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Rapid developments in quantum information processing have been made, and remarkable achievements have been
obtained in recent years, both in theory and experiments. Coherent control of nuclear spin dynamics is a powerful tool
for the experimental implementation of quantum schemes in liquid and solid nuclear magnetic resonance (NMR) system,
especially in liquid-state NMR. Compared with other quantum information processing systems, the NMR platform has the
advantages such as the long coherence time, the precise manipulation, and well-developed quantum control techniques,
which make it possible to accurately control a quantum system with up to 12-qubits. Extensive applications of liquid-state
NMR spectroscopy in quantum information processing such as quantum communication, quantum computing, and quantum
simulation have been thoroughly studied over half a century. This article introduces the general principles of NMR quantum
information processing, and reviews the new-developed techniques. The review will also include the recent achievements of
the experimental realization of quantum algorithms for machine learning, quantum simulations for high energy physics, and
topological order in NMR. We also discuss the limitation and prospect of liquid-state NMR spectroscopy and the solid-state
NMR systems as quantum computing in the article.
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1. Introduction
Quantum information processing (QIP) is an interdis-

ciplinary science based on quantum mechanics, which is
extremely different from the classical concepts,[1] such as
wave–particle duality,[2,3] quantum entanglement,[4,5] quan-
tum superposition.[6,7] The conceptual idea for quantum
computing is originated from both the need to reduce
heat dissipation[8] and efficient quantum simulation.[9,10]

For instance, quantum bits are efficiently encoded based
on quantum superposition principles, such as in quantum
communication,[11–14] computing, and data storage.[15–17] The
quantum mechanics principle makes it possible that the abil-
ity of processing and storing the data in QIP is more pow-
erful than that of the classical counterparts. However, it is
still a difficult task to implement useful QIP in practical de-
vices. In 2000, David P. DiVincenzo proposed five require-
ments for the implementation of quantum computer.[18] Most
importantly, the device should be a scalable physical system
with well characterized qubits. So far, there are already some
well-developed quantum systems that are potential to be a uni-
versal quantum processor in the future, such as nuclear mag-

netic resonance (NMR) system,[19] superconducting Joseph-
son junctions,[20,21] trapped ions,[22,23] cavity QED,[24,25] op-
tical platform,[26,27] and quantum dots.[28–30] Moreover, sev-
eral systems are widely developed and employed for quan-
tum computing in high tech companies, like Google, IBM,
and D-wave. It is highly expected to become the first prac-
tical and commercial quantum computer in the near future. In
this review, we restrict ourselves to the current techniques and
achievements in the NMR for QIP.

The NMR is a physical phenomenon that the nuclear
spins in a strong magnetic filed can absorb and emit elec-
tromagnetic radiation with resonant frequencies, which was
firstly observed by Bloch and Purcell in 1946.[31] Subse-
quently, NMR was further developed to analyze the struc-
ture of chemical compounds in chemical science and images
in medical technology. In 1998, Chuang, Laflamme, and
Cory proposed NMR as a device for QIP.[32–34] In NMR,[35,36]

the qubits with spin-half nuclei are selected in a chemical
molecule. The chemical solvents are then placed in a magnetic
field enabling a two-level energy quantum system encoded as
qubits |0⟩ and |1⟩. The Hamiltonian of such a system is dom-
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inated by the Zeeman splitting and chemical shift induced by
the strong magnetic field and structure of the molecule, re-
spectively. It provides ways to distinguish spin-half nuclei in
molecule at the same time. Arbitrary single-qubit rotation on
the spin state can be realized by tuning the amplitudes and
phases of external fields created by RF pulses. The interaction
(tens to hundreds Hz in frequency) between different nuclei
in the molecule provides the possibility to realize two-qubit
quantum gates, such as CNOT gate. Therefore, the form of
the Hamiltonian in NMR is very suitable for QIP in which
any quantum unitary operations can thus be effectively imple-
mented. For instance, a sample of 13C-labeled chloroform can
be used as a two-qubit quantum information processor, where
the nuclear spins of 13C and 1H are used to encode the quan-
tum qubits. Under the weak coupling approximation, the nat-
ural Hamiltonian of 13C-labeled chloroform can be expressed
as

ℋ2
int =

2

∑
i=1

ωiσ
i
z +

πJ12

2
σ

1
z σ

2
z , (1)

where ωi is the chemical shift of the i-th nucleus and J12 is
the J-coupling constant between the 13C and 1H nuclear spins.
Figure 1 shows the corresponding molecule structure and pa-
rameters. Compared with other competing quantum systems,
the NMR systems with spin-half nuclei are more robust against
the noise environment, and thus can be accurately controlled
for quantum gates operations within the relative longer coher-
ence time.[37]

13C -7787.9 18.8 0.35

1H 215.09 -3206.5 10.9 3.3

13C 1H T1↼s↽ T2↼s↽

Fig. 1. (color online) Molecular structure and relevant parameters of
13C-labeled chloroform. The chemical shifts (Hz) and J-coupling con-
stant (Hz) between the different nuclei of the molecule are represented
by the diagonal and off-diagonal elements of the table, respectively. The
longitudinal time T1 and transversal relaxation T2 are also provided in
the right of the table.

