If the black hole is destroyed after capturing a test particle, as

(29)

in the extremal black hole case, the following condition must
be satisfied

Fre(p) >0. (30)
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Using the above equation and Egs. (26), (29), and (30), we
have

2 2
E < % B @IHPZ_M@;_ 0 = Emax—ex— 6. (31)

As a result, we obtain the upper bound on the test parti-
cle’s energy to destroy the black hole

Emaxfne = Emaxfex —0. (32)

By using the same parameters as mentioned in the extremal
case, i.e., é =1.5,l=1,0 = 0.05, with 6 chosen to be 0.001,
we provide Fig. 5, which shows there is a range of g that allows
the test particle’s energy between Ein_ne and Epax—ne to have
the ability to destroy the black hole. If we chose g =0.03 < Q,
then we get Epin_ne = 0.00917139, Epnax—ne = 0.0099551 and
AE = 0.00078371.

0.25¢
FEmax—ne (a)
0.20 I Eminfne
R 0.15
0.10
0.05
0.2 0.4 0.6 0.8 1.0
q
0.07F
F - Emaxfne
0.05E — Enin—ne
&) £
0.03F
0.01f /
0.05 0.10 0.15 0.20
q

Fig. 5. (color online) Plot of E versus ¢, in the near-extremal case: (a)
®=0.05,6=0.001,0< ¢g<2; (b) w=0.05 6 =0.001, 0 < g <0.001.
The shaded area is the intersection of Epip—e < E and E < Epax—e-

0.010f

0.0081
0.006 ¢

F'(p)

0.0041
0.002¢

0.72 0.76 0.80

p
Fig. 6. (color online) Plot of Fj.(p) versus p with 6 = 0.001 and
g = 0.03. There is no point of the intersection on the horizontal axis,
which means that there is no horizon anymore.

To prove the black hole has been destroyed, we chose
E = 0.0095 with g = 0.03, which is just between E\jp—ne and

Ernax—ne- Using Eq. (29) and the same parameters as men-
tioned in Fig. 5, we draw Fig. 6. From Fig. 6, we can see
the solution of F’(p) = 0 does not exist anymore. This im-
plies that the horizon of the black hole vanishes and the naked
singularity appears. We should notice that & will shift the
curve graph, that is, if we choose E = 0.0095, we obtain
Fl.(p) = 0.00271068 — §. If the black hole is destroyed by
the test particle, the condition F,,(p) > 0 must be satisfied, we
need J < 0.00271068. So the value of § = 0.001 we choose
is appropriate.

To show there is a range of test particle’s energy, AE,
which allows the disappearances of event horizons from near-
extremal MTZ black hole, we provide Fig. 7, which shows the
plots of Ey,i, and Enax where the choices of numerical values
are [ =1,0=1.5 M =0.8869517, ® = 0.05, ¢ = 0.03, with
d chosen to be 0.001. We find that the shaded area in Fig. 7,
which represents the dependency of AE with respect to the
parameter of near-extremality J, becomes narrower as & in-
creases. This means the black hole becomes harder to destroy
when it moves away from the extremality.

0.011F
0.010}
R 0.009f

0.008f

0.007}

0.002 0.003 0.004

)

0.001

Fig. 7. (color online) Plot of E versus &, where @ = 0.05, 0 < § <
0.004. The shaded area is the intersection Epiy e < E and E < Epax—e.

By using the same method as in the extremal case, we
obtain the corresponding effective potential V(p) for the test
particle in the near-extremal case

1
CAPm2p2 (12— 2)\/1— /12
x (4q0p*(0® = P)EInp +P¢°Q*p* (0 — I7)

xy/1—@2/2In%p — /1 — 02 /12(4m*p* »°

—4Pm*p* — A p*m* (M + 8) 0* — 41> 0’ E?

V(p)

+41'm* (M 4 8)p?* + 41*p2E?

44 (M 1 8)2E? + (1 QPm2p? + I*0* 0?2

—m*PQ*p*w’)Inp?)). 33)
We still choose [ = 1, Q = 1.5, M = 0.8869517, » = 0.05,
q=0.03, 6 =0.001 as mentioned above, and m = E = 0.0095

such that E is between Epip—ne and Epax—ne. Using the above
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equation, we plot the effective potential V(p) in Fig. 8. Fig-
ure 8 shows that the curve is also descending as p decreases,
this means that the particle is easy to fall into an MTZ black
hole from infinity.

3.0f
25¢
20¢

W(p)

1.5}
1.0
0.5¢

1.0 1.2 14 1.6

1.8 2.0 2.2

==

p

Fig. 8. (color online) The effective potential V(p) of a test particle
outside an event horizon with 0.7 < p < 2, for test particle energy
Emin < E < Emax.

5. Conclusions and discussions

We have shown that, without taking into account the ra-
diative and self-force effects, a test particle may destroy the
horizon of an MTZ black hole in both extremal and near-
extremal cases, resulting in an apparent violation of the cosmic
censorship. However, in our work, the ranges of the allowed
energies to destroy the black holes are slightly larger, which
are different from other works. This means that the MTZ black
hole is easier to destroy. In some other works, they take ana-
lyticity and contain some high-order terms, while we sacrifice
the analyticity and use a numerical method. It should be noted

that all of those results come from the precondition that we

ignore the self-force and radiative effects.
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