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Internal effects of the dynamic behaviors and nonlinear characteristics of a coupled fractional order hydropower
generation system (HGS) are analyzed. A mathematical model of hydro-turbine governing system (HTGS) with rigid water
hammer and hydro-turbine generator unit (HTGU) with fractional order damping forces are proposed. Based on Lagrange
equations, a coupled fractional order HGS is established. Considering the dynamic transfer coefficient eis variational
during the operation, introduced e as a periodic excitation into the HGS. The internal relationship of the dynamic behaviors
between HTGS and HTGU is analyzed under different parameter values and fractional order. The results show obvious
fast—slow dynamic behaviors in the HGS, causing corresponding vibration of the system, and some remarkable evolution
phenomena take place with the changing of the periodic excitation parameter values.
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1. Introduction

Due to the hydro-mechanical-electric coupling char-
acteristics of the hydropower station system, there are a
wide variety of complex nonlinear dynamic behaviors in the
operation.!'l As two core parts of the hydropower station,
the nonlinear analysis of the hydro-turbine governing sys-
tem (HTGS) and hydro-turbine generator unit (HTGU) has
attracted wide interest from scholars.l>! The development
of the nonlinear theory and the introduction of the frac-
tional order makes analysis on the nonlinear behaviors more

diverse,[10-20

| Related researches gradually evolved from the
single subsystem to the internal connection of overall system.

Former correlational researches on the hydropower sta-
tion system mainly focus on the model optimization and the
stability control.[>!! Researches on HTGS investigated the dy-
namics of the hydropower system by an accurate model that is
based on the practical hydropower station and introduction of
other physics phenomena such as time-delay.>?>->*! In addi-
tion, developments of various control methods, such as sliding
mode control and fuzzy logic control, are applied to the sta-
bility control of hydro-turbine governing system.!>! For the
HTGU, shaft vibration and the description of multiple com-
plex forces are emphasized in the majority studies. The vi-
bration problem directly affects the stable operation and effi-
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ciency of the hydropower station. 2!

Although a lot of results have been made in the HTGS and
HTGU, few studies have examined the internal effects of the
dynamic phenomena in HGS. As a hydro-mechanical—electric
coupled system, there is a tight link between each component.
Therefore, an overall analysis of the system dynamics can give
a more complete picture of the interaction in HGS, as well as
the mechanism of various dynamic behaviors.

In light of this, this paper proposed a fractional order HGS
model constituted with the HTGS and HTGU to analyze the
dynamic characteristics in detail. First, mathematical models
of HTGS with rigid water hammer and HTGU with fractional
order damping forces are established. According to the La-
grange theory, coupling the HTGS and HTGU to get the cou-
pled fractional order HGS. Because the transfer coefficient e
changes during the operation, e is introduced into the HGS
model as a periodic excitation. The internal effect in HGS
is obtained by comparing the dynamic behaviors of rotational
speed and shaft vibration. Meanwhile, effects of fractional
order on the changes of the HGS behaviors are analyzed. Fi-
nally, the bifurcation diagram of the HGS shows the evolution
characteristics of the dynamic behaviors of the HGS under dif-
ferent excitation parameter values.

The rest of this paper is organized as follows. In Sec-
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tion 2, the coupled fractional order HGS model is derived. In
Section 3, the results of numerical simulations are discussed
from two aspects. The dynamic behaviors under different pe-
riodic parameter values are discussed, and the HGS stability
under different dynamics are analyzed. Our concluding re-
marks and the future work are provided in Section 4.

2. Modeling
2.1. HTGS

The hydro-turbine used in this paper is a Francis turbine.
The relationship between the hydro-turbine torque and the out-
put power in the dynamic model of the hydro-turbine and wa-

ter diversion system is
P =my+n, ey

where Py, m¢, and n are the relative division of the output
power, hydro-turbine torque, and rotational speed.
The transfer function is

1+ eGy (5)
G —ey—— 2
(s) e’l—ethh(s)’ ()
where Gy (s) is the transfer function of the conduit system, e is
the intermediate variable, e, and ey, are the transfer coefficient

of the servomotor and water head.
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Fig. 1. (color online) Structure chart of the hydro-turbine governing system (HTGS).

From Fig. 1, the output torque of the hydro-turbine with
rigid water hammer can be written as

w

eeyT,
)| ©

ny = e T —my+eyy—
where m and y, are the relative values of the output torque
and the guide vane opening, 7, and 7y, are the inertial time
constants of the servomotor and the water in the diversion sys-
tem, u is the regulator output.