Recently, progresses on quantum control techniques
have been obtained in NMR platform,[38,39] and the well-
established techniques not only guarantee that the NMR spec-
trometer is capable of carrying out QIP, but also provide
rich experience and guidance for the other quantum sys-
tems. Chuang et al. proposed composite pulses techniques
in NMR[40,41] to compensate systematic errors caused by the
imperfection of RF pulses, like amplitudes and frequency off-
sets perturbations. Realization of the frequent used rotations
around the z axis is not directly available in NMR.[37] The av-
erage Hamiltonian theory is a general tool to analyze the mod-
ulation of the applied pulse sequences on the internal Hamil-
tonian of nuclear spins.[42] It is thus widely used to design
the decoupling sequences such as WHH4 and WHH16.[43,44]

Dynamical Decoupling sequence based on average Hamilto-
nian theory is further proposed to cancel or decrease the in-
teraction between spins and environments, extending the co-
herence time of the state.[45–47] Dynamical decoupling tech-
niques can be also combined with quantum gates for protect-
ing quantum gate operations by simply implementing the op-
erations between two DD sequences.[48,49] Adiabatic quantum
computing can realize the evolution from the initial state to
the ground state of the target Hamiltonian by slowly tuning
the Hamiltonian of the systems,[50–52] which is usually used to
study the properties of the ground state of many-body quantum
systems. Polarization transfer technique is a common method
in NMR,[53] which efficiently increases the signal-noise ra-
tio by transferring the signal of some electron spin with high-
polarization to the target nuclear spin. Techniques are further
developed based on optimization search such as strongly mod-
ulating pulses (SMP)[54,55] and gradient ascent pulse engineer-
ing (GRAPE) technique.[56] However, for conditional GRAPE
techniques, the calculation of the target function and gradi-
ent is completed on the classical computer, which unfortu-
nately costs an exponential amount of time because (2n ×2n)-
dimensional matrices are inevitably involved for an n-qubit
system. Recently, measurement-based quantum feedback con-
trol (MQFC) was proposed based on GRAPE technique,[57–59]

which can automatically complete the calculation of the tar-
get function and gradient on a quantum information processor.
Its advantage was fully demonstrated in a 12-qubit experiment
on an NMR system recently. The basic principle of GRAPE
and MQFC techniques will be introduced in this review since
it has also been adopted in superconducting circuit[60] in addi-
tion to NMR system. Actually, Laflamme group also proposed
a so-called pulse complier approach to solve the helplessness
of GRAPE technique on a larger quantum system.[61,62] More
ingenious quantum control techniques in NMR system were
designed, for instance, the compilation method for the imper-
fection of selective pulses was provided to increase the control
fidelity.[63] Pure-state tomography based on incomplete Pauli
operators is constructed to improve the efficiency of quantum
state tomography in NMR.[64]

The well-developed control techniques of NMR make
it possible to realize quantum algorithms experimentally,
such as Grover search algorithm,[65–67] Shor factorization
algorithm,[68] Deutsch–Jozsa algorithm,[69] ordering-finding
algorithm,[70] Hogg algorithm,[71] and algorithms for solv-
ing a linear equation.[72] The NMR system is a veritable and
trusted quantum simulator for simulating an untrusted and
uncontrolled quantum system, or an unaccessible quantum
phenomena,[73] such as a quantum clock synchronization,[74] a
molecular hydrogen,[75] many-body interactions,[76] localiza-
tion effects,[77,78] quantum phase transition,[79,80] and quan-
tum tunneling.[81,82] NMR quantum processor can be also
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used to explore the hidden variable theory and the principle
of quantum mechanics including quantum teleportation,[83]

quantum dense coding,[84] wave–particle duality,[85] Bell
inequality,[86,87] quantum complementarity principle,[88] and
duality quantum computer.[89] Lots of research on liquid-state
NMR for QIP were completed by our groups[90,91] and the col-
laborations with other labs such as the Institute for Quantum
Computing in University of Waterloo.[92,93] It is worth to men-
tion that non-adiabatic holonomic quantum computation was
firstly experimentally realized in NMR.[94,95]

This review for techniques and achievements in NMR is
organized as follows. We first introduce the general back-
ground and new-developed quantum control techniques in
NMR including GRAPE and MQFC, dynamical decoupling
sequences, and the approach for artificially injecting noise in
NMR system. The newly-acquired achievements on topologi-
cal quantum computing on NMR system are subsequently in-
troduced. Finally, we make a summary and prospects of NMR
as quantum computing, including the limitations of liquid-
state NMR, the properties of solid-state NMR, and the future
directions of development. For quantum control of spin sys-
tems, we recommend the book by Levitt (2008) for the basics
of NMR.[96] Readers can also refer to the following literatures
for NMR: Suter and Mahesh (2008)[97] and Wiseman and Mil-
burn (2010).[98] For further literatures on quantum computing,
we recommend the book by Nielsen and Chuang (2000) for
the comprehensive introduction of quantum computation and
quantum information.[99]

2. The well-developed techniques in NMR sys-
tem

2.1. Gradient ascent pulse engineering technique

The common pulse optimization technologies based on
optimized algorithm search are the strongly modulating pulse
(SMP) proposed by Cory et al.[54,55] and gradient ascent
pulse engineering (GRAPE) proposed by Glaser et al.[56] The

GRAPE technique originated from NMR has extensive appli-
cations in QIP. The basic idea of the GRAPE method is ex-
plained in the following. For an NMR system with n-qubit,
the total Hamiltonian contains the internal term and the radio
frequency (RF) term Htot(t) = Hint +Hrf(t),

Hint =
n

∑
i

ωi
σ i

z

2
+ ∑

16i< j6n
πJi j

σ i
zσ

j
z

2
,

Hrf(t) = −
n

∑
k=1

γkBk(cos(ωk
rft +φk)σ

k
x

+sin(ωk
rft +φk)σ

k
y ), (2)

where ωi and Ji j are the Larmor frequency and the scalar cou-
pling constant, respectively. Bk and φk are the amplitude and
phase of the controlling field on the k-th nucleus. The key
of the GRAPE technique is to find the optimal parameters
(Bk,φk) of the RF field making the time propagator UT (den-
sity operator ρf) very close to the desired target evolution Utar

(desired target operator ρtar). Assuming that the total time of
the RF field is T , the total evolution time is averaged into M
discrete segments and the time of each segment is ∆t = T/N.
The time propagator of the m-th segment can thus be expressed
as

