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Mutually unbiased bases, mutually unbiased measurements and general symmetric informationally complete measure-
ments are three related concepts in quantum information theory. We investigate multipartite systems using these notions
and present some criteria detecting entanglement of arbitrary high dimensional multi-qudit systems and multipartite sys-
tems of subsystems with different dimensions. It is proved that these criteria can detect the k-nonseparability (k is even) of
multipartite qudit systems and arbitrary high dimensional multipartite systems of m subsystems with different dimensions.
We show that they are more efficient and wider of application range than the previous ones. They provide experimental
implementation in detecting entanglement without full quantum state tomography.

Keywords: detection of entanglement, multipartite quantum states, mutually unbiased bases, mutually unbi-
ased measurements, general symmetric informationally complete measurements
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1. Introduction

Quantum entanglement is one of the most intriguing fea-
tures of quantum mechanics which lies at the heart of quan-
tum information sciences.!!?! It has wide applications in quan-
3-12] The separability problem,
namely distinguishing separable states from entangled states,
is a challenging task whose complexity scales very unfavor-
ably with the size of the system.[!3] A possible approach is
to consider sufficient criteria for entanglement. For bipartite
systems, various separability criteria have been proposed.

When it comes to multipartite systems, the situation be-
comes much more complicated, because they exhibit a much
richer structure than the bipartite case.l'! Although the de-
tection of multipartite entangled states is a harder challenge,
it is worthy of study because they have advantages when
performing some tasks.!'*] Many attempts have been made
to frame multipartite entanglement detection, such as wit-
nessing genuine multipartite entanglement,!>~!8] detecting k-
nonseparable states,!'>2?! etc. The main challenge for high-
dimensional multipartite systems is not only to develop math-
ematical tools for entanglement detection, but also to find
schemes whose experimental implementation requires mini-
mal effort, that is to say, we need to detect entanglement with
as few measurements as possible, specifically independent of
full state tomography.

The notion of mutually unbiased bases (MUBs) was first
introduced under a different name.>3! Many quantum infor-
mation protocols depend upon the use of MUBs,!”*! such
as quantum key distribution, the reconstruction of quantum

tum information processing.!
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states, and so on. The concept of MUBs was generalized to
mutually unbiased measurements (MUMs)[?%! due to the open
problem of the maximum number of MUBs for non-prime
power dimensions which limits its applications.!?®! The con-
struction of a complete set of d +1 MUMs were found!*!
in a finite, d-dimensional Hilbert space, no matter whether d
is a prime power. Symmetric informationally complete pos-
itive operator-valued measures (SIC-POVMs) is another re-
lated topic in quantum information, which has many helpful
connections with MUBs, such as operational link,?”! quantum
state tomography, (2830
has some similar limitation as MUBs, in Ref. [32], the authors
generalized the concept of SIC-POVMs to general symmet-
ric informationally complete measurements (GSIC-POVMs),

I and uncertainty relations.3!! Since it

which were constructed without requiring to be rank one.

These quantum measurements have been used to detect
entanglement recently. In Ref. [33], the authors availed of
MUBs and obtained separability criteria in arbitrarily high-
dimensional quantum systems. Later some separability cri-
teria for d-dimensional bipartite systems using MUMs were
constructed.3*331 We obtained separability criteria for high
dimensional and multipartite systems via MUMs. 361 A sep-
arability criterion for d-dimensional bipartite systems using
GSIC-POVMs was given in Ref. [37]. Recently, Shen, Li, and
Duan proposed three separability criteria for d-dimensional bi-
partite quantum systems via the MUBs, MUMs, and GSIC-
POVMs, which are said to be more powerful than the corre-
sponding ones mentioned above. [*8]

The separability criteria mentioned above are of practi-
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cal significance as they provide experimental implementation
in detecting entanglement of unknown quantum states which
only depend on some local measurements. What is more,
they are an efficient way of characterizing bipartite entangled
states. But few of them are referred to entanglement for mul-
tipartite systems, which are significant both in theoretical and
experimental aspects.

In this paper, we study the separability problem and
propose some criteria detecting entanglement for multipar-
tite qudit systems and multipartite systems of different dimen-
sional multi-level subsystems via MUBs, MUMs, and GSIC-
POVMs. We show that the criteria in Ref. [38] are the special
case of ours for two-qudit systems. In addition, our criteria
can be applied to a wider range of multipartite systems and
are more efficient than the former ones for multipartite sys-
tems. They also provide experimental implementation using
only some local measurements.