The nonlinear model of a second order generator is

§ = won,
1

n= — [mg—me—Dn], 4)
Tab

where D and Ty, are the hydro-turbine damping coefficient and
inertial time constants, m, is the electromagnetic torque.

The electromagnetic power is
E : VS V2 X/ — Xqx
1 §in & 4 o2 Tz N

P. =
Xdx 2 XxgyXqr

sin26, 5)
where E(’1 is the electric potential, V; is the infinite busbar volt-

age.

2.2. HTGU

The changeability of the differential and integral order in
the fractional calculus extends the dynamic descriptive ability

of the commonly used integer order calculus. Especially for
complex systems, since the dynamic process of the actual sys-
tem is fractional, the fractional order can accurately describe
the essential characteristics of the system and its dynamic be-
haviors. The fractional order damping forces acting on the
HTG shaft in the stable operation can be written as

F, = cD%x,
F, = cD%, (6)

where F; and F, are the damping forces on the x axis and y
axis and c is the damping coefficient.

The fractional order model of the oil film forces can be
described as

Fe—oft = Fro—oft + corD%x + nyDay + kyx + kxyya
Fy_oft = Fyo—oft + nyDax + nyDay +kyx + kyyy,  (7)

where Fy_ofr and Fyo_os are the oil-film forces at the quies-
cent operation point and the symbols kyy, kxy, kyx, Ky, Cxx, Cy,
Cyx, and ¢y, are the linearized stiffness and damping coeffi-
cients.

The generator included in the HTG is composed by the
rotor and the stator. When the rotor is moved rapidly relative
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to the stator, the uneven air gap causes an asymmetric mag-
netic pull. When the generator has more than three pole pairs,
the asymmetric magnetic pull can be described as

dLTk2I? (2VoVy + Vi V2 + Vav3) cos A

Fxfump = 4“0 5
dLTK*I2(2v V) + ViVa + V2 v3) sin A
Fyfump = 5 (8)
4o

where d is the radius of the rotor, L is the length of the genera-
tor rotor, Uy denotes the magnetic permeability of the air, k; is
the coefficient of magneto-motive force fundamental wave of
the air gap, J; represents the exciting current of the generator
and vg, v, V2, and v3 are intermediate variables.

From Fig. 2, we can obtain the relationship of the axis of
the generator rotor and turbine runner

X|] =Xp — rCOS(a)t + 90),

upper guide bearing

y1 =y2—rsin(@r+ 6p), )

where x1, y; and x;, y, are the coordinates of the axis of the

generator rotor and turbine runner, respectively, r is the eccen-

tric distance, @ is the angular speed and 8y is the phase shift.
We have

Xm1 = X1 + €1 cos( @t + @),
Ym1 = y1 + rsin(@t + ¢p),
Xm2 =X2+ €3 COS((DI+ (P())7

Ym2 = Y2 + rsin(@t + @), (10)

where Xm1, Ym1, Xm2, and ynmp are the mass center of the gener-
ator rotor and the turbine runner, respectively, ¢y is the initial
phase of the generator rotor, and e; and e, denote the mass
eccentricity of the generator and turbine.

!
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Fig. 2. (color online) Schematic diagrams of the shaft misalignment and generator air-gap eccentricity.

2.3. Coupled HGS modeling

Assuming that the static balance is the point of potential
energy, the potential U and kinetic T energies of the shaft sys-
tem can be described as

T = TI+T27

1 . 1 .
T = E(J1 +mle%)(p2+§ (/2 +m2(r2+e%)) 62,

1. : :
T = Eml(xlz+y'%+e’f‘<p2—2x1e1¢>singo+2y1e1<i>cosqv)

1 . . .
+ S (x22 + 33 + €3 9% — 2x2e, @ sin @ + 2y2er p cos @),

1 1
U = Sk +3])+ sk +37

+2rx; cosO—|—2rylsin9+r2), (11)

where J; and J; are the rotary inertia of the generator rotor and
turbine runner, m; and m is the quality of the generator rotor
and turbine runner, respectively, k; and k; are the stiffness of
the rotor bearing and the turbine runner, respectively.