Um = exp
[
− i∆t

(
Hint +∑

k
uk

x[m]σ k
x +∑

k
uk

y[m]σ k
y

)]
, (3)

where uk
x[m] and uk

y[m] are the amplitude of the m-th segments
of the RF field in x and y axes. So the total evolution is
U(T ) = UMUM−1 · · ·U2U1. The fitness function to be opti-
mized is the distance with the target, which can be expressed
as Fu = |tr(U†

tarUT)|/2n for the given target evolution UT or
Fs = tr

(
ρ f ρT

)
for the given target state ρT. The key of the

GRAPE algorithm is to consider fidelity Fu and Fs as the the
optimization problem of the multivariate function. In the first-
order approximation, the gradients of Fu and Fs as a function
of parameters uk

x[m] and uk
y[m] are

gk
x,y[m] =

∂Fu

∂uk
x,y[m]

≈−2Re
[
U†

tarUM · · ·(−i∆tσ k
x,y)Um · · ·U1

]
/2n, (4)

gk
x,y[m] =

∂Fs

∂uk
x,y[m]

≈ tr(−i∆tUM · · ·Um+1[σ
k
x,y,Um · · ·U1ρ0U†

1 · · ·U
†
m]U

†
m+1 · · ·U

†
Mρf). (5)

The fitness functions can be increased in the gradient iteration
as follows:

uk
x,y[m]→ uk

x,y[m]+ ε ·gk
x,y[m]. (6)

The GRAPE procedure starts from an initial guess of input
(uk

x[m], uk
y[m]) and then evaluates both the fitness functions

and corresponding gradients, and then continues iterations un-
til the fitness functions reach the target values.

2.2. Measurement-based quantum feedback control

The basic principle of the GRAPE technique introduced
above is a process of creating a randomly initial guess, evaluat-
ing a fitness function f and a gradient g, determining a search
direction, producing an iteration, and finishing an optimiza-
tion. However all these procedures are performed in a clas-
sical computer. It inevitably contains the simulation of time
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propagations of the controlled quantum system, which will be
impracticable for a lager system with the classical computer.
To improve the performance of GRAPE, MQFC as a quantum
version of GRAPE technique was proposed by constructing a
hybrid quantum-classical machine.[57–59] The critical point is
to efficiently calculate the fitness function and the gradient on
a reliable quantum simulator which can be set as the target
system itself. The generation of the control parameters and
the determination of the search direction in each iteration are
still implemented on a classical computer. In such a way, it
greatly saves the running time for optimization and improves
the control fidelity.

In the following, we present the mathematical descrip-
tion of optimizing a control sequence with M slices Utot =

UMUM−1UM−2 · · ·U2U1 to transfer the initial state ρ0 to the
target state ρf. Any state has the unique decomposition in
Pauli basis ρ = ∑

r
i=1 ciPi, where r is no more than 4n − 1 for

a system with n-qubit, Pi is an element of the Pauli group

{I,σx,σy,σz}⊗n, and ci is the decomposed coefficient. Then
the definition of fitness function f is

f = fidelity(Uρ0U†,ρf) =
r

∑
i=1

citr(Uρ0U†Pi). (7)

So the amount of measurements f directly depends on the
form of the target state f . It is actually the number of r. There
is no improvement on efficiency if the number of Pauli terms
r = 4n − 1, which is equivalent to quantum state reconstruc-
tion. However, the number of r is sometimes small, or at least
polynomial for some experiments. Then the gradient function
of the m-th slide of the control sequence with totally M slices
can be calculated to the first order as shown in Eq. (5). We
consider the homonuclear case with the following equation:

[σ i
x,y,ρ] = i

[(
π

2

)i

x,y
ρ

(
π

2

)i†

x,y
−
(
− π

2

)i

x,y
ρ

(
− π

2

)i†

x,y

]
. (8)

We can further obtain the form of the gradient

gx,y[m] =
∆t
2

n

∑
i=1
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[
UM · · ·Um+1
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(
UM · · ·Um+1

(
π

2

)i
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Um · · ·U1

)†

ρf

]
− ∆t

2

n
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− π

2
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Um · · ·U1ρ0
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UM · · ·Um+1

(
− π

2

)i

x,y
Um · · ·U1

)†

ρf

]
. (9)

It is clear that the measurement of gradient gx,y[m] can
be obtained by applying a local π/2 pulse between m-th and
(m+1)-th slices and the subsequently measuring the distance
between the finial state and ρf. In other words, 4n experiments
are necessary for measuring gx,y[m] if r = 1. The efficiency
of MQFC may be doubted when the target state ρf is com-
plicated. Indeed MQFC only makes sense when we limit our
considerations to special sparse states. There is of course no
doubt that MQFC has advantages over traditional methods to
control a lager system, as it is still difficult to precisely ma-
nipulate the dynamics of a lager system in the simplified case
with current techniques.

2.3. Dynamical decoupling sequence

Dynamical decoupling technique (DD) is also derived
from NMR spectrometer,[100] which is originally created to
obtain a high-precision element spectrum. With the rise
of quantum information science and technology, DD tech-
nique can also be used to preserve quantum information for
a longer time by periodic sequences of instantaneous control
pulses.[101] Therefore, it plays a very important role in the field
of quantum control.