2. Preliminaries

The details of the notions of MUBs, MUMSs, and GSIC-
POVM s have been studied in original works.[?>-263%] Here we
will briefly review the definitions of these measurements and
the notions of k-separability and an operator used in the sequel.

Two orthonormal bases in Hilbert space C¢ are called mu-
tually unbiased if and only if the transition probability from
any state of one basis to any state of the second basis is con-
stant. A set of orthonormal bases { %), %,, ..., %} of Hilbert
space C? is called a set of mutually unbiased bases (MUBs)
if and only if every pair of bases in the set is mutually un-
biased. The upper bound d + 1 of the number of MUBs can
be reached when d is a prime power, but for even d = 6 the
maximal number of MUBs is an open problem. (26!

Kalev and Gour generalized the concept of MUBs to mu-
tually unbiased measurements'>>! which include the complete
set of MUBs as a special case. Two measurements on a d-
dimensional Hilbert space,

b b d b
20 = PPIPY >0, Y RP =1, b=1.2,
n=1

with d elements each, are said to be mutually unbiased mea-
surements (MUMs)2! if and only if

e (P = 1,

Tr(P'Eb)PrE/b/>) = 6,,[7”/ 5;)7[7/ K-+ (1 — 6)1,}1/)6[),/)’ ;:11(
1
1—0pp)— 1
+(1=6, )d’ (D

where « is efficiency parameter (1/d < k¥ < 1), and k¥ = 1 if
and only if all P,Eb> are rank one projectors, i.e., 2(!) and 2(2)
are given by MUBs.

A set {Pj|P; > O,Z‘;;Pj = I,;} with d? rank one op-
erators acting on C¢ is called to be symmetric informa-
tionally complete (SIC) positive operator valued measure-
ments (POVMs), if the operator {P;} are of the form P; =

(1/d)|¢){¢;] (j=1,2,...,d%), where the vector |¢;) sat-
isfies [(9|¢x)|> = 1/(d+1), j # k.1*"] Whether there exist
SIC-POVM s in an arbitrary dimension is still unknown.?”! In
Ref. [32], the notion of SIC-POVMs was generalize to gen-
eral symmetric informationally complete (GSIC) positive op-
erator valued measurements (POVMSs). A set of d? positive-
semidefinite operators {Py ‘5:1 is a GSIC-POVM if and only
if

d2

ZP(Z:I7

a=1

Tr(P2) = a, )
1—da

Tr(PaPB) = m, Va, ﬁ S {1,2,...,6[2}, (04 7513,

where I denotes the identity operator, the parameter a satisfies
1/d* < a < 1/d*>. When the parameter satisfies a = 1/d, all
the operators P, are rank one, that means {Py} are given by
SIC-POVMs. 32

For multipartite systems, there are various kinds of classi-
fication for multipartite entanglement. Next we introduce the
notion of k-separable state for later use. An N-partite system
is described by the following Hilbert space

H=I0QIR R Hy,

where the dimension of the subspace 7 is denoted by d;.
A collection of pairwise disjoint sets A1,A»,...,A; satisfying
UL, 4;={1,2,...,N} is defined as a k-partition A |Ay| - - - |Ay.
A pure state |@) of an N-partite quantum system is called
k-separable if there exists a k-partition Aj]A,|---|A; such
that the state can be written as a tensor product |@) =
|@)a, |@)a, -+ |@)a,, Where |@)s, is the state of subsystem
A;. A general mixed state p is k-separable if it can be writ-
ten as a mixture of k-separable states p = Y ; p;p;, where p;
is k-separable pure states.?! States that are not k-separable
are called k-nonseparable. In particular, N-separable states
are fully separable, and states which are not bi-separable are
genuinely N-partite entangled. In this paper, we consider k-
separable mixed states as a convex combination of N-partite
pure states, each of which is k-separable with respect to a fixed
partition.

When N is an even number, there are two different classes
of bipartite partitions &7 and & introduced in Ref. [39]. &7
denotes that both sides of bipartite partition contain an odd
number of parties, and &1 means even-number parties in each
side. For instance,

P ={p1 ® P234,P2 ® P134,P3 @ P124, P4 D P123}
and
P ={p,P12®@ P34,P13 @ P24, P14 @ P23}

when N = 4.1401 An operator of their linear combination can
be defined !