The Lagrange equations of the hydraulic turbine genera-
tor shaft system are

afory oy
dr \ dx; 8x1_ v

agony oy
dr \ 9y, ay; 7

d (JdL JdL
i (30) ~ 99~

where M is the hydro-turbine torque, My is the generator mag-

12)

netic torque and

M, — Mg = (mg—mg) Mgg. (13)
Then, we obtain
o= (B+M —M,) /A, (14)
where
A= J1—|—Jz+2mle%+2mge%+2m2r2
+2myeprcos (6) — @p)
1 . . 2
———— 1 [(me1 +mpez) sin @ + myrsin 6
m1+m2{[(11 2€2)sinQ +my ]
+ [(mye; +myer) cos @ +myrcos 9]2 }, (15)
and
B— [(mie1 +mpey) sin @ + myrsin 6]

my +myp
X { [(mye1 +maez) cos ¢ +myrcos 0] o’ — (k1 + k) x1
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_erCOSG+Fx—ump +choff_Fxf} D% = vy,
[(m1e1 + maez) cos @ —myrcos 0] D% = v,,
my +my o 1
X {[(mlel+mzez)sin(p+m2rsin9] a)zf(k1+k2)y1 b= v = my +myp [_CVX_(kl—i—kz)x
—korsin® + F,_ymp + Fy—off — Fyf} + (mie; + mzez)a)2 cos @+ (mza)2 —ky)cos O
+kor(x; sin 6 — y; cos 6). (16) + Fy—ump + Fe—oi]
1
2—0.,
Besides, the relationship between the relative deviation of D™ vy = [—cvy— (ki +ha)y

the angular speed and the angular speed is

» = wgn,

where wg is the standard value of the angular speed.

m1 +my
+ (mie; —|—m262)a)2 sing + (m2w2 —ky)sin 6

(17) + Fy—ump + Fy—off] (13)

3. Numerical simulation

From the above equations, the coupled fractional model

of the HGS can be written as

5 = wo,
. 1 eeyTy

X (—kp® —k;6 / ax _kd(b—)’g):|

)

. 1 )
Yg = i (*kpw*kia/w() *kdw*Yg) s
EJVs . V2 x/dz*xd): .
‘ B+ Mg <mt — )‘?12 sind — Ve sm25>
n =

Awp

)

The intermediate variable e, as a transfer coefficient in
the HTGS, is always changing with the operating condition.
To study the effect of this variability of e on the dynamic char-
acteristics of the HGS, introducing e as a periodic excitation
into the HGS model, and the equation of e is

e=AXxcos(Qt), (19)

where A and Q are the amplitude and frequency of the periodic
excitation.

The parameters values and initial values of the HGS vari-
ables are shown in Table 1 and Table 2.

Table 1. Parameters values.

Parameters Values Units Parameters Values Units
Mass of the rotor m; 1.6-10* kg Eccentric distance r 61074 m
Mass of the runner myp 12.3-10* kg Damping coefficient ¢ 8.5-10° Ns/m
Bearing stiffness of the rotor k; 8.5-107 N/m Magnetic permeability of the air o 4m-1077 H/m
Bearing stiffness of the runner 6.5-107 N/m Initial phase 6y 1 rad/s
Length of the rotor L 0.5 m Initial phase ¢ 0.8 rad/s
Eccentric mass of the rotor e; 51074 kg Initial value of angular speed 314 rad/s
Eccentric mass of the runner e 51074 kg Standard value of the angular speed wp 38 rad/s
Water head transfer coefficient egy 0.56 p-u. Infinite busbar voltage V; 1 p.u.
Damping coefficient D 2 p.u. Inertial time constants T}y, 9 p.u.
Direct axis transient reactance )Hd 1.15 p-u. Quartered axis reactance xq 1.47 p-u.
Servomotor inertial time constants 7y, 0.21 p.u. Water inertial time constants Ty 0.8 p.u.
Electric potential E(’l 1.35 p.u. Servomotor transfer coefficient ey 1 p.u.

Table 2. Initial values of the HGS variables for the simulation.