Assuming that a single-qubit quantum system with the
initial state |ψ(0)⟩ is only affected by the dephasing noise,
the corresponding Hamiltonian model can be expressed as

H = β (t)σz/2, the propagator after evolution time τ is

U = exp
[
−i
∫

τ

0
dt

β (t)
2

σz

]
= exp

[
− i

θ(τ)

2
σz

]
. (10)

It shows that the coherence of the state |ψ(0)⟩ can be easily
destroyed by the dephasing noise. The common approach of
DD is to frequently apply π pulses to protect the coherence of
the initial state. For instance, n instantaneous π pulses around
the x-axis are alternately applied in the total free evolution line.
|ψ(0)⟩ will evolute to

|ψ(T )⟩ =

[
exp
(
− iθn

σz

2

)][
exp
(
− iπ

σx

2

)]
×
[

exp
(
− iθn−1

σz

2

)]
· · ·
[

exp
(
− iπ

σx

2

)]
×
[

exp
(
− iθ1

σz

2

)][
exp
(
− iπ

σx

2

)]
|ψ(0)⟩

= exp
(
− iΦ

σz

2

)
|ψ(0)⟩, (11)

where Φ = (−1)nθn + (−1)n−1θn−1 + · · ·+ θ2 − θ1. It can
be seen that if the noise frequency is sufficiently low and the
pulses are equidistantly distributed, then Φ ≈ 0. Hence the
quantum state approximately remains unchanged. Dynamical
decoupling is to approximately average the unwanted system-
environment coupling to zero. The basic principle of dynami-
cal decoupling[102] is shown Fig. 2.
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t/ t/T

Fig. 2. (color online) Schematic representation of dynamical decou-
pling pulse sequences. During the evolution from t = 0 to t = T , π

pulses are continually applied to the protected state with different time
points. Time point of ıπi is labeled by the symbol δi.

The first DD sequence is the Hahn spin echo in the NMR
system.[103] Based on the Hahn echo, periodic dynamical de-
coupling (PDD)[104] and CPMG[105,106] were further discov-
ered

PPDD = Eτ(πEτ)
n, PCPMG = (Eτ πEτ)

2n, (12)

where Eτ is free evolution of time τ . Actually, the PDD se-
quence involves the repetitive application of the Hahn echo.
Besides, CPMG has a very good inhibitory effect on the noise
of high frequency cutoff.

In 2007, Uhrig showed that the manipulation of the rela-
tive pulse locations for fixed n and T leads to the modification
of the filter function and then proposed the so-called Uhrig
DD (UDD) sequence,[107,108] which achieves n-order decou-
pling. Different from PDD and CPMG, UDD sequence is non-
equidistant in the time domain. In the sequence of time T , the
time of the m-th π pulse can be written as

δm = sin2
(

πm
2n+2

)
. (13)

It is concluded that UDD is more effective on noise of sharp
high frequency cutoff, which has been demonstrated in solid-
state NMR and ion trap systems.[109–111]

The various DD sequences mentioned above are just used
to fight against dephasing noise. It is also useful to design
a DD sequence that suppresses both decoherence and oper-
ational errors. To realize this purpose, Khodjasteh and Lidar
proposed concatenated dynamical decoupling (CDD)[112] con-
sisted of π pulses around X , Y , and Z axes. The iteration rule
between different orders is

En+1
τ = En

τ XEn
τ Y En

τ XEn
τ Y. (14)

CDD can use the O(4n) pulses to simultaneously achieve n-
order decoupling for the two kinds of common noises, but it
will be a challenge in experiments when n becomes bigger.
In 2010, Lidar et al. proposed quadratic UDD (QDD)[113–115]

based on UDD, which guarantees simultaneous elimination
of both transverse dephasing and longitudinal relaxation to n-
order with only O(n2) pulses.

2.4. Artificially injecting noise technique

Noise from the environment is a double-edged sword. In
some special cases, noise is unwanted that needs to be sup-
pressed. But it also can become a crucial factor that pro-
motes the evolution of the system to certain states yielding

new phenomena.[116,117] In order to evaluate the performance
of various DD sequences such as CDD, UDD, QDD under
various noises or to study the dynamical evolution of the
open quantum systems under some special noises, we usu-
ally artificially construct these noises in experiments which
naturally exist in a controlled system. Here we introduce
some methods of artificially injecting miscellaneous noises
in NMR system,[47,118,119] including longitudinal relaxation
noise, transverse relaxation noise, and hybrid noise.

2.4.1. Longitudinal relaxation noise

In the case where the qubits are absolutely stable, the
mechanism of triggering the longitudinal relaxation of the
NMR system is the revelation and amplitude fluctuation of the
control field. The corresponding Hamiltonian model can be
equivalently written as HLR(t) = β̂x(t)Ωσx with the Rabi rate
Ω . β̂x(t)Ω has the following form:

β̂x(t)Ω =
N

∑
j=1

αxF(ω j)sin(ω jt +φ j), (15)

where αi = x,y,z is the noise amplitude and φ j is a random
phase. The noise frequency ω j is an integer multiple of a base
frequency ω0, ω j = jω0. Nω0 determines the point of high-
frequency cutoff, and the function F(ω j) is the noise spectrum
of this model. Then the two-time correlation function for βx(t)
is written as

⟨βx(t)βx(t + τ)⟩=
ω2

0 α2
x

2

N

∑
j=1

[F(ω j)]
2cos(ω jτ). (16)

The power spectral density (PSD) can describe the energy dis-
tribution of the stochastic signals in the frequency domain.
Applying the Wiener–Khintchine theorem, we then obtain the
PSD by Fourier transform

SΩ (ω) =
πα2

x

2

N

∑
j=1

[F(ω j)]
2[δ (ω −ω j)+δ (ω +ω j)]. (17)

Hence, we can use the model of PSD to reverse the noise dis-
tribution in time domain. For instance, if we want to simu-
late the PSD for SΩ (ω) ∼ ω p, then the modulation function
F(ω j) = (ω j)

p. The determination of F(ω j) directly provides
us the time-domain distribution of β̂x(t). We can explore the
dynamics of a quantum system with this noise model. The
total Rabi rate Ω(t) will be (1+ β̂ (t))Ω , which indicates the
undulating effect of the control field amplitude.