1
Ap = 72}\]72 (QH — QI), (3)

where 2y =Y c 5, q and 21 =Y ,c 5 p. For N =2 and 4,
Ap = p —p; ®p2 and %(p+p12®P34+P13 Q@ P+ P14 ®

020306-2



Chin. Phys. B Vol. 27, No. 2 (2018) 020306

P23 — P1 R Pa3a — P2 R P134 — P3 R P124 — P4 R P123), respec-  tor (3) defined in Ref. [40], in order to detect k-nonseparable
tively. In the following, we will present separability criteria  states on multipartite systems of subsystems with different di-

based on Ap. mensions, we obtain the separability criterion in Hilbert space
Ch@Ch®- - @Cin.
3. Detection of multipartite entanglement Theorem 1 Let {8, ,%;2,..., %} be a set of mu-
) 3 SV g

In this section, we present three separability criteria using ~ tually unbiased bases in C%/, where j = 1,2,...,m. Define the

MUBs, MUMs, and GSIC-POVMs. Inspired by the opera-  following expression
|

M d
Lip) = ax Z Z |G kio g im k| APl ki2 k- T k) ], “)
{\ljk YCBjk =1 =1
where d = min{d,,da,...,dy}, M = min{M,,M,,..., My}, Ap is the operator defined as Eq. (3), and m is an even number. If a
state p in C @ C% @ --- @ C» is fully separable, then
Ma _ 1 M, da Mb db
. . . 2
Lp) < i 1+Ta —I;;Oa,km“\la,k) I+ ——- Z Z ip kPP i k), &)

where p¢ (p?) is the reduced density matrix of the a-th (b-th) subsystem.
Proof Any fully separable state p can be written as p = }; p,-pl-1 ® pi2 ®---@p!", where {p;} is a probability distribution
and pik denotes the pure state density matrix acting on the k-th subsystem. By

Ap = 2,,,2(«9” 2s)= Zmlzpkpl —p) @ (¢ —p7)® @ (pf" —p}"); (©6)

given in Ref. [40], we have

o .. . L (vl (P px)|ltk>|
Y Y Wivwoke - implAplitgizg - imi)| < ZZZZPr ‘H ’
k=1i=1 —1i=1

r,s

and ' . L
o < | Gkl = pD)li) | _ |
< ) <
For arbitrary 1 < a # b < m, we obtain

d
Z Z (i1 ko g Ik AP iy ki g - - k)|
—1i=

>~
—

M d i a_ Ha\|; ; b b ;
SQZZZmKu,k‘(pr2ps)‘u,k>|m|<h,k‘(pr2ps)|h,k>‘

k=li=1rs
u 4 iak|(0f = p9)liai) 1> | W & ib k| (P2 = PY)lini) ]
SZ\JZZ prps[< Kl ( . ) ,q ) prps[<h’k( . )|h,k>}
k=li=1rs k=li=1ns
M d M d
=X ) [Zpr iak|Pf lia k) <ia.k|pa|ia,k>2] Yy [Zpr bkl PP lipx)* = (ipkl P lip k) }
k=1i=1 k=1i=1 r
M d M,—1 M d
< =YY liarlpias)? 1+Tb—zzlbk\l)b\lbk
k=1i=1 k=1i=1

where Cauchy—Schwarz inequality is used in the second in-  lary of Theorem 1. When m=2, d| =d, =d, and M| = M, =

equality, and the last inequality is due to the relation!*!] M, this Theorem 1 reduced to Theorem 1 in Ref. [38]. It was
d M1 shown that Theorem 1 in Ref. [38] is stronger than the MUB
Y Z<ik|p|ik>2 <1+ — (7)  criterion in Ref. [33]. As the special case of our criterion,

=li=1

Theorem 1 in Ref. [38] can only be applied to bipartite sys-
for any pure state p in C¢. Because of the arbitrariness of @,b,  tems of two d-dimensional subsystems, so it is clear that our
we complete the proof. O criterion of Theorem 1 is more effective than the MUB crite-