HGS Variables

Initial values

Rotor angle &

Relative values of the output torque m;
Relative values of the guide vane opening y,
Relative values of the rotational speed n
Coordinates of the x-axis x

Coordinates of the y-axis y

Accelerated speed of the x-axis vy

Accelerated speed of the y-axis vy

0.001
0.001
0.001
0.001
0.00001
0.00001
0
0

3.1. Dynamic behaviors

In this section, the effect of the periodic excitation e on
the dynamic characteristics of the HGS is investigated. Con-
sidering the influence of different frequency of e, taking four
sets of different frequency e to simulate the HGS dynamic be-
haviors. The basic value of e, i.e., the amplitude of the excita-
tion A = 1.1 in this paper and PID controller parameter values
are k, = 2.7, k; =1, and kq = 1.5, and four sets e frequency
are 1, 0.1, 0.01, and 0.001. Four sets dynamic behaviors of the
relative value of rotational speed n and displacement of x axis
are shown in Fig. 3.
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Fig. 3. (color online) The time waveforms of the rotational speed n and displacement of the x axis (al) and (a2) 2 = 0.001; (b1) and
(b2) 2 =0.01; (cl) and (c2) 2 =0.1; (d1) and (d2) Q = 1.
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From Fig. 3, the periodic excitation has significant effect
on the dynamic behaviors of the HGS, and the dynamics phe-
nomena have obvious difference under different e frequency.
Periodic fast-slow dynamics (PFS) appears as an alternating
transition from the quiescent state to the spiking state.[>728 Ag
shown in Figs. 3(al) and 3(a2) and magnification Fig. 3(e), n
shows obvious periodic fast-slow dynamics when 2 = 0.001.
Meanwhile, the displacement of the x axis shows disordered
vibration when # is under PFS effects. The fast-slow effect
accused by the different scale between the natural frequency
and the excitation frequency. Spiking state is in the fast time-
scale, which refers to the concentrative field of the fast chang-
ing trajectory in the time history, and the trajectory connecting
the spiking states corresponds to the quiescent state.

When 2 = 0.01, the dynamic behaviors of n transitions
from the non-periodic fast-slow state (NPFS) to the non-
periodic oscillation state (NPO) and finally to the stable state.
From magnification 2 (Fig. 3(f)), the spiking state of the fast—
slow phenomenon gradually weakens until it enters the NPO.
When n at the NPO and NPFS, x axis shows disordered vi-
bration, and enters the stable periodic vibration state when n
enters stable state.

When Q = 0.1, n shows periodic motion from ENPO

0.15
spiking state 1
0.10+
0.05+
e or quiescent state 1
—0.05}
—0.10}
(a) spiking state 2
—0.15 L 1 " L " )
—30 —20 —10 0 10 20 30
§
0.10¢
spiking state 1

0.05}

e ok Qulesd‘en‘c stiate 1“ m: : H‘l’@‘”“ |
“ U /Il quidscent state 2
—0.05¢ \\ ¢
Y /
(C) spiking state 2
—0.10 - : ! . | |
—30 —20 —10 0 10 20 30
é

(gradually enhanced NPO) to PFS to NPO to stable state.
From magnification 3 (Fig. 3(g)), the dynamic behaviors of
n directly transition from the PFS to the NPO instead of the
NPFS weakening to the NPO. Under this kind of effect, the
displacement of the x axis shows periodic alternating transi-
tion from the disordered vibration state to the stable periodic
vibration state.

When Q2 = 1, a new fast—slow effect appears that n tran-
sition from the quiescent state 1 to the spiking state 1 to the
quiescent state 2 to an oscillation state and then to the spik-
ing state 2, as shown in magnification 4 (Fig. 3(h)). The dis-
placement of x axis shows the same disordered vibration as
Q =0.001.

From this analysis, it can be seen that the periodic excita-
tion has an obvious fast—slow effect on the HGS dynamics, and
there is significant difference of the dynamic behaviors under
different frequency of the periodic excitation. The PFS, NPFS,
NPO, and stable state alternately transformed each other with
the change of the e. Meanwhile, the dynamic behaviors of the
displacement of x axis correspondingly changes with n. For
the further analysis of the fast—slow effect, the phase diagrams

of n versus rotor angle § are shown in Fig. 4.

0.10F spiking state 1
0.05f
IS or
—0.051
—0.10 (b) spiking state
—30 —20 —10 0 10 20 30
0
0.10 ¢
quiescent state 1 spiking state 1
0.05
S 0t
—0.05
ki g tate 2 (ilii/icsccnt state 2
spiking state
—0.10 L . . . | )
—30 —20 —10 0 10 20 30
)

Fig. 4. (color online) The phase diagrams of the rotational speed n versus rotor angle 8. (a) 2 = 0.001; (b) 2 =0.01;(c) 2 =0.1; (d) Q = 1.