2.4.2. Transverse relaxation noise

Transverse relaxation noise usually puts a dephasing ef-
fect in a system, which mainly comes from the inhomogeneous
and non-static magnetic field in NMR system in the classical
case. Similar to the method for longitudinal relaxation noise,

βz(t) =
N

∑
j=1

αzF(ω j)ω jcos(ω jt +φ j), (18)
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the PSD and noise spectrum F(ω j) can be written as

Sz(ω) =
πα2

z

2

N

∑
j=1

[F(ω j)ω j]
2[δ (ω −ω j)+δ (ω +ω j)],

F(ω j) = (ω j)
p/2−1. (19)

Figure 3 shows the functional form required for F(ω j) in order
to achieve common noise PSDs.

Fig. 3. (color online) The functions F(ω j) for the given noise PSDs.
The different noise models are presented, including 1/ f 2, 1/ f , white,
and Ohmic noises.

Under the influence of transverse relaxation noise, the ini-
tial state |ψ(0)⟩=α|0⟩+β |1⟩ with the Hamiltonian βz(t)σz =

β̂z(t)ωLσz in the rotating frame after time τ will become

|ψ(τ)⟩ = exp[−i
∫

τ2

τ1
dtβz(t)σz/2](α|0⟩+β |1⟩)

= α e−i∆θτ/2|0⟩+β e i∆θτ/2|1⟩

= e−i∆θτ σz/2|ψ(0)⟩, (20)

where ∆θτ is integral of βz(t) and ωL denotes the Larmor fre-
quency. Hence if we attempt to simulate the evolution of a
quantum system in the dephasing environment, we just rotate
the angle ∆θτ along the z axis at the desired point in time.

2.4.3. Hybrid noise

Simulation of a hybrid noise cannot simply combine the
two kinds of noises we mentioned above, because βx(t)σx does
not commute with βz(t)σz. The Hamiltonian of the system and
control field with a hybrid noise in rotating frame under reso-
nance condition ω = ωL is

H(t) = β̂x(t)Ω
σx

2
+ β̂z(t)ωL

σz

2
. (21)

Considering that the rotations around z axis are not available in
NMR platform, we usually transfer the above Hamiltonian to
the interaction picture. The Hamiltonian in interaction picture
is

H̃(t) = U†
z (t)β̂x(t)Ω

σx

2
Uz(t)

= exp
[

i
∫

τ

0
dτβ̂z(t)ωL

σz

2

]
β̂x(t)Ω

σx

2

× exp
[
− i

∫
τ

0
dτβ̂z(t)ωL

σz

2

]
= β̂x(t)Ω e iσz∆θτ/2 σx

2
e−iσz∆θτ/2

= β̂x(t)Ω [σx cos(∆θτ)−σy sin(∆θτ)]/2. (22)

When we transfer it again to the rotating frame, the time prop-
agator with the decoherence effect will be

U(t) = exp[−i∆θtσz/2]𝒯 exp
{
− i
∫ t

t0
z dτ β̂x(τ)Ω

× [σx cos(∆θτ)−σy sin(∆θτ)]/2
}
. (23)

In order to create a hybrid noise environment, the noise wave
functions β (t) and θ(t) are artificially created and then in-
jected into the signal generator to modulate the control field.
The qubit is rotated in the fluctuating Rabi frequency around
a changing axis on the x–y plane by the control field and then
rotated an angle ∆θt around z axis. Therefore, we have pro-
posed a complete approach of artificially noise in a controlled
system,[38,47] which can be adapted to both NMR and other
quantum systems.

3. Achievements for quantum algorithm on
NMR
Quantum computation is a novel model utilizing quan-

tum mechanical principle to realize a faster computing speed
with the assistance of the superposition of quantum states dif-
ferent from the classical computer. Hence quantum comput-
ers can be used to solve some difficult problems that are not
feasible on a classical computer. For example, finding the
prime factorization of an n-bit integer is thought to require
exp
[
Θ(n1/3 log2/3 n)

]
operations using the best classical algo-

rithm. However, a quantum algorithm proposed by Shor[120]

can accomplish the same task using Θ(n2 logn log logn) oper-
ations. That is, a quantum algorithm can factor a prime num-
ber with exponentially faster speed than the best known clas-
sical algorithms.

It is well known that using classical computers to fac-
tor large numbers is extremely resource demanding, and that
Shor’s factoring algorithm could theoretically allow a quantum
computer to factor the same numbers with fewer operations.
However, although Shor’s algorithm has been demonstrated in
many different physical systems,[68,121–125] the largest num-
bers actually factored by Shor’s algorithm are still only 21 and
143[125,126] until now. An alternative to Shor’s algorithm re-
lies on first transforming the numbers into a binary optimiza-
tion problem and then solving it with quantum annealing. Li et
al. reported their experiment using this method. In their work,
they used the adiabatic quantum computing (AQC) technology
to obtain better results in which the prime factors of 291311
are experimentally factored to be 523 and 557.[127]

3.1. NMR realization for the HHL algorithm

Linear equations play an important role in all fields of
sciences and engineering involving quantitative analysis. For
example, in global positioning system (GPS), we have to
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receive the signals from N satellites, then construct (N −
1)-dimensional linear equations through geometric relation-
ships and mathematical changes, and obtain the position by
solving these equations. The experimental implementation
of HHL algorithm was recently realized in NMR quantum
processor,[72,128] which will be introduced in the following.

The algorithm of linear equations of N unknowns, even to

obtain an approximate solution, in general requires time in the
scale of at least N for a classical computer. One quantum algo-
rithm purposed by Harrow et al. indicates that the HHL algo-
rithm can solve an N-dimensional linear equation in O(logN)

time which is as much as exponentially faster than the classi-
cal algorithms. Details of the HHL algorithm are introduced
as follows.