It is worth noting that Theorem 1 in Ref. [38] is the corol-  rion in Ref. [33] and wider application range than Theorem 1
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in Ref. [38]. with the efficiencies k;, where b=1,2,.... M,i=1,2,...,m.
Next, we present the separability criteria using MUMs  Let d = min{d;,d>,...,dy}, and
and GSIC-POVMs, which are more powerful than that via
S(p) = Tr( (@, P2)A
MUBSs due to the fact that the complete set of MUMs and (p) rllllax Z Z r F)Ap )|
GSIC-POVMs always exist in all finite dimensions. & 17}1 5! Cf
Theorem 2 Suppose that p is a density matrix in C% ® b=12,..M

CL @ @Cdn and 2 are any sets of M MUMs on C%  For even number m, if p is fully separable, then

1
|

1< i (o) $ 5 e () £ E et o

1<i#j<m

Here p’ (p/) is the reduced density matrix of the i-th (j-th) subsystem.

Proof Since Ap can be written in the form (6), for arbitrary 1 <i# j < m, we obtain

L ¥ e[ (erart) ae] [ 5 & YT 7 [ o100

b=1n=1 b=1n=1 ki
1 ¥ ¢ , YN
Ao - (2 o)
1 M d 2 M d 2
<5\ L X Yo [T (B (0i=p))) | | X X Xpern [T (P (0] =p}))]
b=1n=1 ki b=ln=1 K
M d 2 2 M d 2
“\LX {;pk e (PYpd) | = e (RSP7)] } Yy {zpk 1 (P2p7)]” = [P0 }
=1n= =1n=
M—1 Mo d ®) \12 M—1 Mo d ®) ]2
<\ (o en) LR ee)] | (5 o) - L S [reetten
where we have used Cauchy—Schwarz inequality, and inequality 3!
M—1 11—+ (rd; — 1)Tr(p?)
Z]n,z—'l {Tr i ] =7a 7 di—1 ’ ®
for pure states p,i. It is complete due to the arbitrariness of i, j. d

Note that when the conditions are limited to only two subsystems with the same dimension and the complete sets of MUMs,
thatis, m =2, d; = dy =d, M = d + 1, the inequality (8) becomes

s(p) < | (0= L 3 [1eo]"\ [0~ 3 8 [elo)]

b=1n=1 b=1n=1

which was the criterion based on MUMs, Theorem 2 in  C% and &; are any m sets of general symmetric information-
Ref. [38]. That is, Theorem 2 in Ref. [38] is the special case  ally complete measurements on C% with the parameters a;,
of our Theorem 2. Since the criterion based on MUMS in  yperei—1.2 m. and m is even. Define

Ref. [38] can only be used to d-dimensional bipartite systems

d2
and is stronger than the corresponding one in Ref. [34], The- R(p)= max Z Tr(®!, P,nAp)
orem 2 is more effective than the MUM criterion in Ref. [34] {P,-,n};filg% n=1 B

and wider range of application than that in Ref. [38].

Theorem 3 Let p be a density matrix in C'  C2®---®@  whered = min{d},ds,...,dy}. If p is fully separable, then
\

ad?+1 & A ajd?+1 & .
R(p) < : L NITHP )2 A | —L—— — Y [Tr(P; ,p7)]2. 1
()< lgrir;aléljl'lgm di(di+1) n;l[ T P )} dj(dj-l-l) n;l[ r( P )] (o

Here p’ (p/) is the reduced density matrix of the i-th (j-th) subsystem.
020306-4
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Proof By an analogous argument as Theorem 3 we obtain

&2 d? 11
Z Tr(®/LPaAp) = Z Z2kalH [2Tr(
n=1 =

n=1 ki

Pin(pi o)

& I i i [! TN,
<Y Y2p {2Tr(P,-,n(pk - Pz))} LTr(Pj,n(pk —Pi ))}

Z ZPkP/ [Tr(Pj,n(p]{ _plj))}z

5

Y {Tr(Pj,nPZ )} = [Tr(P jnP j)} 2}

k

n=1kl
1 d2 ' ' 2 d2
< 5| X X o [Te(Puatof — o))
n=1'kl n=1kl
d? 12 12
-\ E{mnfen] - ree])
n=1 k
ad?+1 & A2 | wdi 1
= d,'(dl'—l—l) —ng’l{TI’(Pi,nP )] dj(dj‘i‘l)

where 1 <i# j < m, and we have used Cauchy—Schwarz in-

equality as well as inequality[*?]