From Fig. 4, the phase trajectories show obvious fast—
slow dynamics phenomena, there is big difference under dif-
ferent excitation frequency. Figure 4(a) shows standard fast—
slow dynamics phase trajectory that is an alternating transition

process from quiescent state 1 to spiking state 1 to quiescent

state 2 to spiking state 2. When £ = 0.01, consistent with
the time waveforms, the phase trajectory shows different scale
fast—slow phenomena and gradually enters the NPO state. Due
to the small scale PFS when Q2 = 0.1, the major part of the
phase trajectory shows the NPO and stable state. When 2 =1,
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the phase trajectory shows the cross transitions of the spiking
state, quiescent state and the oscillation state.

3.2. Fractional order effect

The fractional order damping forces are more accurate
than the integer order in the description of the dynamic be-
haviors of the vibration system. To analyze the effect of the
fractional order on the dynamic characteristics of the HGS,
the x axis responses under different fractional order are shown
in Fig. 5.

From Fig. 5, when © = 0.001 and 1, the dynamic re-
sponses of x axis are in the disordered vibration state affected

—
=

by PFS, ENPO, and NPO (£ = 1). As the increase of the frac-
tional order, the amplitude of the disordered vibration gradu-
ally enhanced, and this phenomenon is more noticeable when
the fractional order increases to 1. When 2 = 0.01 and 0.1, the
x-axis state is alternating transforming from disordered vibra-
tion to stable periodic vibration. The stable periodic vibration
states experience almost no change with the increase of the
fractional order, while the amplitude of the disordered vibra-
tion states are enhanced. It is worth noting that the degree of
amplitude enhancement at the two state transitions are more

pronounced.
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Fig. 5. (color online) Dynamic responses of the x-axis under different fractional orders. (al)-(a3) 2 = 0.001; (b1)-(b3) 2 = 0.01; (c1)—(c3) Q =0.1;

(d1)—(d3) 2 = 1.

3.3. Bifurcation characteristics

The introduction of the periodic excitation into the inter-
mediate variable e has a significant effect on the dynamic be-
haviors of the HGS. Meanwhile, the difference of excitation
parameter values caused diverse dynamic phenomena. To fur-
ther analyze the effect of the periodic excitation on the stability
of the HGS, the bifurcation diagrams of the rotational speed n
with increase of the periodic excitation frequency £ are shown
in Fig. 6.

As shown in Fig. 6(a), the bifurcation of n has signif-
icantly evolution characteristic with the increase of the fre-
quency €2, and there are three key parts in the evolution

process. First, as shown in Figs. 6(b)-6(c), n is converted

from two clusters of symmetrical bifurcations into a cluster
of convergent bifurcations that finally enter stable state. When
£ > (.16, the bifurcation behaviors of n enter an attenuation
bifurcation cluster with obvious fluctuation rules. It worth not-
ing that when Q is around 0.34, the wave trough of the fluc-
tuating bifurcation clusters overlapped makes this point close
to the stable state. As shown in Fig. 6(f), when the 2 > 1, the
bifurcation behaviors enter the chaos state, and the degree of
the chaos gradually decrease. The slow-fast dynamics has sig-
nificant effects on the system stability, meanwhile, the effect
degree is related to the state of the slow-fast behaviors caused

by the different frequency of e.
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Fig. 6. (color online) The bifurcation diagrams of the rotational speed n with increase of the periodic excitation frequency €. (a) Q2
from 0.01 to 1; (b) £ from 0.01 to 0.1; (c) £ from 0.05 to 0.2; (d) Q2 from 0.2 to 0.5; (e) 2 from 0.5 to 1; (f) 2 from 1 to 5.

4. Conclusions

In this work, a fractional order model of HGS is pre-
sented, coupled by the HTGS with rigid water hammer and
HTGU with fractional order damping forces. To describe the
effect of the dynamic transfer coefficients e on the HGS ac-
curately, the periodic excitation is introduced in to the HGS.
Dynamic behaviors, effects of the fractional order and the evo-
lution characteristics are analyzed in detail.

Obvious fast—slow dynamic phenomena are found in the
process and multiple dynamic behaviors alternately transform
each other as the periodic excitation frequency changes. Fast—
slow dynamic behaviors caused corresponding disordered vi-
bration on the shaft. Fractional order changes have little effect
on the stable dynamic behaviors of the x axis, while they have
the greatest impact on the junction points of unstable and sta-
ble states, causing larger vibration amplitude. Moreover, the
HGS bifurcation behaviors shows an evolution trend from bi-
furcation to chaos with the increase of the excitation frequency
and some interesting phenomena take place in the process.
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