Fig. 4. (color online) Quantum circuit for implementing the HHL algorithm in NMR with r = 2 and t0 = 2π . Single-qubit operations
S and H are respectively phase gate and Hadamard gate. S = (1 0;0 i), H = (1 1;1 −1)

√
2. R(θ) is the rotation operation around y

axis. R(θ) = (cos(θ/2) − sin(θ/2); sin(θ/2) cos(θ/2)). The vertical segment with × means an SWAP operation.

Given a Hermitian (N ×N) matrix 𝐴 with a spectral de-
composition 𝐴= ∑

N
i=1 λi|ui⟩⟨ui|, where λi is the eigenvalue of

𝐴 and |ui⟩ is the corresponding eigenstate and a unit vector
𝑏. Then solving the linear equations is to find a vector 𝑥 that
satisfies 𝐴𝑥 = 𝑏. In quantum language, 𝑏 can be represented
by a quantum state |b⟩= ∑

N
i=1 bi|i⟩. We can also expand |b⟩ in

the eigenbasis of 𝐴 as |b⟩= ∑ j β j|u j⟩. If 𝐴 is not Hermitian,
we can further define

𝐴′ =

(
0 𝐴
𝐴† 0

)
, 𝐴′𝑦 =

(
𝑏
0

)
, 𝑦 =

(
0
𝑥

)
(24)

to make sure 𝐴′ is Hermitian, such that we can solve Eq. (24)
to obtain the 𝑥 in quantum computing processor. We as-
sume that 𝐴 is Hermitian in the following. This algorithm
needs an additional register c for the phase estimation and
an ancillary qubit for the projective measurement, besieds the
work qubits denoted by a register b which encodes a vector
𝑏 and creates a desired vector 𝑥. There are two main steps
to solve this in quantum principle. First, use the well-known
techniques of phase estimation with the controlled unitary
U = ∑

T−1
τ=0 |τ⟩⟨τ|⊗ e i𝐴τt0/T , where T = 2l and t0 = O(κ/ε),

with l being the qubit number of register c. After this step, we
can obtain the state of the registers c and b in the eigenbasis of
𝐴, ∑i βi|λi⟩C|ui⟩B. Second, an ancillary qubit is added to use
the |λ j⟩ as a control register to obtain the state

∑
i

(√
1− C2

λ 2
i
|0⟩+ C

λi
|1⟩
)

βi|λi⟩|ui⟩, (25)

with an appropriate constant C. To realize the state transforma-
tion, we prepare the state |θi⟩ with θi = 2arcsin(C/λi) starting
from |λi⟩, and then use |θi⟩ as the control qubit to rotate the an-
cillary qubit. Finally, we perform the inverse phase estimation

process and then obtain

∑
i

(√
1− C2

λ 2
i
|0⟩+ C

λi
|1⟩

)
|0⟩⊗l

βi|ui⟩. (26)

When a projective measurement is applied on the ancilla qubit
yielding |1⟩ with certain probabilities, the state in register b
will collapse to the desired state ∑i(C/λi)βi|ui⟩, which is ac-
tually the answer for 𝐴|x⟩= |b⟩.

In experiments, Du et al. implemented the HHL algo-
rithm using NMR quantum processor.[72] They chose iodotri-
fiuoroethylene dissolved in d-chloroform as a four-qubit sam-
ple, where a 13C nucleus and three 19F nuclei constitute a four-
qubit quantum system. The experiment can be divided into
three steps as shown in Fig. 4. First, prepare the system into a
pseudo-pure state (PPS), perform a rotation operation around
the y axes with an angle θ to the third qubit, and obtain the ini-
tial state ρ0 = |00⟩⟨00|⊗ |b⟩⟨b|⊗ |0⟩⟨0|, with the normalized
state |b⟩= cos(θ/2)|0⟩+ sin(θ/2)|1⟩. For the simplification,
they considered a specified matrix 𝐴 as follows:(

3 1
1 3

)
. (27)

Second, they implement the quantum circuit of the algorithm
shown in Fig. 4 on the initial state ρ0. All these operations are
realized using an RF pulse which is optimized by the GRAPE
technique. Finally, the single-qubit state tomography is carried
out to read out the target vector |x⟩ from the final state. It is the
first experimental demonstration of the HHL algorithm when
a (2×2) linear equation is considered using an NMR quantum
information processor.

3.2. NMR realization for the applications on machine
learning

Recently, the artificial intelligence and machine learn-
ing become more and more popular. Classical learning ma-
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chines often require huge computational resources.[129] With
the development of quantum technology, it is gradually known
that a quantum machine learning algorithm may be exponen-
tially faster than the classical counterparts with quantum par-
allelism for some special problems.[130,131] The participation
of quantum computing injects a new driving force for con-
ventional machine learning. Quantum principles can opti-
mize the classical machine learning algorithms and improve
the performance.[132,133] Therefore, one promising application
of QIP is to combine the artificial intelligence and machine
learning.

Many theoretical and experimental developments about
machine learning in quantum information field have been
achieved.[134–137] One of these is the experimental imple-
mentation of quantum version of the support vector ma-
chine (SVM). It is believed that SVM is a popular one and
learns from training data and classifies vectors in a feature
into one of two sets among the supervised machine learning
algorithms.[136] Li et al. applied the SVM algorithm to the op-
tical character recognition (OCR) problem.[137] It shows the
ability to learn standard character fonts and then recognize
handwritten characters from a set with two candidates. In
detail, they took the printed images of the standard fonts of
‘6’ and ‘9’ as the training sets and classified the handwritten
images of characters “6” and “9”. As introduced before, the
essential step of the SVM algorithm is the HHL algorithm.
Thus the experiment process of SVM includes the HHL pro-
cess, plus the additional two unitary operations which can be
realized by the GRAPE techniques in NMR platform. The ex-
perimental results show that it can classify handwritten images
of character “6” and “9” successfully.