d? 3 2
! (a,-d 71)Tl'(p )+d(1—a,-d)
[Tr (Pinp))* = (1n
n; i d(d*>—1)
for pure states p,i. It is complete. U

When m = 2 and d; = dp = d, Theorem 3 reduces to
Theorem 2, the GSIC-POVMs criterion in Ref. [38]. As the
GSIC-POVMs criterion in Ref. [38] is stronger than the one
in Ref. [37], so is our Theorem 3. Furthermore, Theorem 3
is suitable for multipartite systems composed of subsystems
with different dimensions, so it is more effective than the cor-
responding one in Ref. [37] and has a wider range of applica-
tion than the separability criteria in Ref. [38].

For Theorems 1, 2, and 3, the dimensions of subsystems
are not required to be the same, so we can straightforwardly
detect k-nonseparable states (k is even) with respect to a fixed
partition. The sets Sy of all k-separable states with respect to a
fixed partition have nested structure, that is, each set is embed-
ded within the next set: Sy C Sy_1 C --- C Sp C Sy, and the
complement S; \ S of Sg in S; is the set of all k-nonseparable
states with respect to fixed partition. So if a multipartite state
is N-nonseparable (N is even) using our criteria, since we do
not require each subsystem has the same dimension, we can
go on detecting whether it is (N — 2)-nonseparable and so on.
In this way, we do not just detect whether a given state is en-
tangled or not, we can obtained the “degrees of entanglement”
to some extent by the notion of k-nonseparability.

The criteria given by Theorems 1-3 are much better than
the previous ones in Refs. [33], [34], [37], and [38]. First,
they are more powerful than the main result (inequality (7))
in Ref. [33], the criterion in Ref. [34], and the criterion in
Ref. [37], respectively. Criteria in Ref. [38] are the special
cases of our criteria, thus, they are corollaries of ours. Since
the criteria in Ref. [38] are proved to be more powerful than the
corresponding ones introduced previously in Refs. [33], [34],
and [37], so is ours. Second, our criteria are of a wider range

2

- dZ [Tf(Pj,nPj)r,

n=1

|
of application than the corresponding ones in Refs. [33], [34],

[37], and [38]. We present separability criteria to detect en-
tanglement of quantum states in C% @ C2 ® - -- ® C, where
m > 2, while the corresponding ones in Refs. [33], [34], [37],
and [38] are only for a bipartite system of two d-dimensional
subsystems, that is, the presented criteria can be used for not
only bipartite systems of two subsystems with the same di-
mension but also multipartite qudit systems and multipartite
systems of subsystems with different dimensions, while the
corresponding criteria in Refs. [33], [34], [37], and [38] are
applied to bipartite systems of two subsystems with the same
dimension.

In recent years, people gradually recognized the signifi-
cance of multipartite quantum states with higher dimensions.
Maximally entangled qudits have been proved to violate lo-
cal realism more strongly and are less affected by noise than
qubits, [43—43

munication, since they are more secure against eavesdropping

I Qudit states also have benefit in quantum com-

attacks and more reliable in quantum processing.!*#”! From
the experimental viewpoint, the entangled qudits can be phys-
ically realized in linear photon systems, *®! etc. So it is impor-
tant to characterize entanglement in multipartite systems, and
it is still under intensive research.

4. Conclusion

In this paper, MUBs, MUMs, and GSIC-POVMs have
been used to study the entanglement detection of arbitrary high
dimensional multipartite systems. We have presented separa-
bility criteria given in Theorems 1-3 to detect entanglement
of quantum states in C' ® C2 @ --- ® C%. The presented
criteria have a wider range of application than the correspond-
ing ones in Refs. [33], [34], [37], and [38], and are more ef-
ficient than the main result (inequality (7)) in Ref. [33], the
criterion in Ref. [34], and the criterion in Ref. [37], respec-
tively. The criteria offered in Ref. [38] are the special cases
of our criteria. Compared with some other separability crite-
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ria, the criteria given in Theorems 1-3 provide experimental
implementation in detecting entanglement of unknown quan-

tum states, and one can flexibly use them in practice because
they require only a few local measurements. We can detect the
k-nonseparability (k is even) of multipartite qudit systems and

arbitrary high dimensional multipartite systems of m subsys-

tems with different dimensions.
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