4. Achievements for quantum simulation on
NMR

As the real world obeys the rule of quantum mechanics,
it should be described by the Hilbert space. However, as the
size of the system increases, the traditional way for simula-
tion becomes exponentially harder. An obvious challenge is to
have a big memory to store a large state in the Hilbert space.
Nowadays, the ability of the traditional CPU cannot drive a
classical simulation of such evolution. Thirty years ago, Feyn-
man once imagined to simulate the real physical phenomenon
with a quantum system,[10] which is considered as one of the
origins of concept of quantum computer right now. To some
extent, a quantum computer is the universal quantum simula-
tor.

In the area of QIP, one main purpose is to achieve the so
called “quantum supremacy”, which promises a certain real-

ization on a quantum device that outperforms classical super-

computers. Quantum simulator, which is regarded as a quan-

tum computer with certain aims, may touch this quantum

supremacy in a few years. It is the first step to realize a univer-

sal quantum computer and some recent experiments have shed

light on it.

Quantum simulators have been successfully implemented

in several quantum platforms, such as trapped ions, photon-

ics systems, and superconducting systems. NMR system, with

its sixty years developments of quantum control techniques,

could lead an unrivaled control on the system up to 12 qubits.

Liquid-state NMR quantum information processing was first

theoretically introduced independently by Cory et al. and Ger-

shenfeld et al.[34,138] Due to the long decoherence time and ac-

curate radio-frequency pulses, it is often seem as an outstand-

ing platform for quantum simulation.[139–141] Since 2004, a set

of experiments about simulating other physical systems were

demonstrated. In 2004, Zhang et al. used a three-qubit nuclear

magnetic resonance quantum system to implement the quan-

tum clock synchronization algorithm based on quantum phase

estimation.[74] In 2008, Zhang et al. studied the critical point

in quantum phase transition and developed a technique by in-

troducing a probe qubit, making the NMR system accessible

to more complex simulation.[80] In 2009, Peng et al. mimic a

Hamiltonian with two- and three-body interactions. They adi-

abatically prepared the ground states under such Hamiltonian.

It opens a way to simulate a complex Hamiltonian in NMR

system.[76] In 2010, an experimental realization of simulating

a hydrogen molecule was reported by Du et al. Accurately

they obtained its ground-state energy and showed the potential

in calculations of quantum chemistry.[75] Following the hydro-

gen molecule simulation, another experiment simulating the

chemical reaction was implemented.[142] In the same year, the

localization effects induced by decoherence were simulated

by Dieter Suter.[8] Some basic quantum problems were also

simulated in NMR quantum simulator. In 2013, an experi-

ment about simulation of quantum tunneling through potential

barriers was reported by Feng et al. They showed that pe-

culiar quantum phenomena could be studied with the use of

quantum computers.[81] Recently, there are some intersection

between biology and quantum information processing.[143,144]

NMR quantum simulator could even be used to study some

biology behaviors.

Nowadays, there are two other areas in which NMR quan-

tum simulator are used: topological order[145–147] and high en-

ergy physics.[148,149] We will illustrate them in the following.
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4.1. NMR platform for simulating the topological matter

Topological quantum computation (TQC) is one of the
architectures of quantum computation, which was proposed
by Alexei Kitaev.[146] The basic elements used in topologi-
cal quantum computing are a kind of two-dimensional quasi-
particles which are called anyons. Their braids are formed in a
(2+1)-dimensional space by crossing their world lines and the
unitary operations in TQC are generated by these braids. Com-
pared with other quantum computing models, TQC has a nat-
ural advantage that the local errors have no influence on these
braids, hence this architecture of quantum computation is in-
vulnerable against small perturbations or errors. However, this
fantastic and promising computation architecture still stays at
theoretical realm since the basic elements of TQC in the real
physical system are still difficult to be confirmed. The devel-
opment of a controlled quantum device provides us with an
alternative way to topological matter. In this way, we could
simulate them in another quantum system rather than built it in
a real physical system. For instance, the topological order be-
tween Abelian and non-Abelian can be efficiently simulated.
Among the problems on research, one is to distinguish two
kinds of topological orders. It is shown that a topological or-
der can be uniquely determined by the following three factors:
the anyon types, the topological properties, and the topologi-
cal protected ground states. The anyon types and the topolog-
ical protected ground states are equivalent on the torus, hence
identification of a topological order merely depends on the
topological properties of anyons which include self-statistics,
braiding, and fusion. One of the common methods is to con-
sider their modular S and T matrices, which provide the full
information of the topological properties of anyons.

Fig. 5. (color online) The work is to simulate the minimal honeycomb
lattice on a torus. This torus only contains one plaquette, two vertices,
and three edges. 1,2,3 are three edges which can be simulated by three
qubits, respectively.[150]

A recent experiment has shown that they could charac-
terize topological orders and identify them via their modular
𝑆 and 𝑇 matrices using a three-qubit NMR quantum simu-
lator (Fig. 5).[150] In their experiment, their three-qubit quan-
tum system was loaded on the 13C-labeled trichloroethylene

(TCE) molecule which was dissolved in d-chloroform solvent.
Three steps were adopted in their each experiment: prepara-
tion of the topological protected ground states, driving the sys-
tem into a modular transformation, and measurement. Their
experiment successfully simulated the states for Z2 toric code,
doubled semion order, and the doubled Fibonacci order and
then identified them by experimental results. In the same pe-
riod, Luo et al.[151] answered a new question “How much de-
tail of the physics of topological orders can in principle be
observed using state of the art technologies”? Based on a five-
qubit NMR quantum simulator, which is represented by the
1-bromo-2,4,5-trifluorobenzene molecule, they adiabatically
prepared the random ground state and measured the modu-
lar S and T matrices. They found that they could identify a
Z2 toric code model using a Hamiltonian with minimal input
from state preparation to measurements. This is the first ex-
periment which realizes the topological order and tests their
robustness against perturbations. It may open a new territory
to identify the topological orders whose Hamiltonians are not
exactly solvable.

4.2. NMR platform for the problems in high energy
physics

The other aspect lies on the area of high energy physics.
Some other systems have proved that some high energy prob-
lems can be mimicked on a quantum simulator.[152] As for
NMR quantum simulator, there are also some achievements
about high energy physics simulation. Recently, they used
an NMR quantum simulator, measuring holographic entangle-
ment entropy, to mimic the Anti-de Sitter/conformal field the-
ory (AdS/CFT) correspondence (Fig. 6).[153]

In classical spacetime, it is shown that physical variables
commute with each other. However, some variables do not
commute in quantum spacetime and as a result, these vari-
ables which use to be continuous may become discrete now.
Quantum spacetime is such a generalization of the concept of
spacetime that it is an area emerging quantum mechanics and
general relativity. At present, there are two mainstream ap-
proaches by expanding either quantum mechanics or general
relativity to investigate it. First, the famous string theory is
constructed by considering the gravity in quantum field the-
ory, to finally become a theory of quantum gravity. Second, as
the leading competitor to string theory, loop quantum gravity
(LQG) begins with relativity and tries to add quantum prop-
erties. In the past two decades, AdS/CFT correspondence is
one of the most important conjectured relationship to quantum
theory of gravity. It predicts that the quantum gravity theory
in the bulk anti-de Sitter spacetime has an equivalent relation
to the conformal field theories which are from quantum field
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theories on a lower-dimensional space.

(a)

(b)

Fig. 6. (color online) Description of the RT formula. The bulk min-
imal surface (blue line) is anchored at the boundary of the boundary
region A. (b) An example of tensor network state. The (hexagon) nodes
represent tensors. The links represent the contraction of tensors. The
dangling legs are physical DOFs in many-body system. The red dashed
curve illustrates the virtual surface S anchored to region A, which cuts
a minimal number of links.[153]

Starting from the entanglement in the boundary field
theory, Li et al. rebuilt the bulk geometry holographically.
To identify the entanglement entropy SEE(A), the Ryu–
Takayanagi (RT) formula was proposed

SEE(A) =
Armin

4GN
, (28)

where GN is the Newton constant. A is a (d −1)-dimensional
boundary region, with the bulk (d − 2)-dimensional minimal
surface Armin anchored to A. On the other hand, recent pros-
perous area called tensor network has introduced a way mak-
ing the RT formula a discrete version. With the assist of
the above developments, the quantum simulator will become
available for the implementation of these demonstrations. For
instance, a six-qubit NMR quantum simulator was recently
adopted to realize such a demonstration. The spin-half 13C in
13C-labeled dichloro-cyclobutanone dissolved in d6-acetone

was regarded as six qubits. They used control techniques in-
clude GRAPE and a pulse feedback program to boost the ac-
curacy of the RF pulses. Experiments successfully presented
the simulation of the minimal PT of rank-6. Although they
just implemented the minimum case for the RT formula, their
results further suggest that the RT formula or the AdS/CFT
correspondence can be simulated on a larger quantum system.

Towards quantum gravity, loop quantum gravity leads an-
other description of the quantum spacetime. In the frame of
LQG, at a certain time point, the geometry can be thought as
concentrating on one-dimensional structures. It is simply a
one-dimensional oriented network, which is a so-called spin
network. It was first proposed by Penrose and the oriented
lines are linked together at their end points to form a whole
net. In the spin-network, quantum spacetime can be decom-
posed into some kind of quantum tetrahedron. This tetrahe-
dron corresponds to a certain state and can also be simulated
in current quantum devices such as NMR quantum simulator
platform. Additionally, some endeavors could be made to sim-
ulate their dynamics if more qubits could be controlled. More-
over, the NMR platform can also be used to simulate other
relevant models such as a black hole which could be seen as
quantum scrambling in a chaotic system,[154,155] the Sachdev–
Ye–Kitaev model,[156] and the space–time geometry emerged
from entanglement.[157]

5. Conclusion and perspectives

The above description of QIP clearly shows that quantum
devices come into being a next generation information pro-
cessor which could bring us more powerful computing power
than existing classical computers. The road of constructing
a practical universal quantum computer is a hard task, but this
goal will be finally achieved after the painstaking endeavors of
many scientists and engineers in the experimental implemen-
tations of QIP. In the mid-development, it may be a possible
approach that quantum and classical processors are combined
together to form a hybrid computer.

Although so many quantum control techniques are de-
veloped and the theoretical quantum algorithms and quantum
computing are successfully demonstrated in the experiments
in liquid-state NMR, there are still natural limitations such as
the non-scalability, the inability for resetting qubits, and the
long time of implementing quantum gates. As the first genera-
tion and pioneer of realizing QIP experimentally, it is believed
that liquid-state NMR still plays an important role in the future
program towards an universal quantum computer. First, liquid-
state NMR has plentiful of successful techniques for demon-
strating QIP. The theory and techniques obtained in NMR can
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be transferred to and used by other quantum systems in order
to precisely realize quantum gate operations. Hence, liquid-
state NMR will be a reliable testbed in the future development
of QIP. Second, NMR is still an outstanding system for sim-
ulating complex multi-body dynamics which is usually unac-
cessible for other systems in the current technology. Third,
there are still many potential techniques to be developed in
NMR which can provide experience and guidance for other
potential QIP systems.

Besides, it is fortunate that the new generation of NMR
platform based on crystals and solids can be further estab-
lished which will overcome many of the existing limitations
in liquid-state NMR. Solid-state NMR for QIP brings four ad-
vantages: (i) high polarization for increasing the sensitivity;
(ii) longer coherent time to make it possible to demonstrate
complex and interesting algorithms; (iii) stronger coupling be-
tween spins to reduce the time of quantum gates operations;
(iv) resetting qubits. Hence, solid-state NMR provides a new
opportunity to explore a new territory for QIP.
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